Building Wavelets on ]0, 1[ at large scales

Silvia Bertoluzza^∗ and Silvia Falletta^†

AMS subject classifications. 42C40, 65T60

Abstract We present a new approach to the construction of orthonormal wavelets on the interval which allows to overcome the “non interacting boundaries” restriction of existing constructions, and therefore to construct wavelets for ]0, 1[ also at large scales in such a way that, in the range of validity of the existing constructions, the two approaches give the same result.

Key Words. Multiresolution analysis, wavelets on interval.

1 Introduction

One of the main limitations to the full applicability of wavelet methods for solving partial differential equations, in a realistic general context, is the issue of non trivial geometries. Lately the research in this respect has been mainly directed to the use of a domain decomposition approach. This has been proposed in several papers in several forms (conforming methods [CTU97, CTU00, DS99, CM00] , non conforming methods [BP99]), the common features of which is the splitting of the non trivial domain as the union of subdomains, some or all of which are conformal images of ]0, 1[^n and can therefore be discretized by tensor product wavelets, obtained starting from the construction of wavelet bases on the unit interval.

The use of wavelets in this context has uncovered a limitation of the existing construction of wavelets on the interval. We recall that basically all constructions of multiresolution on the interval, which are actually implemented, are based on suitably modifying the scaling functions that cross the boundaries, and they work under the assumption that the modifications made at boundary 0 do not interact with the ones made at boundary 1. This reduces to constructing the sequence of spaces V^{]0,1[}_j (where the parameter j corresponds to a mesh-size 2^{−j} ) roughly with the restriction j ≥ j_0, the limit level j_0 depending on the type of wavelet on the line which is chosen as a starting point. In dimension d, this restriction fixes the minimum number of degrees of freedom to 2^{dj0} (where in realistic situations

∗Istituto di Analisi Numerica del C.N.R. Pavia, v. Ferrata 1, 27100 Pavia (Italy) -

aivlis@ian.pv.cnr.it

†Dipartimento di Matematica, Università di Pavia, v. Ferrata 1, 27100 Pavia (Italy) -

falletta@dimat.unipv.it

j_0 may assume values of the size of 4 ∼ 5). In one or two dimensions, in a monodomain situation, this is acceptable, and wavelet methods based on such construction have been successfully implemented.

However, when we go to a domain decomposition framework in three dimensions, the situation becomes totally unacceptable. Just to make an example, for j_0 = 5, in three dimensions, one would be forced to use a minimum number of degrees of freedom per subdomain equals to 2^{3·5} = 2^{15} = 32768, and this also for small subdomains!

The aim of this paper is to provide a new approach to the construction of multiresolution on ]0, 1[ which allows to weaken such restriction by constructing V^{]0,1[}_j for j ≥ ^j_0, with ^j_0 ≪ j_0 (for Daubechies wavelets ^j_0 = 0 independently of the order of the starting multiresolution on the line). For simplicity we will restrict ourselves to the orthonormal case, though in principle the approach we propose applies also to the biorthogonal framework.

For j ≥ j_0 (small scales), the spaces V^{]0,1[}_j constructed by this new approach coincide with the ones constructed in the previously mentioned papers. This is important, since it is not necessary to implement everything from scratch, in the case that a code for the latter is already available. However this approach, based on the use of discrete extension operators acting directly on the coefficient sequences rather than on the corresponding functions, allows easily to treat also values of j for which it is not possible to decouple the modifications for the left and right boundaries.

At large scales (small j) the resulting space V^{]0,1[}_j will coincide with the space of polynomials of degree M_j (M_j ∼ 2^j − c, c depending on the starting multiresolution analysis for R). For intermediate values of j (j ∼ j_0 − 1), the functions in V^{]0,1[}_j will be globally supported functions which will allow to reconstruct polynomials of the same degree as the ones reconstructed by the original multiresolution.

2 Multiresolution on ]0, 1[

2.1 MRA on L^2(R)

The starting point to build all multiresolution analyses on ]0, 1[ is a multiresolution analysis on R [Mey90, Dau92]. In this section we briefly recall some definitions and properties that will be useful later on.

We assume that we are given an orthonormal, compactly supported, multiresolution analysis {V_j }_{j∈Z} on R, that is a sequence of closed subspaces of L^2(R), such that the following properties are satisfied:

i) the subspaces are nested: V_j ⊂ V_{j+1} for all j;

ii) the union of the spaces is dense in L^2(R) and the intersection is null: ∪_{j∈Z}V_j = L^2(R), ∩_{j∈Z}V_j = {0};

iii) there exists a compactly supported scaling function φ ∈ V_0 such that, denoting by φ_{j,k} = 2^{j/2}φ(2^j · −k), the family {φ_{j,k}}_{k∈Z} is an orthonormal basis for V_j.

It is well known that properties i) and iii) imply the existence of reals h_k such that the following refinement equation holds: φ(x) = √ 2 +∞∑ k=−∞ h_kφ(2x − k). (1) Without loss of generality, after possibly replacing φ with one of its integer translates, we can assume that the support of φ is “centered” around the origin: for some N ∈ N suppφ ⊆ [−N, N], |suppφ| ≥ 2N − 1, which is equivalent to saying that h_k = 0 for all k /∈ [−N, N] . (2) Equation (1) can then be rewritten as φ(x) = √ 2 N∑ k=−N h_kφ(2x − k). (3)

Let P_j : L^2(R) −→ V_j denote the L^2 orthogonal projection onto V_j

P_j f = ∑ k∈Z (∫ R fφ_{j,k} dx ) φ_{j,k}, and let W_j = (I − P_j )V_{j+1} be the orthogonal complement of V_j in V_{j+1}: V_{j+1} = V_j ⊕ W_j, W_j ⊥ V_j .

It is well known that L^2(R) = ⨁ j∈ZW_j . Moreover, letting the mother wavelet ψ ∈ W_0 ⊂ V_1 be defined as ψ(x) = √ 2 N+1∑ k=−N+1 g_kφ(2x − k) with g_k = (−1)^kh_{1−k}, (5)

it is well known that the set {ψ_{j,k} = 2^{j/2}ψ(2^j · −k)}_{k∈Z} is an orthonormal basis for W_j. It is easy to check that supp ψ ⊂ [1/2 − N, 1/2 + N] . (6) We make the further assumption that the space P_M of polynomials of degree less or equal than M is exactly reproduced by the set {φ(· − k)}_{k∈Z}; that is, if p ∈ P_M , it holds that p(x) = ∑ n∈Z (∫ R p(x)φ(x − n) dx ) φ(x − n). (7)

We observe that the scalar products on the right hand side are well defined since p(x) ∈ L^2_{loc}(R) and the scaling function φ is compactly supported. Moreover the sum converges pointwise since, for all x ∈ R, only a finite number of terms is nonzero.

In the following we will make use of some well known properties of MRAs. In particular we will make use of the fact that a function is a polynomial if and only if its “scaling coefficients” constitute themselves a polynomial sequence. More precisely we recall that if, for f ∈ L^2_{loc}(R), we denote by f^j_k = ⟨f, φ_{j,k}⟩ the L^2(R) scalar product of f with the scaling function φ_{j,k}, the following lemma holds.

Lemma 2.1 If f is a polynomial then the sequence {f^j_k }_{k∈Z} of its scaling coefficients is a polynomial of the same degree in the variable k. Conversely, if p is a polynomial of degree less or equal than M, then the function f = ∑ p(k)φ_{j,k} ∈ L^2_{loc}(R) is a polynomial of the same degree.

In view of (1), an immediate consequence of lemma 2.1 is the following Corollary.

Corollary 2.1 If the sequence f_k is a polynomial of degree less or equal than M in the variable k, then the sequence b_k = ∑ l h_{2k−l}f_l is a polynomial in k of the same degree.

2.2 The classical construction

Different ways have been proposed to adapt the multiresolution analysis to L^2(]0, 1[) [Mey90, CDV93, AHJP93, CL97, DKU99, TT99, MP95]. The most successful class of constructions is based on the idea of retaining all those scaling functions φ_{j,k} such that suppφ_{j,k} ⊂ [0, 1], and adding suitable linear combinations of those scaling functions which cross the left (resp. right) boundary of the interval ]0, 1[, in such a way that a polynomial reproduction property analogous to (7) holds.

For the purpose of comparing such constructions with the one proposed here, let us briefly review their main features. To fix the ideas we refer to the work by P. Monasse and V. Perrier [MP95]. For j ≥ j_0 = [log_24N], the vector space V^{]0,1[}_j is obtained as the span of the following functions:

i) 2^{j/2} ~φ^0_k(2^j x)|_{]0,1[}, for k = 0, · · · , M,

ii) φ_{j,k}, for k = N, · · · , 2^j − N,

iii) 2^{j/2} ~φ^1_k(2^j (x − 1))|_{]0,1[}, for k = 0, · · · , M,

where the edge scaling functions ~φ^0_k and ~φ^1_k are defined as a linear combinations of the φ_{j,k} crossing the respective boundaries (0 or 1) with suitable polynomial coefficients: for k = 0, · · · , M ~φ^0_k(x) = N−1∑ l=−N+1 P^0_k (l)φ(x − l),

~φ^1_k(x) = N−1∑ l=−N+1 P^1_k (l)φ(x − l), where P^0_0 , · · · , P^0_M and P^1_0 , · · · , P^1_M are suitable bases for the space of polynomials of degree M. The φ_{j,k} for k = N, · · · , 2^j − N are the so called interior scaling functions (coinciding with those scaling functions in V_j whose support is included in [0, 1]), while the ~φ^0_k and the ~φ^1_k for k = 0, · · · , M are the so called edge scaling functions at the boundaries 0 and 1 respectively. An easy calculation yields the following identities:

2^{j/2} ~φ^0_k(2^j x) = N−1∑ l=−N+1 P^0_k (l)φ_{j,l}(x) (8)

2^{j/2} ~φ^1_k(2^j (x − 1)) =

2^j +N−1 ∑ l=2^j −N+1

P̌^1_k (l)φ_{j,l}(x) (9)

with P̌^1_k (x) = P^1_k (x − 2^j ).

It is beyond the goal of this paper to throughly review the properties of such bases, for which we refer to the papers mentioned above.

2.3 The new construction In order to construct a MRA on ]0, 1[, we start again from a MRA on L^2(R) verifying the assumptions of Section 2.1. Let us for convenience introduce the notation V^{loc}_j V^{loc}_j = span < φ_{j,k}, k ∈ Z >^{L2loc(R)}= { ∑ k c_kφ_{j,k}, c_k ∈ R ∀k ∈ Z } . The idea is to define our MRA as the restriction to ]0, 1[ of the subspace V^∗_j of V^{loc}_j of functions, the sequence of whose coefficients has, across the boundaries, a polynomial behavior. The degree of the polynomial is set depending on j in such a way that, as we will see, the subspace is well defined even at much larger scale than j = j_0. More precisely we give the following definition: Definition. For every j, let N_j = 2^j − 2N + 2M + 3, M_j = min{M, N_j − 1}, and set V^∗_j := {f = ∑ k∈Z f^j_k φ_{jk} : ∃ p_l , p_r ∈ P_{Mj} s.t

f^j_k = p_l(k) ∀ k ∈ ] − ∞, N − 1], (10)

f^j_k = p_r(k) ∀ k ∈ [2^j − N + 1, +∞[ }. (11)

Remark 2.1 V^∗_j is well defined for all j ≥ ^j_0, where ^j_0 is the smallest j such that N_j −1 > 0; that is ^j_0 = [log_2(2(N − M) − 1)] .

We observe that, unlike j_0, ^j_0 does not depend directly on N, but on the difference N −M; if we consider, for example, Daubechies wavelets we have N − M = 1, so that we can construct V^∗_j for all j’s such that j ≥ 0.

Remark 2.2 The two polynomials p_l and p_r in the definition of V^∗_j are not necessarily independent; actually, it is not difficult to check (see Proposition 2.4) that for j ≤ [log_2(2(N − 1) − M)] the two polynomials will always coincide.

Remark 2.3 The parameters N_j and M_j will respectively be the dimension of V^∗_j and the degree of polynomials exactly reproduced in V^∗_j .

The candidate to form a multiresolution analysis on ]0, 1[ is the sequence of spaces V^∗_j |_{]0,1[} ⊆ L^2(]0, 1[). The nestedness property will be a trivial consequence of the following proposition.

Proposition 2.1 The sequence {V^∗_j }_{j≥ ^j0} satisfies

V^∗_j ⊂ V^∗_{j+1} for all j ≥ ^j_0.

Proof: Let f ∈ V^∗_j , f = ∑ k f^j_k φ_{j,k}. Using equation (3) we obtain that f = ∑ k f^{j+1}_k φ_{j+1,k},

where the the sequence {f^{j+1}_k }_k satisfies

f^{j+1}_k = 1 √ 2 ∑ n h_{k−2n}f^j_n. We can restrict the above sum to those values of n such that h_{k−2n} ≠ 0, that is, by the property (2), to n such that (k − N)/2 ≤ n ≤ (k + N)/2; we now observe that k ≤ N − 1 implies that n ≤ N − 1, and then, by the definition of V^∗_j , we have that f ∈ V^∗_j =⇒ f^j_n = p_l(n) ∀ n ≤ N − 1, with p_l ∈ P_{Mj} . Using Lemma (2.1) it results that f^{j+1}_k = p(k) for some polynomial p ∈ P_{Mj} ⊆ P_{Mj+1} . In a similar way, it is easy to show that, if k ≥ 2^{j+1} − N + 1,

f^{j+1}_k = q(k)

for some polynomial q ∈ P_{Mj} ⊆ P_{Mj +1}. By definition of V^∗_{j+1} this implies that f ∈ V^∗_{j+1}. □

Using lemma 2.1 it is also not difficult to prove the following proposition. Proposition 2.2 The space V^∗_j contains the polynomials of degree lower or equal than M_j .

We now need to check that defining a multiresolution analysis on the interval by taking the restriction to ]0, 1[ of the spaces V^∗_j is consistent with the classical definition of V^{]0,1[}_j , as reported in section 2.2, that is for j ≥ j_0 it holds that V^∗_j |_{]0,1[} ≡ V^{]0,1[}_j . In order to do that, and also to construct a basis for the spaces V^∗_j |_{]0,1[} and later on for the complement spaces, it will be convenient to introduce some operator allowing to select a particular function in V^∗_j “corresponding” to a given function in V^{loc}_j .

It is easy to see that, for all the values of j ≥ ^j_0, the set of coefficients {f^j_k }_{k∈Z} of a function f ∈ V^∗_j is uniquely determined by the finite set {f^j_k }_{k∈Ij} with I_j defined by I_j = {N − M − 1, · · · , 2^j − N + M + 1}; the remaining coefficients {f^j_k }_{k /∈Ij} can be obtained via an “extension” operator E_j which extrapolates the sequence {f^j_k }_{k∈Ij} on the left and on the right by suitable polynomials of degree M_j . More precisely, given any vector c = {c_k}_{k∈Ij} ∈ S(I_j) (S(I) denoting the space of real valued sequences with indexes in the set I), let p_l(c; ·) and p_r(c; ·) be the polynomials assuming the values c_{N−M−1}, · · · , c_{N−M−1+Mj} at the points N −M −1, · · · , N −M −1+M_j and c_2j_{−N+M+1−Mj} , · · · , c_2j_{−N+M+1} at the points 2^j −N +M +1−M_j , · · · , 2^j −N +M +1 respectively. More precisely, set

p_l(c; x) = N−M−1+M_j ∑ m=N−M−1 c_mL_{Mj ,m}(x), with L_{Mj ,m}(x) = N−M−1+M_j ∏ i = N − M − 1 i ≠ m x − i m − i , and p_r(c; x) =

2^j −N+M+1 ∑ m=2^j −N+M+1−M_j c_mL_{Mj ,m}(x), with L_{Mj ,m}(x) = 2^j −N+M+1 ∏ i = 2j − N + M + 1 − Mj i ≠ m x − i m − i .

The linear extension operator E_j : S(I_j ) −→ S(Z) is then defined as follows: for c = (c_k)_{k∈Ij} ∈ S(I_j) set

(E_j c)_k = p_l(c; k) ∀k, k ≤ N − M − 2 c_k ∀k, N − M − 1 ≤ k ≤ 2^j − N + M + 1 p_r(c; k) ∀k, k ≥ 2^j − N + M + 2. (12)

Via E_j , we can define an operator E_j : V^{loc}_j −→ V^∗_j which associates to every function in V^{loc}_j a “corresponding” function in V^∗_j : given f = ∑ f^j_k φ_{j,k} ∈ V^{loc}_j , we define E_jf as the unique element in V^∗_j whose k-th coefficient coincide with the k-th coefficient of f for all k ∈ I_j . More precisely, if f^j = ( f^j_k ) k∈I_j denotes the vector of “relevant” scaling coefficients of the function f (“relevant” meaning “corresponding to a k in I_j ”, that is corresponding to a degree of freedom for V^∗_j ), E_j : V^{loc}_j −→ V^∗_j is defined as follows: E_j(f) = +∞∑ k=−∞ (E_j f^j)_kφ_{j,k}|_{]0,1[}. (13)

Remark 2.4 It is not difficult to check that V^∗_j = Im(E_j), (14) that is every function in V^∗_j is the image of a function in V^{loc}_j via the operator E_j. This is a trivial consequence of the fact that for all f ∈ V^∗_j it holds E_j (f) = f. Moreover it is also immediate to prove that E_j (V^{loc}_j ) = E_j(span < φ_{j,k}, k ∈ I_j >). It is now not difficult to prove the following proposition, showing that, for large values of j, the space V^∗_j |_{]0,1[} turns out to be exactly V^{]0,1[}_j as defined in section 2.2. Proposition 2.3 For all j such that j ≥ j_0 it holds V^∗_j |_{]0,1[} ≡ V^{]0,1[}_j .

Proof: Since V^∗_j |_{]0,1[} is the image of a linear operator applied to a space of dimension equals to #I_j we have that

dim(V^∗_j |_{]0,1[}) ≤ #I_j = 2^j − 2N + 2M + 3 = N_j = dim(V^{]0,1[}_j ).

Then, it is sufficient to prove that V^{]0,1[}_j ⊆ V^∗_j |_{]0,1[}, or equivalently that every basis function of V^{]0,1[}_j belongs to V^∗_j |_{]0,1[}.

It is easy to see that the interior scaling functions satisfy (10) and (11) for p_l = p_r = 0, while for the edge scaling functions, the thesis is a simple consequence of (8) and (9). □ Thanks to the previous proposition, the following definition is then consistent with the classical one.

Definition. For all j ≥ ^j_0, we define V^{]0,1[}_j to be the restriction of V^∗_j to the unit interval:

V^{]0,1[}_j := V^∗_j |_{]0,1[}.

Propositions 2.1 and 2.2 yield then trivially the following corollary. Corollary 2.2 The sequence {V^{]0,1[}_j }_{j≥ ^j0} satisfies V^{]0,1[}_j ⊂ V^{]0,1[}_{j+1} for all j ≥ ^j_0.

Moreover V^{]0,1[}_j contains the polynomials of degree lower or equal than M.

For j ≥ j_0 the spaces V^{]0,1[}_j have been studied in several papers and their properties are well understood. Let us then give a closer look at the structure of V^{]0,1[}_j for small values of j. The following proposition holds.

Proposition 2.4 Let j be such that ^j_0 ≤ j ≤ [log_2(2(N − 1) − M)]; then V^{]0,1[}_j coincides with the space of polynomials of degree M_j.

Proof: According to the definition of V^∗_j , the two polynomial sequences p_l and p_r are uniquely determined by their M_j + 1 values at the nodes k = N − 1 − M_j , · · · , N − 1 and k = 2^j − N + 1, · · · , 2^j − N + 1 + M_j respectively. If j ≤ [log_2(2(N − 1) − M)] (which is equivalent to N_j − 1 ≤ M), then 2^j − N + 1 + M_j ≤ N − 1; this implies that p_l(k) = f^j_k = p_r(k), that is the two polynomials coincide. Letting then p = p_l = p_r, we have then f^j_k = p(k) for all k, with deg(p) = M_j and, from Lemma 2.1, it follows that f is a polynomial of degree M_j. □ Remark 2.5 For the values of j such that [log_2(2(N − 1) − M)] < j < j_0, the functions of V^{]0,1[}_j are globally supported and they have a polynomial behavior near the boundaries 0 and 1.

2.4 A basis for V^{]0,1[}_j A Riesz’s basis {φ̌^{]0,1[}_{j,k} }_{k∈Ij} for V^{]0,1[}_j can be constructed by simply applying the operator E_j defined in (13) to a suitable subset of the basis {φ_{j,k}}_{k∈Z} of V_j . More precisely, we introduce the following definition.

Definition. For every k = I_j let φ̌^{]0,1[}_{j,k} ∈ V^{]0,1[}_j be defined as follows: φ̌^{]0,1[}_{j,k} = E_j φ_{j,k}|_{]0,1[}. (15)

In particular, denoting by δ^{j,k} = (δ^{j,k}_n )_{n∈Ij} ∈ S(I_j ) δ^{j,k}_n = { 0 if n ≠ k 1 if n = k,

the vector of length 2^j − 2N + 2M + 3, whose components are all zero but the k-th, which takes value 1, by definition the functions φ̌^{]0,1[}_{j,k} are a linear combination of the functions φ_{j,m}|_{]0,1[} with coefficients η^{j,k}_m obtained by extrapolating {δ^{j,k}_n }_{n∈Ij} :

φ̌^{]0,1[}_{j,k} = N+2^j∑

m=−N η^{j,k}_m φ_{j,m}|_{]0,1[} with η^{j,k} = (E_j δ^{j,k}), (16)

where we consider in the sum only those values of m for which φ_{j,m}|_{]0,1[} does not vanish. The following proposition holds:

Proposition 2.5 The set {φ̌^{]0,1[}_{j,k} }_{k∈Ij} is a Riesz basis for V^{]0,1[}_j .

Proof: We first observe that the set {φ̌^{]0,1[}_{j,k} }_{k∈Ij} generates V^{]0,1[}_j . In fact, thanks to Remark (2.4), every g ∈ V^{]0,1[}_j is the restriction of the image by the operator E_j of a corresponding function f in span < φ_{j,k}, k ∈ I_j >:

g = E_jf|_{]0,1[} = N+2^j∑

m=−N (E_j f^j)_mφ_{j,m}|_{]0,1[},

where we recall that f^j = (f^j_k )_{k∈Ij} is the vector of those scaling coefficients of f corresponding to an index k ∈ I_j . f^j can also be written as

f^j =

2^j −N+M+1 ∑ k=N−M−1 f^j_k δ^{j,k}. Now, using the linearity of the operator E_j , it follows that

g = N+2^j∑

m=−N

2^j −N+M+1 ∑ k=N−M−1 f^j_k (E_j δ^{j,k}) m φ_{j,m}|_{]0,1[} =

= 2^j −N+M+1 ∑ k=N−M−1 f^j_k N+2^j∑

m=−N η^{j,k}_m φ_{j,m}|_{]0,1[} = 2^j −N+M+1 ∑ k=N−M−1 f^j_kφ̌^{]0,1[}_{j,k} .

Let us now prove that the set {φ̌^{]0,1[}_{j,k} }_{k∈Ij} is also linearly independet. Suppose in fact that for some scalars α_k it holds ∑ k∈I_j α_kφ̌^{]0,1[}_{j,k} = 0.

This rewrites_{2j +N−1} ∑ m=−N+1 α_mφ_{j,m}|_{]0,1[} = 0 (17)

where, for m ∉ I_j , α_m is given by

α_m = (∑ k∈I_j η j,k m α_k ) , m = −N + 1, . . . , N − M − 2 α_m = (∑ k∈I_j η j,k m α_k ) , m = 2^j − N + M + 2, . . . , 2^j + N − 1.

Now, it is well known (see for instance [Lem91]) that the set {φ_{j,k}, k = −N + 1, . . . , 2^j + N − 1} is linearly independent in L^2(]0, 1[). Then equation (17) implies that

α_m = 0 for all m ∈ [−N + 1, 2^j + N − 1] ⊃ I_j .

In particolar α_m = 0 for all m ∈ I_j , hence the set {φ̌^{]0,1[}_{j,k} }_{k∈Ij} is linearly independent.

For j ≥ j_0, the fact that the set {φ̌^{]0,1[}_{j,k} }_{k∈Ij} is a Riesz basis for V^{]0,1[}_j can be proven by some nowadays standard arguments. For ^j_0 ≤ j < j_0 this descends from the fact that ‖ ∑ k∈I_j f j kφ̌^{]0,1[}_{j,k} ‖^2_{L2} and ∑ k∈I_j |f j k |^2 are norms on the finite dimensional space V^{]0,1[}_j , hence they are equivalent. □

Remark 2.6 It is not difficult to check that the above reasoning also yields that for all functions f ∈ V^∗_j it holds

f|_{]0,1[} = ∑ k∈I_j (∫ R fφ_{j,k} ) φ̌^{]0,1[}_{j,k} ,

that is for such functions, the coefficients of their restriction to ]0, 1[ with respect to the basis {φ̌^{]0,1[}_{j,k} }_{k∈Ij} , can be retrieved by integrating over the whole R the function f times the original basis function on the line φ_{j,k}. A consequence is that, if the basis functions {φ̌^{]0,1[}_{j,k} }_{k∈Ij} were to be used in a biorthogonal framework, some of the steps of the corresponding biorthogonal wavelet transform (namely the recostruction step that allows the computation of the coefficients in V^{]0,1[}_{j+1} of a function in V^{]0,1[}_j ) would reduce to performing an extension E_j and then the usual FWT on the line. We will not exploit this feature in the present paper, where we rather concentrate on obtaining an orthonormal setting.

Remark 2.7 For j ≥ j_0, the linear independency of the functions {φ̌^{]0,1[}_{j,k} }_{k∈Ij} could also be proven by a dimensional argument. In fact we have a generator system of cardinality #(I_j ) = dimV^{]0,1[}_j . This implies that the generator system is a basis. However this argument cannot be applied for j < j_0, since in such case we only know that dimV^{]0,1[}_j ≤ #(I_j ).

If j ≥ j_0, the basis {φ̌^{]0,1[}_{j,k} , k ∈ I_j } just constructed has the the same structure as the basis obtained (before orthonormalizing) using the classical constructions. In particular it is easy to see that, for k such that N ≤ k ≤ 2^j − N, the scaling functions φ̌^{]0,1[}_{j,k} verify φ̌^{]0,1[}_{j,k} ≡ φ_{j,k}, since the extension operator has no effects on the corresponding scaling coefficients. Such functions are usually called interior, while we will refer to the functions interacting with the left boundary (k = N − M − 1, · · · , N − 1), resp. with the right boundary (k = 2^j − N + 1, · · · , 2^j − N + M + 1), as left boundary (resp. right boundary) scaling functions. The following proposition holds.

Proposition 2.6 For j ≥ j_0 the interior scaling functions {φ̌^{]0,1[}_{j,k} }^{2j −N}_{k=N} are orthogonal to the left boundary scaling functions {φ̌^{]0,1[}_{j,k} }^{N−1}_{k=N−M−1} and to the right boundary scaling functions {φ̌^{]0,1[}_{j,k} }^{2j −N+M+1}

2^j −N+1 .

Proof: Let k be such that N − M − 1 ≤ k ≤ N − 1. It is easy to see that, for such values of k, the sum in (16) becomes

φ̌^{]0,1[}_{j,k} = N−1∑ m=−N η^{j,k}_m φ_{j,m}|_{]0,1[}, since the remaining component of the extended coefficients are either zero or correspond to scaling functions φ_{j,m} verifying φ_{j,m}|_{]0,1[} = 0. Therefore, for l such that N ≤ l ≤ 2^j −N we have ⟨φ̌^{]0,1[}_{j,k} , φ̌^{]0,1[}_{j,l} ⟩ = ⟨φ̌^{]0,1[}_{j,k} , φ_{j,l}⟩ = N−1∑ m=−N η^{j,k}_m ⟨φ_{j,m}, φ_{j,l}⟩ = 0. The second part of the proof is analogous to the first one. □ The boundary scaling functions are scale invariant, as the following proposition states. Proposition 2.7 If j ≥ j_0, for the values of k such that N − M − 1 ≤ k ≤ N − 1 (left boundary functions) it holds that φ̌^{]0,1[}_{j,k} (x) = 2^{(j−j0)/2}φ̌^{]0,1[}_{j0,k} (2^{j−j0} x), (18) while for the values of k such that 2^j − N + 1 ≤ k ≤ 2^j − N + M + 1 (right boundary functions) it holds that φ̌^{]0,1[}_{j,k} (x) = 2^{(j−j0)/2}φ̌^{]0,1[}_{j0,k−2j +2j0} (2^{j−j0} (x − 1) + 1). (19) Proof: We will prove the scale invariance only for the left boundary functions, since for the right ones the proof is essentially the same. Since j ≥ j_0, and k verifies N − M − 1 ≤ k ≤ N − 1, it follows that

φ̌^{]0,1[}_{j,k} = N−1∑ m=−N η^{j,k}_m φ_{j,m}|_{]0,1[}, (20) where we observe that η^{j,k}_m = (E_j δ^{j,k})_m = N−1∏ i=N−M−1 m − i k − i , is independent of j, since the polynomial extension is scale invariant. In particular we have that φ̌^{]0,1[}_{j+1,k} = N−1∑ m=−N η^{j+1,k} m φ_{j+1,m}|_{]0,1[} = N−1∑ m=−N η^{j,k}_m φ_{j+1,m}|_{]0,1[}. (21)

Therefore, simply recalling that φ_{j,l}(x) = 2^{j/2}φ(2^j x − l) and φ_{j+1,l}(x) = 2^{(j+1)/2}φ(2^{j+1}x − l), comparing (20) and (21) and setting y = 2x, yields

φ̌^{]0,1[}_{j+1,k}(y) = √ 2φ̌^{]0,1[}_{j,k} (2y).

By induction on j it is then not difficult to conclude that (18) holds. □

An orthonormal basis {φ^{]0,1[}_{j,k} }_{k∈Ij} for V^{]0,1[}_j can be obtained by simply applying an orthonormalization procedure to the basis {φ̌^{]0,1[}_{j,k} }_{k∈Ij} . Since for j ≥ j_0, V^{]0,1[}_j is nothing else than the space defined by classical definition, any of the procedures (preserving localization) of the papers quoted at the beginning of the section can be used. As far as j < j_0 is concerned, we observe that the corresponding space V^∗_j is, by nature, global. The support of all elements of V^∗_j is in fact the entire interval ]0, 1[. Therefore, there is no particular need to use some specific orthonormalization procedure (since localization is not achievable), and then any approach, like for instance the application of a Gram- Schmidt procedure can be applied. Figure 1 shows some examples of orthonormalized scaling functions obtained by a Daubechies MRA.

3 Wavelets

The aim of this section is the construction of an orthonormal wavelet basis for L^2(]0, 1[) corresponding to the multiresolution analysis just introduced. Let P^{]0,1[}_j : L^2(R) −→ V^{]0,1[}_j denote the L^2(]0, 1[) orthogonal projection onto V^{]0,1[}_j , and let W^{]0,1[}_j be the complement space of V^{]0,1[}_j in V^{]0,1[}_{j+1} : W^{]0,1[}_j = (I − P^{]0,1[}_j )V^{]0,1[}_{j+1} , W^{]0,1[}_j ⊕ V^{]0,1[}_j = V^{]0,1[}_{j+1} , and V^{]0,1[}_j ⊥ W^{]0,1[}_j .

For j ≥ j_0 several constructions of bases for W^{]0,1[}_j , basically consisting in retaining “interior” wavelets and adding the projection on W^{]0,1[}_j of the right number of suitably chosen scaling functions of V^{]0,1[}_{j+1} , are available.

(a) (b)

(c) (d)

Figure 1: Orthonormal Daubechies scaling functions; (a) Db3 scaling functions for j = 1. For such value of j, V^{]0,1[}_j is the space of polynomials of degree 2. Figures (b) and (c) show Db2 scaling functions for j = 2 and j = 3 respectively. This is the case j ≥ j_0, so that the construction consists in retaining the interior functions and modifying only those one crossing the boundaries. (d) Db4 scaling functions for j = 2; this is the case the functions are globally supported on ]0,1[.

Using a standard basis completion argument, for j < j_0 it is always possible to choose a subset of 2^j functions {φ^{]0,1[}_{j+1,n}}_{n∈I}w_j (with I^w_j ⊂ I_{j+1}, #I^w_j = 2^j ) out of the basis {φ^{]0,1[}_{j+1,k}}_{k∈Ij+1} in such a way that, together with the basis {φ̌^{]0,1[}_{j,k} }_{k∈Ij} , they form a new basis for V^{]0,1[}_{j+1} : V^{]0,1[}_{j+1} = span < φ^{]0,1[}_{j+1,n}, n ∈ I^w_j , φ̌^{]0,1[}_{j,k} , k ∈ I_j > . Then it is trivial to show that the set of functions

ψ̌^{]0,1[}_{j,k} = φ^{]0,1[}_{j+1,k} − P^{]0,1[}_j φ^{]0,1[}_{j+1,k}, k ∈ I^w_j

forms a basis for W^{]0,1[}_j , which again can be orthonormalized by any technique (recall that for j ≤ j_0 all functions are global by nature, so there is no need to look for a special technique).

Alternatively we propose, in the following section, a way of constructing a basis for W^{]0,1[}_j that unifies the case j ≥ j_0, and j < j_0. Numerical evidence seems to indicate that the technique proposed has good stability properties (the basis functions have an L^∞ bound with a reasonable constant). Unfortunately a number of assumptions on the linear independence of certain (small) sets of functions are needed in order for such a construction to work. These have to be verified “a posteriori” case by case. In all the cases we tested such assumptions did hold. We want to underline that, in the case in which such assumptions did not hold, one can always resort to the previous wavelet constructions for j ≥ j_0 and to the basis completion technique mentioned above for ^j_0 ≤ j < j_0.

3.1 A wavelet basis In order to construct a basis for W^{]0,1[}_j , we start by considering the wavelet functions ψ_{j,k} ∈ W_j . We recall that, using the two-scale equation (5), ψ_{j,k} ∈ W_j ⊂ V_{j+1} can be written as follows: ψ_{j,k} = ∑ n g_nφ_{j+1,2k+n}. By applying the extension operator E_{j+1} (13) we define for each k ∈ Z a function ϑ^{]0,1[}_{j,k} ∈ V^{]0,1[}_{j+1} by ϑ^{]0,1[}_{j,k} = E_{j+1}ψ_{j,k}|_{]0,1[}.

It is easy to see that ϑ^{]0,1[}_{j,k} = ∑ m∈I_{j+1} g_{m−2k}φ̌^{]0,1[}_{j+1,m}. Now, letting I^w_j = {0, · · · , 2^j − 1} for every k ∈ I^w_j we define ψ̌^{]0,1[}_{j,k} = ϑ^{]0,1[}_{j,k} − P^{]0,1[}_j ϑ^{]0,1[}_{j,k} .

We point out that for j ≥ j_0, such construction gives us essentially the same basis as the one constructed in the papers quoted at the beginning of section 2.2. In particular, for k = N, · · · , 2^j − N, the functions ψ̌^{]0,1[}_{j,k} coincide with the so called interior wavelets: ψ̌^{]0,1[}_{j,k} = ψ_{j,k}, where, for such values of k it holds supp ψ_{j,k} ⊂ [0, 1]. Furthermore, it is easy to show that the boundary wavelets satisfy a scaling invariance property, as stated by the following proposition:

Proposition 3.1 If j ≥ j_0, for the values of k such that 0 ≤ k ≤ N − 1 (left boundary wavelets) it holds that ψ̌^{]0,1[}_{j,k} (x) = 2^{(j−j}0^{)/2}ψ̌^{]0,1[}_{j0,k} (2^{j−j}0 x), (22)

while for the values of k such that 2^j − N + 1 ≤ k ≤ 2^j − 1 (right boundary wavelets) it holds that ψ̌^{]0,1[}_{j,k} (x) = 2^{(j−j}0^{)/2}ψ̌^{]0,1[}_{j0,k−2j +2j0} (2^{j−j}0 (x − 1) + 1). (23)

The following orthogonality property holds.

Proposition 3.2 For j ≥ j_0 the interior wavelets {ψ̌^{]0,1[}_{j,k} }^{2j −N}_{k=N} are orthogonal to the left boundary wavelets {ψ̌^{]0,1[}_{j,k} }^{N−1}_{k=0} and to the right boundary wavelets {ψ̌^{]0,1[}_{j,k} }^{2j −1}_{k=2j −N+1}.

Proof: We will prove only that the interior wavelets are orthogonal to the left boundary wavelets, that is that ⟨ψ̌^{]0,1[}_{j,k} , ψ̌^{]0,1[}_{j,l} ⟩ = 0, for all k = 0, · · · , N − 1 and l = N · · · , 2^j − N, since for the right boundary wavelets the proof is essentially the same.

By the definition of ψ̌^{]0,1[}_{j,k} , it follows that ⟨ψ̌^{]0,1[}_{j,k} , ψ̌^{]0,1[}_{j,l} ⟩ = ⟨ϑ^{]0,1[}_{j,k} , ψ_{j,l}⟩ − ⟨P^{]0,1[}_j ϑ^{]0,1[}_{j,k} , ψ_{j,l}⟩ = ∫ R ϑ^{]0,1[}_{j,k} ψ_{j,l} dx, where the last identity descends from the observation that, on one hand, P^{]0,1[}_j ϑ^{]0,1[}_{j,k} is the restriction to ]0, 1[ of a V_j function (which is L^2(R)-orthogonal to ψ_{j,l}) and, on the other hand, thanks to the property of the support of ψ_{j,l}, the integral over ]0, 1[ can be replaced by an integral over R.

By the definition of the extension operator E_j , for k < N we have that E_{j+1}ψ_{j,k} = ψ_{j,k} + N−M−2 ∑ m=−∞ d_mφ_{j+1,m}, where d_m are suitable coefficinents, whose value is irrelevant for the proof.

We next observe that m < 2l + 1 − N implies that ∫ R ψ_{j,l}φ_{j+1,m} dx = g_{m−2l} = 0. Finally, l > N − 1 implies on one hand that ⟨ϑ^{]0,1[}_{j,k} , ψ_{j,l}⟩ = ∫ R E_{j+1}ψ_{j,k}ψ_{j,l} = N−M−2 ∑ m=−∞ d_m ∫ R φ_{j+1,m}ψ_{j,l}, while m < N − M − 2 implies that m < 2l + 1 − N, which implies the thesis. □

Unfortunately, we are unable to prove (in general) that the set {ψ̌^{]0,1[}_{j,k} }_{k∈I}w_j is linearly independent. We will then have to make some minimal hypotheses, and verify them a posteriori. More precisely we make the following assumptions: #1. The functions ψ̌^{]0,1[}_{j0,0} , · · · , ψ̌^{]0,1[}_{j0,N−1} are linearly independent, as well as ψ̌^{]0,1[}_{j0,2j0 −N+1}, · · · , ψ̌^{]0,1[}_{j0,2j0 −1}.

#2. For every j, j = ^j_0, · · · , j_0 − 1, the set {ψ̌^{]0,1[}_{j,k} }_{k∈I}w_j is linearly independent.

Under such assumptions it is not difficult to prove the following proposition: Proposition 3.3 For all j ≥ ^j_0 The set {ψ̌^{]0,1[}_{j,k} }_{k∈I}w_j forms a basis for the space W^{]0,1[}_j . Proof: Thanks to the scale invariance properties (22) and (23) assumption #1 yields, also for all j ≥ j_0, the linear independece of the set ψ̌^{]0,1[}_{j,0} , · · · , ψ̌^{]0,1[}_{j,N−1}, as well as of the set ψ̌^{]0,1[}_{j,2j −N+1}, · · · , ψ̌^{]0,1[}_{j,2j −1}. Therefore, for every j ≥ j_0, the complete set {ψ̌^{]0,1[}_{j,k} }_{k∈I}w_j is linearly independent, since the interior wavelets {ψ̌^{]0,1[}_{j,k} }^{2j −N}_{k=N} are linearly independent and, according to Proposition 3.2, they are orthogonal to the boundary wavelets {ψ̌^{]0,1[}_{j,k} }^{N−1}_{k=0} and {ψ̌^{]0,1[}_{j,k} }^{2j −1}_{k=2j −N+1}. Using assumption #2, we then obtain that the set {ψ̌^{]0,1[}_{j,k} }_{k∈I}w_j is linearly independent for all j ≥ ^j_0. Finally, since dim(W^{]0,1[}_j ) = #I^w_j , it follows that the set {ψ̌^{]0,1[}_{j,k} }_{k∈I}w_j forms a basis. □

The considerations at page 13 on the orthonormalization of the set {φ̌^{]0,1[}_{j,k} , k ∈ I_j } carry over unchanged to the orthonormalization of the set {ψ̌^{]0,1[}_{j,k} , k ∈ I^w_j }. We will denote by {ψ^{]0,1[}_{j,k} } the corresponding set of orthonormalized wavelet functions. Figure 2 show the orthonormal wavelets corresponding to the orthonormal scaling functions of Figure 1.

4 Fast wavelet transform

Let us now briefly describe the Fast Wavelet Transform algorithm, which allows the computation of the coefficients f^j_k = ⟨f, φ^{]0,1[}_{j,k} ⟩, and d^j_k = ⟨f, ψ^{]0,1[}_{j,k} ⟩ of the L^2(]0, 1[) projections

P^{]0,1[}_j f = ∑ k∈I_j f^j_k φ^{]0,1[}_{j,k} , and (P^{]0,1[}_{j+1} − P^{]0,1[}_j )f = ∑ k∈I^w_j d^j_kψ^{]0,1[}_{j,k}

of a function f ∈ L^2(]0, 1[) onto V^{]0,1[}_j and W^{]0,1[}_j directly from the coefficients

f^{j+1}_k = ⟨f, φ^{]0,1[}_{j+1,k}⟩

of its projection P^{]0,1[}_{j+1} = ∑ k∈I_{j+1} f^{j+1}_k φ_{j+1,k}

onto V^{]0,1[}_{j+1} .

For j ≥ j_0, when the spaces constructed in this paper coincide with the ones already studied in the previous constructions, the considerations of the corresponding papers trivially carry over to our case: the FWT takes the form

(a) (b)

(c) (d)

Figure 2: Orthonormal Daubechies wavelet functions; (a) Wavelet base corresponding to the Db3 MRA for j = 1. Figures (b) and (c) show the wavelet basis corresponding to the Db2 MRA for j = 2 and j = 3 respectively. In both cases j ≥ j_0 so that the new construction coincides with the classical one. (d) Db4 wavelet base for j = 2: the functions are globally supported.

f^j_k = ∑ l∈I_{j+1} a left k,n f^{j+1}_l k = N − M − 1, · · · , N − 1 ∑ l h_{l−2k}f^{j+1}_l k = N, · · · , 2^j − N ∑ l∈I_{j+1} a right k,l f^{j+1}_l k = 2^j − N + 1, · · · , 2^j − N + M + 1,

d^j_k = ∑ l∈I_{j+1} b left k,n f^{j+1}_l k = 0, · · · , N − 1 ∑ l g_{l−2k}f^{j+1}_l k = N, · · · , 2^j − N ∑ l∈I_{j+1} b right k,l f^{j+1}_l k = 2^j − N + 1, · · · , 2^j − 1,

where the coefficients a^{left}_{k,n} , a^{right}_{k,n} , b^{left}_{k,n} and b^{right}_{k,n} are independent of the scale j. In particular, we recall that for the values of k corresponding to the interior functions, the transform has the same form than the FWT in L^2(R).

For j < j_0 the trivial matrix-vector multiplication form of the transform

f^j_k = ∑ l∈I_{j+1} a^j_{k,n}f^{j+1}_l , and d^j_k = ∑ l∈I_{j+1} b^j_{k,n}f^{j+1}_l ,

with a^j_{k,l} = ⟨φ^{]0,1[}_{j+1,l}, φ^{]0,1[}_{j,k} ⟩, and b^j_{k,l} = ⟨φ^{]0,1[}_{j+1,l}, ψ^{]0,1[}_{j,k} ⟩ for every k ∈ I_j and l ∈ I_{j+1}, cannot be further simplified. The matrices

A^j = ( a^j_{k,l} ) and B^j = ( b^j_{k,l} )

depend on j and they will then have to be pre-computed and stored, and large scale steps of the fast wavelet transform will simply be matrix-vector multiplications.

Analogous considerations hold for the inverse fast wavelet transform, allowing to deduce the coefficients f^{j+1}_k , k ∈ I_{j+1}, directly from the coefficients f^j_k , k ∈ I_j and d^j_k, k ∈ I^w_j . In particular, for j < j_0, setting f^{j+1} = (f^{j+1}_k )_{k∈Ij+1} , f^j = (f^j_k )_{k∈Ij} , and d^j = (d^j_k)_{k∈I}w_j , using the fact that the FWT operator is, in the case here considered, orthogonal, we have

f^{j+1} = [ A^j B^j ]_{−1} ( f^j d^j ) = (A^j )^T f^j + (B^j )^T d^j . (24)

Remark 4.1 The last expression in equation 24 can also be directly derived from the trivial equality P^{]0,1[}_{j+1} f = P^{]0,1[}_j f + (P^{]0,1[}_{j+1} − P^{]0,1[}_j )f.

5 Multiresolution on ]0, 1[ with boundary conditions.

In this section we briefly describe how to incorporate boundary conditions in the construction of V^{]0,1[}_j . Assuming from now on that M ≥ 1 and that φ ⊂ H^1(R), let us define the space V^0_j := V^{]0,1[}_j ∩ H^1_0 (]0, 1[) as the set of functions f belonging to V^{]0,1[}_j and satisfying the homogeneous boundary conditions f(0) = f(1) = 0. Before presenting the construction of a basis for V^0_j , we establish some preliminary results.

Proposition 5.1 The set B = {1 − x, x, {φ̌^{]0,1[}_{j,k} }_{k∈I}0_j }, with I^0_j = {N − M, · · · , 2^j − N + M}, is a basis for V^{]0,1[}_j .

Proof: Let {φ̌^{]0,1[}_{j,k} }_{k∈Ij} be the basis for V^{]0,1[}_j defined in (15); by Corollary 2.2, the functions 1 − x and x belong to V^{]0,1[}_j , so they can be expanded in terms of the basis functions {φ̌^{]0,1[}_{j,k} }_{k∈Ij} : 1 − x = ∑ k∈I_j c^{1−x}_k φ̌^{]0,1[}_{j,k} and x = ∑ k∈I_j c^x_kφ̌^{]0,1[}_{j,k} , for some coefficients c^{1−x}_k and c^x_k . Using Remark 2.6, it follows that

c^{1−x}_k = ∫ R (1 − x)φ_{j,k} dx and c^x_k = ∫ R xφ_{j,k} dx so that 1 − x = ∑ k∈I_j (α + βk)φ̌^{]0,1[}_{j,k} (25) and x = ∑ k∈I_j (1 − α − βk)φ̌^{]0,1[}_{j,k} , (26)

for some constants α and β depending on j. Using equations (25) and (26), we deduce that span{B} = span{1, ∑ k∈I_j kφ̌^{]0,1[}_{j,k} , {φ̌^{]0,1[}_{j,k} }_{k∈I}0_j }.

Now, the set {1, ∑ k∈I_j kφ̌ ]0,1[

j,k , {φ̌^{]0,1[}_{j,k} }_{k∈I}0_j } is a basis for V^{]0,1[}_j since the matrix that represents the change of coordinates with respect to the basis {φ̌^{]0,1[}_{j,k} }_{k∈Ij} is invertible, as one can easily verify. Therefore it follows that B too is a basis for V^{]0,1[}_j , and the thesis is proved. □ Let now I_L : C^0([0, 1]) −→ P_1 be the linear interpolation operator I_L(f)(x) = f(0)(1 − x) + f(1)x, which associates to every continuous function f the corresponding polynomial of degree 1, interpolating f at the two points 0 and 1, and let φ̌^0_{j,k}, k ∈ I^0_j , be defined by φ̌^0_{j,k} = φ̌^{]0,1[}_{j,k} − I_Lφ̌^{]0,1[}_{j,k} .

Proposition 5.2 The set {φ̌^0_{j,k}}_{k∈I}0_j is a basis for V^0_j .

Proof: The operator (1 − I_L) : V^{]0,1[}_j → V^0_j is surjective since (1 − I_L)|_V 0_j coincides with the identity. Therefore, since (1−I_L)x = (1−I_L)(1−x) = 0, the set {(1−I_L)φ̌^{]0,1[}_{j,k} , k ∈ I^0_j } generates V^0_j . Moreover it is a basis since dim(V^0_j ) = #I^0_j . □

The validity of the following corollary is easily checked. Corollary 5.1 The set {x, 1 − x, φ̌^0_{j,k}, k ∈ I^0_j } is a basis for V^{]0,1[}_j .

We can then construct an orthonormal basis for V^0_j by applying any orthonormalization procedure to the set {φ̌^0_{j,k}}_{k∈I}0_j . We thus obtain a set {φ^0_{j,k}}_{k∈I}0_j satisfying: ∫_1 0 φ^0_{j,k}φ^0_{j,n} = δ_{n,k}, and φ^0_{j,k}(0) = φ^0_{j,k}(1) = 0

(see Figure 3). Clearly, for j ≥ j_0 we will employ one of the localization preserving orthonormalization techniques proposed in the papers mentioned at the beginning of section 2.2.

A particular orthonormal basis for V^{]0,1[}_j can then be obtained by orthonormalizing the two functions x and 1 − x with respect to {φ^0_{j,k}}_{k∈I}0_j :

φ^0_{j,N−M−1}(x) = x − ∑ k∈I^0_j ⟨x, φ 0 j,k⟩φ^0_{j,k}(x) ‖x − ∑ k∈I^0_j ⟨x, φ 0 j,k⟩φ^0_{j,k}(x)‖_L2_{(0,1)} and φ^0_{j,2}j_{−N+M+1}(x) = (1 − x) − ∑ k∈I^{0′}_j ⟨1 − x, φ 0 j,k⟩φ^0_{j,k}(x) ‖(1 − x) − ∑ k∈I^{0′}_j ⟨1 − x, φ 0 j,k⟩φ^0_{j,k}(x)‖_L2_{(0,1)} , where I^{0′}_j = {N − M − 1} ∪ I^0_j . With this procedure we end up with an orthonormal basis for V^{]0,1[}_j such that φ^0_{j,N−M−1}(1) ≠ 0 φ^0_{j,N−M−1}(0) = 0 and φ^0_{j,2}j_{−N+M+1}(1) ≠ 0 φ^0_{j,2}j_{−N+M+1}(0) ≠ 0.

In particular non homogeneous boundary conditions are very easily imposed.

(a) (b)

(c) (d) Figure 3: Orthonormal Daubechies scaling functions with homogeneous boundary conditions; (a) A base for V^{]0,1[}_j corresponding to Db3 MRA for j = 1. V^{]0,1[}_j is the space of polynomials of degree 2 satisfying homogeneous boundary conditions. (b) The space V^{]0,1[}_j corresponding to Db2 for j = 2. (c) V^{]0,1[}_j corresponding to Db2 for j = 3. (d) The basis functions coming from Db4 MRA for j = 2 are globally supported.

The argument discussed at the beginning of section 3 with respect to the construction of wavelets for W^{]0,1[}_j , carry over to the construction of an orthonormal basis for the orthogonal complement W^0_j of V^0_j in V^0_{j+1}. In order to apply also in this case the idea proposed in section 3.1, we introduce the orthogonal projection P^0_j : L^2(R) −→ V^0_j onto V^0_j . Therefore W^0_j is defined as

W^0_j = (I − P^0_j )V^0_{j+1}.

In particular, a basis for W^0_j is defined as follows: for every k = 0, · · · , 2^j − 1

ψ̌^0_{j,k} = ϑ^0_{j,k} − P^0_j ϑ^0_{j,k},

where ϑ^0_{j,k} = ((1 − I_L)E_j ψ_{j,k})|_{]0,1[}. Figure 4 shows the basis {ψ^0_{j,k}} for W^0_j , obtained after orthonormalization.

References

[AHJP93] L. Anderson, N. Hall, B. Jawerth, and G. Peters. Wavelets on closed subsets on the real line. Topics in the Theory and Applications of Wavelets, 1993.

[BP99] S. Bertoluzza and V. Perrier. The mortar method in the wavelet context.

Technical Report 99-17, LAGA, 1999. to appear in M2AN.

[CDV93] A. Cohen, I. Daubechies, and P. Vial. Wavelets on the interval and fast wavelet transforms. ACHA, 1:54–81, 1993.

[CL97] G. Chiavassa and J. Liandrat. On the effective construction of compactly supported wavelets satisfying homogeneous boundary conditions on the interval. ACHA, 4:pp. 62–73, 1997.

[CM00] A. Cohen and R. Masson. Wavelet adaptive method for second order elliptic problems: boundary conditions and domain decomposition. Numer. Math., 86(2):193–238, 2000.

[CTU97] C. Canuto, A. Tabacco, and K. Urban. The wavelet element method. part i:

Construction and analysis. Technical report, I.A.N.-C.N.R., 1997. to appear in Appl. Comp. Harm. Anal.

[CTU00] Claudio Canuto, Anita Tabacco, and Karsten Urban. The wavelet element method. II. Realization and additional features in 2D and 3D. Appl. Comput. Harmon. Anal., 8, 2000.

[Dau92] I. Daubechies. Ten lectures on wavelets. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1992.

(a) (b)

(c) (d) Figure 4: Orthonormal Daubechies wavelet functions with homogeneous boundary conditions; (a) Db3 j=1 (b) Db2 j=2 (c) Db2 j=3 (d) Db4 j=2

[DKU99] W. Dahmen, A. Kunoth, and K. Urban. Biorthogonal spline wavelets on the interval—stability and moment conditions. Appl. Comput. Harmon. Anal., 6(2):132–196, 1999.

[DS99] Wolfgang Dahmen and Reinhold Schneider. Composite wavelet bases for operator equations. Math. Comp., 68(228):1533–1567, 1999.

[Lem91] Pierre Gilles Lemarié. Fonctions à support compact dans les analyses multirésolutions. Rev. Mat. Iberoamericana, 7(2):157–182, 1991.

[Mey90] Y. Meyer. Ondelettes et Opérateurs. Hermann, 1990.

[MP95] P. Monasse and V. Perrier. Construction d’ondelettes sur l’intervalle pour la prise en compte de conditions aux limites. C. R. Acad. Sci. Paris,t.321, 1:pp. 1163–1169, 1995.

[TT99] S. Grivet Talocia and A. Tabacco. Wavelets on the interval with optimal localization. Math. Mod. Meth. Appl. Sci., 1999. to appear.