Wavelet Stabilization and Preconditioning for Domain Decomposition^∗

Silvia Bertoluzza Angela Kunoth

February 19, 1999

Abstract

The aim of this paper is to propose a stabilization technique in order to circumvent the two inf–sup conditions needed for stability of the discretization of the Three Fields Formulation for domain decomposition methods [BM93, BM94]. Realization of this technique in terms of wavelets is presented. Furthermore, the resulting discrete problem is shown to admit an asymptotically optimal preconditioner also based on wavelets.

Key words: Three Fields Formulation, domain decomposition, biorthogonal wavelets, stabilization, preconditioning. AMS subject classification: 65N55.

1 Introduction

In this paper we deal with domain decomposition of elliptic problems by the Three Fields Formulation, developed in [BM93, BM94]. Differently from other non-conforming formulations [BMP94, Dor89] of domain decomposition, weak continuity is not imposed by requiring that the jump across the interface is orthogonal to a suitable multiplier space, but by introducing the space Φ of traces of functions in H^1(Ω) on the interface Σ. The elements of Φ are to be used as a Dirichlet boundary condition — imposed by means of Lagrange multipliers — for the functions in the subdomains.

Existence and uniqueness of the solution of the resulting variational domain decomposition formulation of a given elliptic second order partial differential equation relies on the validity of two inf–sup conditions relating the interface trace space with the space of Lagrange multipliers, and the latter with the space of functions in the subdomains.

By applying a Schur complement technique, the solution of such a problem can be reduced (both at the continuous and at the discrete level) to the solution of an equation on the “trace” unknown, corresponding to the Steklov–Poincaré operator. Computing

∗This work has been supported partly by the DAAD–Vigoni Project “Multiscale Methods for Partial Differential Equations” and by the EC-TMR Network “Wavelets and Multiscale Methods in Numerical Analysis and Simulation”, n. ERB FMRX CT98 0184.

the action of such operator on a given function reduces to solving independent Dirichlet problems on the subdomains, a task which can be carried out in parallel.

Clearly, in order to design efficient solvers for this domain decomposition formulation there is the need of a good preconditioner for the interface problem. The Steklov-Poincaré operator is a first order elliptic operator, and it is well known that if the “trace” space Φ is discretized by means of suitable wavelet functions, asymptotically optimal diagonal preconditioners do exist.

On the other hand, in order for the discrete problem to be well posed, the approximation spaces used for discretizing the functions in the subdomains, the Lagrange multipliers, and the “traces” respectively, need to satisfy suitable compatibility conditions, whose fulfillment is not always straightforward. The use of wavelet type bases on the interface would then put some heavy restriction on the choice of the discretizations in the subdomains. This seriously limits one of the main advantages of this formulation: the possibility to use in principle very different discretizations on each subdomain.

One possibility is to circumvent such restrictions by applying a stabilization technique ([BFHR97]). Different stabilization techniques for the three fields domain decomposition method have been proposed in [BBM92, BFMR97]. In choosing here a specific stabilization technique, one has to keep in mind the goal of applying in the end a wavelet preconditioner to the discrete interface problem. This leads us to discard the techniques proposed in [BBM92], for which the stabilized operator is continuous and coercive with respect to two non equivalent norms, whereas wavelet preconditioners apply to operators satisfying ⟨Av, v⟩ ∼ ‖v‖^2, that is, stability and continuity are required with respect to the same norm.

The stabilization technique we propose here consists in adding a residual term, measured in a natural scalar product (of type H^{1/2}(Σ)). Such stabilization acts only on the interface unknowns, without changing the problems in the subdomains. Therefore, in the implementation of such formulation one can use one’s favorite solver for the problem in the subdomains without any need for modification. Moreover, we show that, under very mild compatibility conditions on the Lagrange multiplier spaces — which can basically be reduced to asking that each multiplier space contains the space of piecewise constants on the coarse grid composed by the “elements” ∂Ω^k ∩ ∂Ω^ℓ — if stable discretizations are used for each of the subdomain problems, the stabilized formulation is boundedly invertible for any choice of the discretization for the “trace” space.

Also for this formulation the solution can be reduced to the inversion of a Steklov- Poincaré type operator, which is shown to be continuous and coercive with respect to the natural norm on the “trace” space. Then, wavelet preconditioners can be applied, provided wavelet bases exist which induce on such a space an equivalent norm, expressed in terms of the wavelet coefficients.

In Section 2 we introduce the new continuous stabilized formulation for the problem considered. In Section 3 the discretization of such a problem is discussed with particular emphasis on the use of wavelet bases for the interface problem, for which an asymptotically optimal preconditioner is described.

Different constructions of biorthogonal wavelets by conforming domain decomposition [CM98, CTU99, DS97, DS98] are available, for which one can prove that the above mentioned norm equivalence holds [DK], and which are then well suited to be applied in our case. Anyway, for our purpose we can also make use of a simplified construction which can be implemented by using only the Fast Wavelet Transform on ]0, 1[. For completeness we describe this construction in Section 4.

2 Stabilization of the Continuous Three Fields Formulation

2.1 Notation and Functional Setting

In the following, for any Hilbert space H, we will denote by (·, ·)_H its inner product, and by

H^′ ⟨·, ·⟩H the action of its dual H

′, though at times we may introduce a different notation.

Moreover, we will frequently employ the notation a <∼ b (respectively a >∼ b) for saying that a can be bounded from above (respectively, from below) by a constant multiple of b uniformly in any parameters on which a, b may depend. Furthermore, a ∼ b means a <∼ b and b <∼ a. Let Ω ⊂ IR^n be a bounded polygonal domain with Lipschitz boundary ∂Ω. Let Ω be decomposed into a finite number of non-overlapping polygonal subdomains Ω^k, k = 1, . . . , K, Ω = K⋃ k=1 Ω^k, Ω^k ∩ Ω^m = ∅, k ≠ m, (2.1.1)

where Σ = (_K ⋃ k=1 ∂Ω^k ) \ ∂Ω (2.1.2)

is called the skeleton of the decomposition. We will also employ the notation

Γ^k := ∂Ω^k \ ∂Ω (2.1.3)

so that Σ = K⋃ k=1 Γ^k. (2.1.4)

Let H^{1/2}(∂Ω^k) and H^{1/2}_{00} (Γ_k) be defined as the trace space of, respectively, H^1(Ω^k) and H^1_{∂Ω}(Ω^k) := {v^k ∈ H^1(Ω^k), v^k = 0 on ∂Ω ∩ ∂Ω^k}, with norms

‖σ‖_H1/2_{(∂Ω}k_) := inf

v^k∈H^1(Ω^k ): v^k |_{∂Ωk} =σ

‖v^k‖_H1_{(Ω}k_), (2.1.5)

‖σ‖_H1/2_{00 (Γk )} := inf

v^k∈H^1_{∂Ω}(Ω^k ): v^k |_{Γk} =σ

‖v^k‖_H1_{(Ω}k_).

Remark 2.1 Equivalent norms for H^{1/2}(∂Ω^k) and for H^{1/2}_{00} (Γ_k) can be defined through the norms of H^{1/2}(]0, 1[^{n−1}) and H^{1/2}_{00} (]0, 1[^{n−1}) by using an atlas and partitions of unity, the constants in the equivalence depending on the diameter of Ω^k.

For each k, we let H^{1/2}_∗ (Γ^k) denote either H^{1/2}(Γ^k) or H^{1/2}_{00} (Γ^k), depending on whether Γ^k is a closed or an open set, with norm |σ|_{1/2,Γ}k := { ‖σ‖_H1/2_{00 (Γk )}, if Γ^k ∩ ∂Ω ≠ ∅, ‖σ‖_H1/2_{(∂Ω}k_), otherwise, (i.e., if Γ^k = ∂Ω^k).

(2.1.6)

We will denote by (·, ·)_{1/2,Γ}k the corresponding inner product. Moreover, let H^{−1/2}_∗ (Γ^k) be the corresponding dual, whose norm and inner product will be denoted by | · |_{−1/2,Γ}k and (·, ·)_{−1/2,Γ}k . Duality between H^{1/2}_∗ (Γ^k) and H^{−1/2}_∗ (Γ^k) will be written as ⟨·, ·⟩_k.

We can now introduce the functional setting for the domain decomposition method we are going to consider. Let V be the product space V := {(v^1, . . . , v^K ), v^k ∈ H^1(Ω^k), v^k = 0 on ∂Ω ∩ ∂Ω^k} (2.1.7) which is isomorphic to {v ∈ L^2(Ω) : v^k = v|_Ωk ∈ H^1(Ω^k), v^k = 0 on ∂Ω ∩ ∂Ω^k}, endowed with the norm ‖v‖^2_V := ∑ k ‖v^k‖^2_{H1(Ωk)}, v ∈ V, (2.1.8)

induced by the inner product (u, v)_V := ∑ k (u^k, v^k)_H1_{(Ω}k_). (2.1.9)

Moreover, let Λ and Φ be defined by Λ := ∏ k H^{−1/2}_∗ (Γ^k) (2.1.10)

and Φ = H^1_0 (Ω) | Σ, that is Φ := {σ ∈ L_2(Σ) : there exists v ∈ H^1_0 (Ω) such that σ = v|_Σ}. (2.1.11) Λ and Φ are endowed with the norms

‖μ‖^2_Λ := ∑ k |μ^k|^2_{−1/2,Γk} , ‖σ‖_Φ := inf_{v∈H1}

0 (Ω): v|_Σ=σ

‖v‖_H1_{(Ω)}, (2.1.12)

respectively. We remark that H^1_0 (Ω) can be identified with a subset of V : H^1_0 (Ω) ∼= {v = (v^k) ∈ V : ∃σ ∈ Φ, v^k = σ on Γ^k} ⊂ V.

In the following, when writing v = (v^k) ∈ H^1_0 (Ω) for an element v ∈ V , we will refer to such an isomorphism.

An observation that will be important in the sequel is the following:

Proposition 2.2 It holds

Λ^′ = ∏ k H^{1/2}_∗ (Γ^k), ‖σ^k‖_Λ′ ∼ ( ∑ k |σ|^2_{1/2,Γk} )_{1/2} . (2.1.13)

Moreover, one has that

(i) the space Φ can be identified with a proper subset of Λ^′, by identifying σ ∈ Φ with (σ^k) ∈ Λ^′, σ^k = σ|_Γk ;

(ii) for σ ∈ Φ the equivalences

‖σ‖_Φ ∼ ( ∑ k |σ^k|_{1/2,Γ}k )_{1/2} ∼ ‖σ‖_Λ′ , (σ^k = σ|_Γk ), (2.1.14)

hold.

Proof: We start by proving that (2.1.13) holds. In fact, let F ∈ Λ^′. Since Λ is a separable Hilbert space, there exists an isomorphism between Λ and Λ^′. Thus, there is a (uniquely determined) element μ_F = (μ^k_F ) ∈ Λ such that Λ^′ ⟨F, μ⟩Λ = ∑ k (μ^k_F , μ^k)_{−1/2,Γ}k for all μ ∈ Λ, ‖F ‖^2_Λ′ = ∑ k |μ^k_F |^2_{−1/2,Γk} . (2.1.15)

On the other hand, also H^{−1/2}_∗ (Γ^k) is, for each k, a separable Hilbert space. Thus, there also exists an (uniquely determined) element σ^k_F ∈ (H^{−1/2}_∗ (Γ^k))^′ = H^{1/2}_∗ (Γ^k) such that

(μ^k_F , μ^k)_{−1/2,Γ}k = ⟨σ^k_F , μ^k⟩_k for all μ^k ∈ H^{−1/2}_∗ (Γ^k) (2.1.16)

and |μ^k_F |_{−1/2,Γ}k = |σ^k_F |_{1/2,Γ}k . Comparing (2.1.15) and (2.1.16) yields (2.1.13).

As far as (ii) is concerned, let now σ ∈ Φ and let v ∈ H^1_0 (Ω) be any function such that u = σ on Σ. Then we have ∑ k |σ|^2_{1/2,Γk} ≤ ∑ k ‖v‖^2_{H1 (Ωk )} = ‖v‖^2_H1_{0 (Ω)}.

The arbitrariness of v yields ∑ k |σ|^2_{1/2,Γk} ≲ inf

v∈H^1_0 (Ω): v|_Σ=σ

‖v‖^2_H1_{(Ω)} = ‖σ‖^2_Φ.

Let now u in H^1_0 (Ω) be defined such that −Δu = 0 in Ω^k and u = σ on Γ^k for all k. It holds ‖σ‖^2_Φ ≤ ‖u‖^2_H1_{0 (Ω)} = ∑ k ‖u‖^2_{H1 (Ωk )} ≲ ∑ k |σ|^2_{1/2,Γk} .

Note that in principle the constants in (2.1.14) depend on the size of the subdomains.

2.2 The Three Fields Formulation We consider the second order elliptic boundary value problem − div a(x) grad u(x) = f in Ω, u = 0 on ∂Ω,

(2.2.1) with a sufficiently smooth and uniformly positive definite matrix a(x) and f ∈ L_2(Ω). To solve this by a domain decomposition approach, for each k ∈ {1, . . . , K} let a^k : H^1(Ω^k) × H^1(Ω^k) → IR be the bilinear form induced by the differential operator on the subdomain Ω^k, a^k(u, v) = ∫ Ω^k a(x) grad u · grad v dx. A composed bilinear form a : V × V → IR can be defined by a(·, ·) := ∑ k a^k(·, ·). (2.2.2)

For all v ∈ H^1_0 (Ω), a(·, ·) satisfies a(v, v) = ∑ k ∫ Ω^k

a(x)| grad v|^2 dx ∼ ‖v‖^2_H1_{(Ω)}. (2.2.3)

In alternative to the standard weak formulation of the boundary value problem (2.2.1), find u^∗ ∈ H^1_0 (Ω) such that a(u^∗, v) = (f, v)_{L2(Ω)} for all v ∈ H^1_0 (Ω),

(2.2.4)

we can then consider the Three Fields Formulation:

find (u, λ, τ) ∈ V × Λ × Φ such that a(u, v) − ∑ k ⟨λ^k, v^k⟩_k = (f, v)_{L2 (Ω)} for all v ∈ V, ∑ k ⟨τ − u^k, μ^k⟩_k = 0 for all μ ∈ Λ, ∑ k ⟨λ^k, σ⟩_k = 0 for all σ ∈ Φ.

(2.2.5)

Such formulation was introduced in [BM93], where it was shown that problem (2.2.5) has, for every f ∈ L_2(Ω), a unique solution (u, λ, τ), satisfying u^k = u^∗ in Ω^k, k = 1, . . . , K, λ^k = a ∂u^∗ ∂n^k on ∂Ω^k, k = 1, . . . , K, τ = u^∗ on Σ,

(2.2.6) where ∂u^∗/∂n^k is the outward normal derivative of the restriction of u^∗ to Ω^k.

We can write the system (2.2.5) more conveniently in operator form. Define A : V → V^′ by ⟨Av, v⟩ := a(v, v). For each k = 1, . . . , K, let B^k : H^1_{∂Ω}(Ω^k) → H^{1/2}_∗ (Γ^k) denote the trace operator. Let then B : V → Λ^′ be defined by B := diag(B^1, . . . , B^K ). Moreover let C^k : H^{−1/2}_∗ (Γ^k) → Φ^′ be defined as ⟨C^kμ^k, σ⟩ := ⟨μ^k, σ⟩_k, and let C : Λ → Φ^′ be assembled as C := diag(C^1, . . . , C^K ). With these notations, the system (2.2.5) can be written as follows: find (u, λ, τ) ∈ V × Λ × Φ solution of A −B^T 0 −B 0 C^T 0 C 0 u λ τ = f 0 0 . (2.2.7)

Remark 2.3 [BM93] One of the interests for the Three Fields Formulation lies in the observation that, for τ ∈ Φ given, the computation of u and λ reduces to solving K independent Dirichlet problems on the subdomains Ω^k, each one of the form ( A^k −(B^k)^T −B^k 0 ) ( u^k λ^k ) = ( f^k −(C^k)^T τ ) . (2.2.8)

τ can then be computed as solution of

CA^{−1}C^T τ = CA^{−1} ( f 0 ) (2.2.9)

with A := ( A −B^T −B 0 ) , C := (0 C), (2.2.10)

Here the operator S := CA^{−1}C^T is just the Poincaré-Steklov operator on Σ. It has been shown in [BM93] that S is an isomorphism from Φ to Φ^′ that satisfies in addition Φ^′ ⟨S·, ·⟩Φ ∼ ‖ · ‖ 2 Φ. Since S is an operator of order one, it needs to be preconditioned. On the other hand, each iteration implies solving (2.2.8), a task which, thanks to the previous observation, can be carried out in parallel.

2.3 A New Stabilized Formulation

Let a bilinear form (·, ·)_Λ′ : Λ^′ × Λ^′ → IR be defined by

(σ, τ)_Λ′ := ∑ k (σ, τ)_{1/2,Γ}k = ∑ k (σ|_Γk , τ|_Γk )_{1/2,Γ}k . (2.3.1)

Thanks to Remark 2.2 (ii), (·, ·)_Λ′ is a scalar product inducing on Φ ⊂ Λ^′ a norm which is equivalent to ‖ · ‖_Φ. Then for any δ > 0, and for (u, λ, τ) solution of (2.2.5), it holds δ(τ − u, σ)_Λ′ + ∑ k ⟨λ^k, σ⟩_k = 0 for all σ ∈ Φ, (2.3.2)

since (u, τ, λ) satisfies u = τ on Σ. We can then introduce the following equivalent formulation of (2.2.5):

find (u, λ, τ) ∈ V × Λ × Φ such that a(u, v) − ∑ k ⟨λ^k, v^k⟩_k = (f, v)_{L2 (Ω)} for all v ∈ V, ∑ k ⟨τ − u^k, μ^k⟩_k = 0 for all μ ∈ Λ, δ(τ − u, σ)_Λ′ + ∑ k ⟨λ^k, σ⟩_k = 0 for all σ ∈ Φ.

(2.3.3)

Also (2.3.3) can be rewritten in operator form, by introducing the operator D : Λ^′ → Φ^′ defined by ⟨Dτ, σ⟩ = (τ, σ)_Λ′ . Then problem (2.3.3) rewrites as follows: find the solution (u, λ, τ) of A −B^T 0 −B 0 C^T δDB C δD u λ τ = f 0 0 . (2.3.4)

In order to analyse the problem (2.3.4) as well as its discretization, it will be useful to reorder the equations and the unknowns. To this end, define Z = V × Φ, endowed with the norm ‖v, σ‖^2_Z := ‖v‖^2_V + ‖σ‖^2_Φ. Rewrite (2.3.3) as follows: find (u, τ; λ) ∈ Z × Λ such that A_δ(u, τ; v, σ) + B(v, σ; λ) = (f, v)_{L2(Ω)} for all (v, σ) ∈ Z, B(u, τ; μ) = 0 for all μ ∈ Λ,

(2.3.5)

with A_δ : Z × Z → IR and B : Z × Λ → IR defined respectively as the bilinear forms A_δ(u, τ; v, σ) := a(u, v) + δ(τ − u, σ)_Λ′ , B(u, τ; μ) := ∑ k ⟨u^k − τ, μ^k⟩_k. (2.3.6)

Existence and uniqueness of the solution of (2.3.3) can be proven by applying the classical theory for saddle point problems. In fact, we recall that the following theorem holds.

Theorem 2.4 [BF91] Let A : Z × Z → IR, B : Z × Λ → IR be continuous bilinear forms. Assume that A is coercive on ker B := {z ∈ Z : B(z; λ) = 0 for all μ ∈ Λ}, that is, A(z; z) ≥ α‖z‖^2_Z for all z ∈ ker B. Furthermore, assume that B satisfies the inf-sup condition inf_{μ∈Λ} sup_{z∈Z} B(z; μ) ‖z‖_Z ‖μ‖_Λ ≥ β > 0. (2.3.7)

Then, for any f ∈ Z^′, there exists a solution (y, λ) ∈ Z × Λ of the saddle point problem A(y; z) + B(z; λ) = ⟨f, z⟩ for all z ∈ Z, B(y; μ) = 0 for all μ ∈ Λ.

(2.3.8)

Moreover, y ∈ Z is unique and λ ∈ Λ is unique up to an element of ker B^T := {μ ∈ Λ : B(z; μ) = 0 for all z ∈ Z}.

We will show that the assumptions of Theorem 2.4 hold in our case. We begin by proving the following lemma.

Lemma 2.5 For 0 < δ < 2 the bilinear form A_δ defined in (2.3.6) is coercive on H^1_0 (Ω)×Φ with respect to the norm ‖v, σ‖_Z , i.e., for all (v, σ) ∈ H^1_0 (Ω) × Φ it holds

A_δ(v, σ; v, σ) ≳ α_1 ‖v, σ‖^2_Z , (2.3.9)

where α_1 := min{ δ 2 , 1 − δ 2 }. (2.3.10)

Moreover, A_δ is continuous on Z, i.e.,

A_δ(v, σ; v, σ) ≤ M_1 ‖v, σ‖^2_Z , (2.3.11)

where M_1 := max{1 + δ 2 , 3δ 2 }. (2.3.12)

Proof: We have by (2.2.3) and (2.1.14) A_δ(v, σ; v, σ) = a(v, v) + δ(σ − v, σ)_Λ′ >∼ ‖v‖^2_V + δ‖σ‖^2_Φ − |δ(v, σ)_{Λ′} | ≥ ‖v‖^2_V + δ‖σ‖^2_Φ − δ 2 ‖v‖^2_Λ′ − δ 2 ‖σ‖^2_Φ, upon employing 2|(v, σ)_Λ′ | ≤ ‖v‖^2_Λ′ + ‖σ‖^2_Φ. Now it holds

‖v‖^2_Λ′ = ∑ k |v^k|^2_{1/2,Γk} ≤ ∑ k ‖v^k‖^2_{H1(Ωk)} = ‖v‖^2_H1_{(Ω)} (2.3.13) by using (2.1.13) and, hence, A_δ(v, σ; v, σ) ≳ ( 1 − δ 2 ) ‖v‖^2_H1_{(Ω)} + δ 2 ‖σ‖^2_Φ ≳ α_1‖v, σ‖^2_Z , where α_1 is defined by (2.3.10).

As far as the continuity of A_δ is concerned, one has by (2.3.13) for any (v, σ) ∈ Z |(v, σ)_Λ′ | ≤ 1 2 ‖v‖^2_Λ′ + 1 2 ‖σ‖^2_Φ ≤ 1 2 ‖v‖^2_V + 1 2 ‖σ‖^2_Φ. (2.3.14)

Hence, we can estimate A_δ(v, σ; v, σ) = a(v, v) + δ(σ − v, σ)_Λ′ ≤ ‖v‖^2_V + δ‖σ‖^2_Φ + |δ(v, σ)_Λ′ | ≤ ( 1 + δ 2 ) ‖v‖^2_V + 3δ 2 ‖σ‖^2_Φ ≤ M_1‖v, σ‖^2_Z which proves the assertion.

Remark 2.6 It is important to observe that A_δ is coercive on a much larger set than simply ker B, namely on the set H^1_0 (Ω) × Φ, that is, σ does not need to be the trace of u in order for (2.3.9) to hold. The bilinear form A_0 corresponding to the unstabilized problem is also coercive, but only on ker B, as easily descends by observing that (v, σ) ∈ ker B implies v = σ on Σ, and hence ‖v‖_H1_{(Ω)} ≳ ‖σ‖_Φ. The improved coercivity of A_δ with respect to A_0 will allow in the next section to choose a discretization on the skeleton completely uncoupled from the discretizations in the subdomains.

Remark 2.7 The largest value for the coercivity constant α_1 is attained when^δ_2 = 1 −^δ_2 yielding δ = 1 and thus α_1 = 1/2 and M_1 = 3/2.

Lemma 2.8 The bilinear form B defined in (2.3.6) is continuous,

B(v, σ; μ) ≲ ‖v, σ‖_Z ‖μ‖_Λ for all (v, σ) ∈ Z and μ ∈ Λ, (2.3.15)

and satisfies the inf-sup condition

inf_{μ∈Λ} sup_{(v,σ)∈Z} B(v, σ; μ) ‖v, σ‖_Z ‖μ‖_Λ ≳ 1, (2.3.16)

Proof: As far as the continuity is concerned, we simply observe that B(v, σ; μ) = ∑ k ⟨v^k − σ, μ^k⟩_k ≤ ∑ k |v^k − σ|_{1/2,Γ}k |μ^k|_{−1/2,Γ}k

≤ ( ∑ k |v^k − σ|^2_{1/2,Γk} )_{1/2} ‖μ‖_Λ. Furthermore, we get ∑ k |v^k − σ|^2_{1/2,Γk} <∼ ∑ k ( |v^k|^2_{1/2,Γk} + |σ|^2_{1/2,Γk} )

<∼ ‖v, σ‖^2_Z . This together with the previous estimate proves (2.3.15).

For showing (2.3.16), note that for μ ∈ Λ and for all η ∈ Λ^′ Λ^′ ⟨η, μ⟩Λ ‖η‖_Λ′ ≲^{Λ′} ⟨Bv_η, μ⟩_Λ ‖v_η‖_V where v_η = (v^k_η )_k, v^k_η being the harmonic extension of η^k on Ω^k. Hence, we can write

‖μ‖_Λ = sup_{η∈Λ′}^{Λ′} ⟨η, μ⟩_Λ ‖η‖_Λ′ ≲ sup v∈V,Δv^k =0 Λ^′ ⟨Bv, μ⟩Λ ‖v‖_V ≲ sup_{v∈V}^{Λ′} ⟨Bv, μ⟩_Λ ‖v‖_V , which implies (2.3.16) since sup (v,σ)∈Z B(v, σ; μ) ‖v, σ‖_Z ≥ sup_{v∈V} B(v, 0; μ) ‖v‖_V .

We now observe that (v, σ) ∈ ker B implies that v ∈ H^1_0 (Ω) since it is continuous across the interfaces and it belongs to H^1 on each subdomain. Then Lemma 2.5 and Lemma 2.8 combined with Theorem 2.4 yield, after observing that

ker B^T = {μ ∈ Λ : ∑ k ⟨σ − v^k, μ^k⟩_k = 0 for all (v, σ) ∈ Z} = {0}, (2.3.17)

the following corollary [BF91].

Corollary 2.9 The solution (u, τ; λ) ∈ Z×Λ of the system (2.3.5) is uniquely determined, and it holds ‖u‖_V + ‖τ‖_Φ + ‖λ‖_Λ ≲ ‖f‖_V ′ . (2.3.18)

3 Discretization

3.1 The Discrete Stabilized System

The solution of (2.3.3) can be approximated by a Galerkin scheme. One chooses finitedimensional subspaces V_h = ∏ k V^k_h ⊂ V , Φ_h ⊂ Φ and Λ_h = ∏ k Λ^k_h ⊂ Λ. Moreover, it is not restrictive to assume that Λ^k_h ⊂ L_2(Γ^k). The discretized system reads as follows:

find (u_h, τ_h; λ_h) ∈ Z_h × Λ_h := (V_h × Φ_h) × Λ_h such that a(u_h, v_h) − ∑ k ⟨λ^k_h, v^k_h⟩_k = (f, v_h)_{L2(Ω)} for all v_h ∈ V_h, ∑ k ⟨τ_h − u^k_h, μ^k_h⟩_k = 0 for all μ_h ∈ Λ_h,

δ(τ_h − u_h, σ_h)_Λ′ + ∑ k ⟨λ^k_h, σ_h⟩_k = 0 for all σ_h ∈ Φ_h.

(3.1.1)

In order to guarantee that this system has a unique solution, we will make the following assumptions on the discretization spaces V_h, Λ_h.

(A1) For all k, the following inf-sup condition holds:

inf_{μk} h∈Λ^k_h sup v^k_h∈V^k_h ⟨v^k_h, μ^k_h⟩_k |v^k_h|_{1/2,Γ}k |μ^k_h|_{−1/2,Γ}k ≥ β^k > 0. (3.1.2)

(A2) Letting Λ^∩_h ⊂ L^2(Σ) be defined by

Λ^∩_h = {μ ∈ L^2(Σ) : μ|_Γk ∈ Λ^k_h for all k},

for all v_h ∈ V_h such that ∫ Σ [v_h]μ_h = 0 for all μ_h ∈ Λ^∩_h (3.1.3)

it holds a(v_h, v_h) ≥ C_0‖v_h‖^2_V ,

([v] denoting the jump of v at the corresponding edge).

Remark 3.1 Assumption (A1) is just the inf-sup condition for the discrete spaces on each of the subdomains. There are number of results in this direction, starting from the one by [Bab73]. A general criterion to ensure (A1) in the multilevel context is derived in [DK98]. We remark that it is possible to apply a stabilization techniques also at this level (see, for instance, [BH92, Ste95, BFMR97, Ber98b, Buf98]).

Assumption (A2) is also not restrictive: if, for instance, for all k Λ^k_h contains the piecewise constants on the (very coarse) grid composed by the “elements” ∂Ω^k ∩ ∂Ω^ℓ, then it is possible to prove that (A2) holds (see for instance [BMP94]).

Under assumptions (A1) and (A2), we can again apply Theorem 2.4, now in the discrete setting, yielding existence and uniqueness of the solution of (3.1.1), as well as an error estimate.

Lemma 3.2 Assume that (A2) holds. Then there exists a δ_0 such that for 0 < δ ≤ δ_0, the bilinear form A_δ defined in (2.3.6) is coercive on

ker B_h = {(v_h, σ_h) ∈ Z_h : ∑ k ⟨v^k_h − σ_h, μ^k_h⟩_k = 0 for all μ_h ∈ Λ_h} (3.1.4)

with respect to the norm of Z, i.e., for all (v_h, σ_h) ∈ ker B_h the estimate A_δ(v_h, σ_h; v_h, σ_h) ≥ α_2 ‖v_h, σ_h‖^2_Z (3.1.5) holds, where α_2 depends on δ and C_0.

Proof: Assume that (v_h, σ_h) ∈ ker B_h. We will show that (3.1.3) holds. In fact, let μ_h ∈ Λ^∩_h . Then there exists an element μ̌_h ∈ Λ_h such that μ_h|_Γk = μ̌^k_h|_Γk . Let us denote μ^{k,ℓ}_h = μ_h|_Γk_{∩Γ}ℓ . If (v_h, σ_h) ∈ ker B_h, then we have, since Γ^k = ∪_ℓΓ^k ∩ Γ^ℓ, B_h(v_h, σ_h; μ̌_h) = ∑ k ∑ ℓ ∫ Γ^k∩Γ^ℓ (v^k_h − σ_h)μ^{k,ℓ}_h = 0.

Since on Γ^k ∩ Γ^ℓ we have that μ̌^k_h = μ^{k,ℓ}_h = μ̌^ℓ_h, we also have B_h(v_h, σ_h; μ̌_h) = ∑ ℓ ∑ k ∫ Γ^k∩Γ^ℓ (v^ℓ_h − σ_h)μ^{k,ℓ}_h = 0. Subtracting the two identities, we obtain 2 ∫ Σ [v_h]μ_h = ∑ k,ℓ ∫ Γ^k ∩Γ^ℓ (v^k_h − v^ℓ_h)μ^{k,ℓ}_h = 0,

that is, (3.1.3) holds. Then, by assumption (A2), it holds a(v_h, v_h) ≥ C_0‖v_h‖^2_V .

This yields A_δ(v_h, σ_h; v_h, σ_h) ≥ C_0‖v_h‖^2_V + δ‖σ_h‖^2_Φ − δ‖v_h‖_Λ′ ‖σ_h‖_Φ (3.1.6) ≥ (C_0 − δ 2 )‖v_h‖^2_V + δ 2 ‖σ_h‖^2_Φ.

By choosing δ such that 0 < δ < 2C_0, we get that (3.1.5) holds for α_2 = min{C_0 −δ/2, δ/2}. Let us now prove that a discrete inf-sup condition on Z_h × Λ_h holds.

Lemma 3.3 Let assumption (A1) hold. Then the bilinear form B defined in (2.3.6) satisfies inf_μ h∈Λ_h sup (v_h,σ_h)∈Z_h B(v_h, σ_h; μ_h) ‖v_h, σ_h‖_Z ‖μ_h‖_Λ ≥ β_2 > 0, (3.1.7)

where β_2 := min k=1,...,K β^k. (3.1.8)

Proof: Let (V^k_h )^′ be the dual of V^k_h , endowed with the norm ‖F ‖_{(V} k_{h )}′ = sup_{vh∈Vh} F (v_h) ‖v_h‖_H1_{(Ω}k_) . The bound (3.1.2) implies that the operator (B^k_h)^T : Λ^k_h → (V^k_h )^′ defined by

(V^k_h )^′ ⟨(B k h)^T μ^k_h, v^k_h⟩_V k_h = ⟨μ^k_h, v^k_h⟩_k satisfies, for all μ ∈ Λ^k_h, ‖(B^k_h)^T μ^k_h‖_{(V} k_{h )}′ ≥ β^k|μ^k_h|_{−1/2,Γ}k . On the other hand, since V^k_h is isomorphic to its dual, there exists a (uniquely determined) element w^k_h(μ^k_h) ∈ V^k_h such that

(V^k_h )^′ ⟨(B k h)^T μ^k_h, v^k_h⟩_V k_h = (w^k_h(μ^k_h), v^k_h)_V k_h for all v^k_h ∈ V^k_h and ‖(B^k_h)^T μ^k_h‖_{(V} k_{h )}′ = ‖w^k_h(μ^k_h)‖_V k_h .

We can then write sup v_h∈V_h ∑ k⟨μ^k_h, v^k_h⟩_k ‖v_h‖_V = sup_{vh∈Vh} ∑ k (V^k_h )^′ ⟨(B k h)^T μ^k_h, v^k_h⟩_V k_h ‖v_h‖_V = sup_{vh∈Vh} ∑ k(w^k_h(μ^k_h), v^k_h)_V k_h ‖v_h‖_V = sup_{vh∈Vh} (w_h(μ_h), v_h)_V ‖v_h‖_V ≥ ‖w_h(μ_h)‖_V = ( ∑ k ‖w^k_h(μ^k_h)‖^2_{H1 (Ωk)} )_{1/2}

= ( ∑ k ‖(B^k_h)^T μ^k_h‖_{(V} k_{h )}′ )_{1/2}

≥ (min_k β^k) ( ∑ k |μ^k_h|^2_{−1/2,Γk} )_{1/2}

= β_2‖μ_h‖_Λ. (3.1.9)

A standard argument [BF91] then yields an optimal error estimate: Corollary 3.4 Under assumptions (A1) and (A2), the solution (u_h, λ_h, σ_h) ∈ V_h×Λ_h×Φ_h of problem (3.1.1) exists and is unique. Moreover the error estimate

‖u − u_h‖_V + ‖λ − λ_h‖_Λ + ‖σ − σ_h‖_Φ (3.1.10) <∼ inf v_h∈V_h ‖u − u_h‖_V + inf_μ h∈Λ_h ‖λ − μ_h‖_Λ + inf_τ h∈Φ_h ‖σ − τ_h‖_Φ holds.

3.2 Solving the Discrete Problem We now consider the linear system stemming from the discrete problem (3.1.1). Again, the solution of such system can be reduced to the inversion of the discrete Steklov-Poincaré operator. In fact, for τ_h ∈ Φ_h given, the problem of finding (u_h, λ_h) ∈ V_h × Λ_h satisfying a(u_h, v_h) − ∑ k ⟨λ^k_h, v^k_h⟩_k = (f, v_h)_{L2(Ω)} for all v_h ∈ V_h, ∑ k ⟨u^k_h, μ^k_h⟩_k = ∑ k ⟨τ_h, μ^k_h⟩_k for all μ_h ∈ Λ_h,

(3.2.1)

decouples into K independent discrete problems on the K subdomains. We can then consider the formal solution (u_h(f, τ_h), λ_h(f, τ_h)) of problem (3.2.1). We remark that it holds (u_h(f, τ_h), λ_h(f, τ_h)) = (u_h(f) + u_h(τ_h), λ_h(f) + λ_h(τ_h)) (u_h(τ_h), λ_h(τ_h)) (resp.(u_h(f), λ_h(f))) denoting the (formal) solution of problem (3.2.1) for f = 0 (resp. τ_h = 0). By substituting (u_h(f, τ_h), λ_h(f, τ_h)) into the last equation of (3.1.1), we obtain a discrete problem in the unknown τ_h:

find τ_h ∈ Φ_h such that

s(τ_h, σ_h) := δ(τ_h − u_h(τ_h), σ_h)_Λ′ + ∑ k ⟨λ^k_h(τ_h), σ_h⟩_k (3.2.2)

= δ(u_h(f), σ_h)_Λ′ + ∑ k ⟨λ^k_h(f), σ_h⟩_k for all σ_h ∈ Φ_h

holds.

Again, the evaluation of the bilinear form s(·, ·) reduces to solving problem (3.2.1). This is reflected by the terms u_h(τ_h) and λ_h(τ_h) in (3.2.2).

Lemma 3.5 If assumptions (A1) and (A2) hold, there exists some δ_1 such that for all δ, 0 < δ < δ_1, the bilinear form s : Φ_h × Φ_h → IR defined by (3.2.2) is continuous and coercive uniformly in h, that is, one has s(τ_h, σ_h) ≲ ‖τ_h‖_Φ‖σ_h‖_Φ, (3.2.3)

s(σ_h, σ_h) ≳ ‖σ_h‖^2_Φ. (3.2.4)

Proof: We first observe that, thanks to assumption (A1), the solution (u_h(τ_h), λ_h(τ_h)) of problem (3.2.1) for f = 0 satisfies the bound

‖u_h(τ_h)‖_V + ‖λ_h(τ_h)‖_Λ ≲ ‖τ_h‖_Φ.

As far as continuity is concerned, we have then

s(τ_h, σ_h) ≲ ‖τ_h‖_Λ′ ‖σ_h‖_Λ′ + ‖u_h(τ_h)‖_Λ′ ‖σ_h‖_Λ′ + ‖λ_h(τ_h)‖_Λ‖σ_h‖_Λ′ .

Observing that ‖u_h(τ_h)‖_Λ′ ≤ ‖u_h(τ_h)‖_V , by combining the two previous inequalities, we get (3.2.3).

In order to prove coercivity, we have, according to the definition of u_h(τ_h), λ_h(τ_h), (that is using (3.2.1) for f = 0) ∑ k ⟨λ^k_h(τ_h), τ_h⟩_k = ∑ k ⟨u^k_h(τ_h), λ^k_h(τ_h)⟩_k = a_h(u_h(τ_h), u_h(τ_h)) ≥ C_0‖u_h(τ_h)‖^2_V ,

where the inequality holds because of assumption (A2), exactly as in Lemma 3.2. Hence, using again ‖u_h(τ_h)‖_Λ′ ≤ ‖u_h(τ_h)‖_V , we obtain

s(τ_h, τ_h) ≥ δ‖τ_h‖^2_Λ′ − δc_2‖u_h(τ_h)‖_V ‖τ_h‖_Λ′ + C_0‖u_h(τ_h)‖^2_V ≥ δ ( 1 − c_2 2κ ) ‖τ_h‖^2_Λ′ + ( C_0 − δc_2κ 2 ) ‖u_h(τ_h)‖^2_V .

By choosing κ in such a way that (1−c_2/2κ) > 0 and δ in such a way that (C_0−δc_2κ/2) > 0, we thus get coercivity.

3.3 Preconditioning the Schur Complement The fast and efficient solution of the discrete problem (3.2.2) relies on the performance of a good preconditioner. Based on a wavelet basis for Φ, one can construct discretization spaces Φ_h and asymptotically optimal diagonal preconditioners for the discrete linear operator S_h corresponding to the bilinear form s(·, ·) defined by

⟨S_hτ_h, σ_h⟩ := s(τ_h, σ_h), σ_h, τ_h ∈ Φ_h. (3.3.1)

In fact, assume that we have a couple of biorthogonal wavelet bases for L_2(Σ) ψ := {ψ_{j,m}, (j, m) ∈ ∇ := ∪_{j≥j0} ∇_j }, (3.3.2) ψ̃ := {ψ̃_{j,m}, (j, m) ∈ ∇ := ∪_{j≥j0} ∇_j }, with the following properties:

(P1) any function σ ∈ L_2(Σ) can be expanded in terms of either ψ or ψ̃, σ = ∑ j≥j_0 ∑ m∈∇_j ⟨σ, ψ̃_{j,m}⟩ψ_{j,m} = ∑ j≥j_0 ∑ m∈∇_j ⟨σ, ψ_{j,m}⟩_kψ̃_{j,m}, (3.3.3) (⟨·, ·⟩ denoting here the L_2(Σ) scalar product);

(P2) one has ψ_{j,m} ∈ Φ, and the following norm equivalence holds

‖σ‖^2_Φ ∼ ∑ j≥j_0 2^j ∑ m∈∇_j |⟨σ, ψ̃_{j,m}⟩|^2, σ ∈ Φ; (3.3.4)

(P3) ψ and ψ̃ have local support, i.e.,

diam(supp ψ_{j,m}) ∼ diam(supp ψ̃_{j,m}) ∼ 2^{−j} . (3.3.5)

There are by now a number of constructions of such biorthogonal wavelets [CM98, CTU99, DS97, DS98] that can be applied to the present setting. For completeness we will briefly describe in Section 4 a particularly simple construction which, in the twodimensional case, is sufficient for the present purpose.

Let then Φ_h = span_Φ(ψ_J ) with ψ_J = {ψ_{j,m}, (j, m) ∈ ∇_J := ∪^J_{j≥j0} ∇_j}, and let S_{ψJ} be the matrix corresponding to the Galerkin discretization of S_h relative to the wavelet basis ψ_J , (S_{ψJ} )_{(j,m),(j}′_{,m}′_) = s(ψ_{j,m}, ψ_j′_{,m}′ ). Furthermore, let D_J be the diagonal matrix defined by

(D_J )_{(j,m),(j}′_{,m}′_) = 2^{j/2} δ_{j,j}′ δ_{m,m}′ , (3.3.6)

for j_0 ≤ j, j^′ ≤ J, m ∈ ∇_j, m^′ ∈ ∇_j′ . Then Lemma 3.5 together with (3.3.1) and (3.3.4) yields asymptotically optimal condition numbers [DK92].

Theorem 3.6 One has

cond_2(D^{−1}_J S_{ψJ} D^{−1}_J ) = O(1), J → ∞. (3.3.7)

3.4 Evaluating the Stabilizing Term In order to set up (3.2.2), one needs to evaluate the stabilizing term

δ(τ_h, σ_h)_Λ′ (3.4.1)

in an effective way. The problem of computing (equivalent) scalar products for Sobolev spaces of negative or fractional order has recently been considered in several papers ([BPV98],[Ber98a]).

One can do so in terms of biorthogonal wavelet bases for Λ^′ as follows. Assume that there is a pair of biorthogonal bases (which, without fear of confusion, we will also call ψ and ψ̃) ψ := {ψ^k_{j,m}, k = 1, . . . , K, (j, m) ∈ ∇^k := ∪_{j≥j0} ∇^k_j }, (3.4.2) ψ̃ := {ψ̃^k_{j,m}, k = 1, . . . , K, (j, m) ∈ ∇^k := ∪_{j≥j0} ∇^k_j }, for ∏ k L_2(Ω^k), satisfying properties analogous to (P1)–(P3). In particular we assume that (P2)’ holds:

(P2)’ one has the norm equivalence ‖f‖^2_Λ′ ∼ ∑ k ∑ j≥j_0 2^j ∑ m∈∇^k_j |⟨f^k, ψ̃^k_{j,m}⟩_k|^2, f ∈ Λ^′. (3.4.3)

Wavelet bases with the properties required are again available in the literature, see the references in the previous subsection.

Like in [Ber98b], we can then define on Λ^′ × Λ^′ the bilinear form

(τ, σ)_Λ′_{,ψ} := ∑ k ∑ j≥j_0 2^j ∑ m∈∇^k_j ⟨τ, ψ^k_{j,m}⟩_k⟨σ, ψ^k_{j,m}⟩_k. (3.4.4) The following proposition is an immediate consequence of the norm equivalence (3.4.3). Proposition 3.7 The bilinear form (·, ·)_Λ′_{,ψ} defines an inner product on Λ^′ which in turn induces a norm ‖ · ‖_Λ′_{,ψ} satisfying ‖σ‖_Λ′_{,ψ} ∼ ‖σ‖_Λ′ for all σ ∈ Λ^′. (3.4.5) Then the scalar product (·, ·)_Λ′ in (2.3.3) can be substituted by (·, ·)_Λ′_{,ψ}, and it is easy to check that all the subsequent arguments hold unchanged, yielding the same results (with possibly different constants depending on the constants in (3.4.3)).

Furthermore, on the discrete problem, the bilinear form (·, ·)_Λ′_{,ψ}, which consists in an infinite sum, can be approximated by a finite sum while retaining the stability and accuracy bounds. If fact, defining H^r_∗ (Γ^k) for r > 1/2 in analogy with H^{1/2}_∗ (Γ^k), the following lemma has been proven in [Ber98b].

Lemma 3.8 If the trial spaces Φ_h satisfy a Bernstein estimate: for some r > 1/2, Φ^k_h ⊂ H^r(Σ) and for each k, ‖σ_h‖_Hr_{∗ (Γ}k_) <∼ h^{−(r−1/2)}|σ|_{1/2,Γ}k σ ∈ Φ_h, then there exists a J = J(h) such that the bilinear form (·, ·)_Λ′_{,ψ,J} : Λ^′ × Λ^′ → IR, defined by (τ, σ)_Λ′_{,ψ,J} := ∑ k J∑ j=j_0 2^j ∑ m∈∇^k_j ⟨τ, ψ^k_{j,m}⟩_k⟨σ, ψ^k_{j,m}⟩_k, (3.4.6) verifies:

(i) for all τ, σ in Λ^′ it holds (τ, σ)_Λ′_{,ψ,J} <∼ ‖τ‖_Λ′ ‖σ‖_Λ′ ; (ii) for all σ_h in Φ_h it holds (σ_h, σ_h)_Λ′_{,ψ,J} >∼ ‖σ‖^2_Λ′ . It is then easy to see that the arguments of Section 3 carry over to the case where the bilinear form (·, ·)_Λ′ in (3.1.1) is substituted by (·, ·)_Λ′_{,ψ,J} . In particular, for the “totally discrete” problem thus obtained, all the results of Section 3 (existence and uniqueness of the solution, error estimate, preconditioning for the Schur complement) hold.

4 Wavelets

Let now Ω ⊂ IR^2. Σ will then be the union of one dimensional segments. The aim of this section is to describe a simple construction of biorthogonal wavelets ψ, ψ̃ satisfying (P1)–(P3). The idea like in [CTU99, DS97] is to start from a couple of sufficiently regular biorthogonal multiresolution analyses (MRA’s) for L_2(]0, 1[) and to assemble them in a suitable way in order to obtain a MRA for L_2(Σ) (∼ L_2(∪_nI_n), I_n ∼]0, 1[). In all of the above mentioned papers great care is taken in order to obtain continuous functions on both the primal and the dual side, and the constructions given there are perfectly well suited to be used in our framework. However, continuity on the dual side is not strictly necessary for our purpose, so that a simplified version of the above mentioned constructions can be used. For completeness we report now the details of such a construction. We follow here the approach of [DS97], which we simplify by giving up any continuity requirement on the dual side. Fpr the sake of simplicity, we start by considering the interval ]0, 2[ which we decompose as the closure of ]0, 1[∪]1, 2[, and then we will briefly sketch the generalization to Σ = ∪_nI_n.

As it is already done in the previously mentioned papers, we start with taking any couple {T^1_j }, {T̃^1_j } of biorthogonal multiresolutions for L_2(]0, 1[) with corresponding (biorthogonal) generator bases [DKU96] which we assume to satisfy the following properties:

(G1) the increasing sequences

T^1_{j0} ⊂ . . . ⊂ T^1_j ⊂ T^1_{j+1} ⊂ . . . ⊂ H^1(]0, 1[), T̃ 1_{j0} ⊂ . . . ⊂ T̃ 1_j ⊂ T̃ 1_{j+1} ⊂ . . . ⊂ L_2(]0, 1[), (4.7)

are such that clos_H1 (∪_{j≥j0} T^1_j ) = H^1(]0, 1[) (4.8) and clos_{L2} (∪_{j≥j0}T̃^1_j ) = L_2(]0, 1[); (4.9)

(G2) the generator bases for T^1_j , T̃^1_j :

T^1_j = span φ^1_j , T̃^1_j = span φ̃^1_j , (4.10)

are, for some index set Δ_j := {0, . . . , N_j }, #Δ_j ∼ 2^j , of the following form:

φ^1_j = {φ^1_{j,m} : m ∈ Δ_j }, φ̃^1_j = {φ̃^1_{j,m} : m ∈ Δ_j}; (4.11)

they consist of functions with local support,

diam(supp φ^1_{j,m}) ∼ diam(supp φ̃^1_{j,m}) ∼ 2^{−j} , (4.12)

which are L_2-stable, ‖ ∑ m∈Δ_j c_mφ^1_{j,m}‖_{L2(]0,1[)} ∼ ‖ ∑ m∈Δ_j c_mφ̃^1_{j,m}‖_{L2(]0,1[)} ∼ ‖c‖_{ℓ2 (Δj )}, (4.13) and biorthogonal, (φ^1_{j,m}, φ̃^1_{j,m}′ )_{L2(]0,1[)} = δ_{m,m}′ ; (4.14) moreover, without loss of generality, we assume φ^1_{j,0}(0) = 2^{j/2}; φ^1_{j,m}(0) = 0, m > 0; φ^1_{j,Nj} (1) = 2^{j/2}; φ^1_{j,m}(1) = 0, m < N_j;

(4.15)

(G3) projectors P^1_j : L_2(]0, 1[) −→ T^1_j can be defined by

P^1_j f = ∑ m∈Δ_j ⟨f, φ̃^1_{j,m}⟩φ^1_{j,m}, (4.16)

which are uniformly bounded on L_2(]0, 1[);

(G4) polynomials up to order M ≥ 1 (resp. M̃ ≥ 0) are contained in T^1_j (resp. in T̃^1_j ); (G5) a Bernstein (or inverse) inequality for T^1_j holds:

‖f_j ‖_H1_{(]0,1[)} <∼ 2^j ‖f_j‖_{L2(]0,1[)}, for all f_j ∈ T^1_j . (4.17)

By a simple translation we can obtain a couple of MRA’s for L_2(]1, 2[), which we will denote by {T^2_j }, {T̃^2_j }, with generators φ^2_j , φ̃^2_j respectively, which do satisfy properties (G1)–(G5) on ]1, 2[. We can then define T_j ⊂ H^1(]0, 2[) as T_j = {u ∈ C^0(]0, 2[) : u|_{]0,1[} ∈ T^1_j , u|_{]1,2[} ∈ T^2_j }.

Since all functions in φ^i_j , φ̃^i_j (i = 1, 2) except one vanish at x = 1, it is easy to define generators for T_j by φ_j = {φ_{j,m}, m = 0, . . . , 2N_j }, (4.18) with, for m = 0, . . . , N_j − 1 and for ℓ = 1, . . . , N_j φ_{j,m} = { φ^1_{j,m}, in [0, 1) 0, in [1, 2] , φ_{j,ℓ+Nj} = { 0, in [0, 1) φ^2_{j,ℓ}, in [1, 2] , while the function φ_{j,Nj} at the crosspoint x = 1 is defined by

φ_{j,Nj} (x) := { φ^1_{j,Nj} , in [0, 1), φ^2_{j,0}, in [1, 2].

(4.19)

In order to define wavelet functions for the above MRA, we will construct projectors P_j : L_2(]0, 2[) → T_j . The dual MRA will then be defined as T̃_j := Im(P^∗_j ) and complement spaces W_j as W_j = (P_{j+1} − P_j )L_2(]0, 2[).

We start by defining an extension operator E_j : T^1_j → T_j by

(E_j f)(x) := f(x) = N_j∑

m=0 f_mφ^1_{j,m}(x), x ∈ [0, 1), f_{Nj} φ^2_{j,0}(x), x ∈ [1, 2]. (4.20)

= N_j −1∑

m=0 f_mφ^1_{j,m}(x) + f_{Nj} φ_{j,Nj} (x). By construction, E_j f is continuous across x = 1. Furthermore, E_j is L_2 bounded. In fact, by the L_2-stability (4.13) of φ^1_j , φ^2_j , one has ‖E_j f‖_{L2(]0,2[)} ≤ ‖f‖_{L2(]0,1[)} + |f_{Nj} | ‖φ^2_{j,0}‖_{L2(]1,2[)} <∼ ‖f‖_{L2(]0,1[)}. (4.21) We next define the sets T^2_{j,0} := span {φ^2_{j,m}, m = 1, . . . , N_j }, (4.22) which contain only those functions in T^2_j vanishing at x = 1, and corresponding projectors P^2_{j,0} : L_2(]1, 2[) → T^2_{j,0} which are given by

P^2_{j,0}f = N_j∑

m=1 ⟨f, φ̃^2_{j,m}⟩φ^2_{j,m}. (4.23) The two projectors P^1_j and P^2_{j,0} are respectively defined on L_2(]0, 1[) and on L_2(]1, 2[).

In the following, for the sake of simplicity, for any f ∈ L_2(]0, 2[) we will write P^1_j f and P^2_{j,0}f for P^1_j (f|_{]0,1[}) and P^2_{j,0}(f|_{]1,2[}). At the same time, for any function f in L_2(]0, 1[) or in L_2(]1, 2[) we will also denote by f ∈ L_2(]0, 2[) its trivial extension by zero.

We can now define the projectors P_j : L_2(]0, 2[) → T_j by P_j f := E_jP^1_j f + P^2_{j,0}f. (4.24) It is easy to see that P_j can be computed as

P_j f = N_j −1∑

m=0 ⟨f, φ̃^1_{j,m}⟩φ^1_{j,m} + ⟨f, φ̃^1_{j,Nj} ⟩φ_{j,Nj} + N_j∑

m=1 ⟨f, φ̃^2_{j,m}⟩φ^2_{j,m} (4.25) (where ⟨·, ·⟩ is the L_2(]0, 2[) scalar product). Note that the only primal function not vanishing at x = 1 is continuous there while the corresponding dual one is not. Remark 4.1 By construction, the extension operator E_j and the projector P^2_{j,0} satisfy P^2_{j,0}E_j = 0. By taking suitable linear combinations of the dual generators φ^2_j , other projectors could be defined with better properties, which can substitute P^2_{j,0} as defined in (4.23). Then, the projector P_j should be defined as P_j f := E_j P^1_j f + P^2_{j,0}(f − E_j P^1_j f).

However, the projector defined by (4.24) is sufficient for our purpose, and the above relation between E_j and P^2_{j,0} simplifies the following arguments.

Remark 4.2 The operator P_j in (4.24) has the following properties:

(i) P_j v = v for all v ∈ T_j ; (ii) P_j is bounded on L_2(]0, 2[).

Property (i) follows by construction while (ii) is a consequence of the L_2-boundedness of P^1_j , P^2_{j,0} and E_j . Remark 4.2 yields Proposition 4.3 For all s, 0 ≤ s ≤ M + 1, the space T_j = span φ_j with φ_j defined in (4.18) satisfies the Jackson estimate ‖f − P_jf‖_{L2(]0,2[)} <∼ 2^{−js}‖f‖_H1_{(]0,2[)}, f ∈ H^s(]0, 2[). (4.26) In fact, it is simple to check that polynomials up to order M are locally contained in T_j , which, by a standard argument, yields (4.26). By construction, the spaces T_j also satisfy a Bernstein estimate of the form (4.17) on ]0, 2[, ‖f_j‖_H1_{(]0,2[)} <∼ 2^j ‖f_j ‖_{L2(]0,2[)}, f_j ∈ T_j. (4.27) Lemma 4.4 The projectors P_j satisfy P_ℓP_j = P_j P_ℓ = P_j for all ℓ > j. (4.28) Proof: We first observe that we have P^1_j P^1_ℓ = P^1_j and P^2_{j,0}P^2_{ℓ,0} = P^2_{j,0}. The first relation P_ℓP_j = P_j for ℓ > j follows obviously from Remark 4.2(ii). As for showing P_j P_ℓv = P_j v for ℓ > j and any v ∈ L_2(Σ), we first observe that P_ℓv|_{]0,1[} = P^1_ℓ v. This yields E_j P^1_j (P_ℓv) = E_jP^1_j (P^1_ℓ v) = E_jP^1_j v.

Moreover it holds P^2_{j,0}E_ℓP^1_ℓ v = P^2_{j,0}P^2_{ℓ,0}E_ℓP^1_ℓ v = 0, where the last equality derives from the identity P^2_{ℓ,0}E_ℓ = 0 which is a consequence of biorthogonality. Then we have

P_j (P_ℓv) = E_jP^1_j (P_ℓv) + P^2_{j,0}(E_ℓP^1_ℓ v + P^2_{ℓ,0}v) = E_j P^1_j v + P^2_{j,0}v = P_ℓv.

Lemma 4.4 implies that the spaces T̃_j spanned by the dual functions φ̃_j are refinable [Dah96] which in turn yields that the T̃_j satisfy a Bernstein inequality ‖f̃_j‖_H1_{(]0,2[)} <∼ 2^j ‖f̃_j ‖_{L2(]0,2[)} (4.29) for any f̃_j ∈ T̃_j and any s < 1/2 [Dah97]. Thus, Lemma 4.3, (4.27) on the primal side and (4.29) together with (G4) for the dual functions yield the following result [Dah96].

Theorem 4.5 For any f ∈ H^s(]0, 2[) and s ∈ (−1/2, 1), we have the norm equivalence ‖f‖^2_Hs_{(]0,2[)} ∼ ∑ j≥j_0 2^{2js}‖(P_j − P_{j−1})v‖^2_{L2(]0,2[)}. (4.30)

The difference projector Q_j := P_{j+1} − P_j can be characterized in terms of the two difference projectors Q^1_j := P^1_{j+1} − P^1_j , Q^2_{j,0} := P^2_{j+1,0} − P^2_{j,0} as Q_jv = E_{j+1}Q_j + Q^2_{j,0} ( f − E_j P^1_j f ) . (4.31) If we then introduce the two couples of biorthogonal wavelets ψ^1_j , ψ̃^1_j and ψ^2_j , ψ̃^2_j ψ^i_j := {ψ^i_{j,m}, m ∈ ∇^i_j := {1, . . . , M_j }}, i = 1, 2, ψ̃i_j := {ψ̃i_{j,m}, m ∈ ∇i_j := {1, . . . , M_j }}, i = 1, 2, (4.32)

which are defined such that Q^1_j v = ∑ m∈∇^i_j ⟨f, ψ̃^1_{j,m}⟩ψ^1_{j,m}, Q^2_{j,0}v = ∑ m∈∇^i_j ⟨f, ψ̃^2_{j,m}⟩ψ^2_{j,m}

and which we assume to be L_2-stable, it is then easy to check that the projector Q_j then writes Q_jv = 2M_j∑

m=1 ⟨v, ψ̃_{j,m}⟩ψ_{j,m} (4.33) with, for m = 1, . . . , M_j ψ_{j,m} = { ψ^1_{j,m}, in [0, 1), 2^{−j} ψ^1_{j,m}(1)φ^2_{j,0}, in [1, 2], ψ̃_{j,m} = {~ ψ^1_{j,m}, in [0, 1), 0, in [1, 2], while, for c^m_j = ⟨φ^2_{j,0}, ψ̃^2_{j,m}⟩,

ψ_{j,Mj +m} = { 0, in [0, 1), ψ^2_{j,m}, in [1, 2], ψ̃_{j,Mj +m} = { c^m_j φ̃^1_{j,Nj} , in [0, 1), ψ̃2_{j,m}, in [1, 2].

The L_2 stability of the new wavelet system ψ, ψ̃ ψ := {ψ_{j,m}, (j, m) ∈ ∇ = ∪_{j≥j0} ∇_j }, ψ̃ := {ψ̃_{j,m}, (j, m) ∈ ∇ = ∪_{j≥j0} ∇_j }, with ∇_j := {1, · · · , 2M_j } is proven by standard techniques.

We remark that the construction proposed is local. The basis functions which are actually modified with respect to the ones originally defined on ]0, 1[ or on ]1, 2[ are only the ones which interact with the cross point x = 1, and these do not interact with the other extrema of the two intervals. Boundary conditions can then be easily imposed at 0 and/or 2. By iterating the same technique, a construction for e.g. L_2(]0, 3[) is immediately obtained, consisting in splitting ]0, 3[ as ]0, 3[=]0, 1[∪]1, 2[∪]2, 3[. If we then consider the skeleton Σ of our domain decomposition method, which we regard as the union of segments Σ = ∪_nI_n, we can build a multiscale analysis by choosing for all cross point x one of the edges having x as a vertex, which will be considered as the conformal image of ]0, 1[ — x being the image of 1 — while all the other segments having x as a vertex will be treated as the image of ]1, 2[ (again x being the image of 1), as illustrated in Figure 1. We will thus obtain a couple T_j(Σ), T̃_j (Σ) of biorthogonal multiresolutions of L_2(Σ) (with

Figure 1: Decomposition of Σ

corresponding generators φ_j (Σ), φ̃_j (Σ), projectors P^Σ_j , P̃^Σ_j , and wavelets ψ(Σ), ψ̃(Σ)), satisfying homogeneous boundary conditions on ∂Σ = Σ̄ ∩ ∂Ω. We want to point out that the implementation of the Fast Wavelet Transform on L_2(Σ) can be easily carried out by using the FWT’s corresponding to the MRA’s T^i_j , T̃^i_j and T^i_{j,0}, T̃^i_{j,0}, coupled with the extension operator E_j which has a very simple structure. For T_j(Σ), T̃_j (Σ) Bernstein and Jackson inequalities will hold — the Sobolev spaces H^s on Σ being defined according to [JW84] — with the usual modifications due to the homogeneous boundary conditions on ∂Σ. Then, by using the arguments in [DK], we can prove the norm equivalence

‖σ‖^2_Φ ∼ ∑ j 2^j ‖(P^Σ_{j+1} − P^Σ_j )σ‖^2_{L2(Σ)}. (4.34)

Thanks to the L_2(Σ) stability of the wavelet basis ψ_j , we then obtain a norm equivalence of the form (3.3.4).

5 Conclusion

We presented a new stabilized formulation for the Three Fields domain decomposition method, introduced in [BM93]. Thanks to the stabilization, the discretization space for the interface variable can be chosen completely independently from the discretizations in the subdomains, provided the latter satisfy some mild compatibility condition.

This allows to discretize the interface by means of wavelet bases, without need of using wavelet functions in the subdomains. The discretization in the subdomains is regarded here as a “black box” which is not affected by the stabilization term.

Wavelet preconditioners can then be applied for the Steklov-Poincaré operator, for which we show asymptotically optimal (in term of the mesh size on the interface) bounds on the condition number.

The results are complemented by the briefly described construction of a wavelet basis on the skeleton which can be viewed as a simplification of the constructions in [CTU99, DS97]. The above results apply to such wavelet basis, which is particularly easy to implement.

The stabilization proposed is based on the computation of an equivalent scalar product for the space H^{1/2}(∂Ω^k). Also this task can be performed by means of wavelets. It is our opinion that a suitable coupling of the wavelets used for stabilizing with those used for discretizing the interface variable can result in a particularly simple form for the stabilizing term. This will be exploited in a future work in order to design efficient numerical schemes.

References

[Bab73] I. Babuska. The finite element method with Lagrange multipliers. Numer. Math., 1973.

[BBM92] C. Baiocchi, F. Brezzi, and D. Marini. Stabilization of galerkin methods and application to domain decomposition. In Future Tendencies in Computer Science, Control and Applied Mathematics. Springer Verlag, 1992.

[Ber98a] S. Bertoluzza. Stabilization by multiscale decomposition. Appl. Math. Lett., 11(6):129–134, 1998.

[Ber98b] S. Bertoluzza. Wavelet stabilization of the Lagrange multiplier method. Technical Report 1104, I.A.N.-C.N.R., 1998.

[BF91] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer, 1991.

[BFHR97] F. Brezzi, L. P. Franca, T. J. R. Hughes, and A. Russo. Stabilization techniques and subgrid scale capturing. In I. Duff, editor, Proc. of the Conf. “State of the Art in Numerical Analysis, York, 1-4 April 1996. IMA, Oxford University Press, 1997. to appear.

[BFMR97] F. Brezzi, L. P. Franca, D. Marini, and A. Russo. Stabilization techniques for domain decomposition methods with non-matching grids. In Proc. IX Domain Decomposition Methods Conference, 1997.

[BH92] H.J.C. Barbosa and T.J.R. Hughes. Boundary Lagrange multipliers in finite element methods: Error analysis in natural norms. Numer. Math., 1992.

[BM93] F. Brezzi and L.D. Marini. Macro hybrid elements and domain decomposition methods. In Optimisation et controle, pages 89–96. Cepadues Editions, 1993. Actes du colloque organise en l’honneur du soixantieme anniversaire de Jean Céa, Sophia-Antipolis, France, Avril 8-10, 1992, Toulouse.

[BM94] F. Brezzi and L.D. Marini. A three-field domain decomposition method. Contemp. Maths., 157:27–34, 1994.

[BMP94] C. Bernardi, Y. Maday, and A.T. Patera. A new nonconforming approach to domain decomposition: The mortar element method. In Nonlinear partial differential equations and their applications, Notes Math. Ser. 299, pages 13– 51. 1994.

[BPV98] J. H. Bramble, J. E. Pasciak, and P. S. Vassilevski. Computational scales of sobolev norms with application to preconditioning. to appear in Math. Comp., 1998.

[Buf98] A. Buffa. Error estimate for a stabilized domain decomposition method with nonmatching grids. Technical Report 1082, I.A.N.-C.N.R., 1998.

[CM98] A. Cohen and R. Masson. Adaptive wavelet methods for second order elliptic problems, boundary conditions and domain decomposition. Technical report, Laboratoire d’Analyse Numérique, Univ. Paris VI, 1998.

[CTU99] C. Canuto, A. Tabacco, and K. Urban. The wavelet element method. part i: Construction and analysis. Appl. Comp. Harm. Anal., 6:1–52, 1999.

[Dah96] W. Dahmen. Stability of multiscale transformations. Journal of Fourier Analysis and Applications, 2(4):341–361, 1996.

[Dah97] W. Dahmen. Wavelet and multiscale methods for operator equations. Acta Numerica, pages 55–228, 1997.

[DK] S. Dahlke and A. Kunoth. Wavelet characterizations of function spaces on skeletons. In Proceedings of the International Wavelets Conference “Wavelets and Multiscale Methods”, Tanger, Morocco, April 13–17. INRIA report.

[DK92] W. Dahmen and A. Kunoth. Multilevel preconditioning. Numer. Math., 63:315–344, 1992.

[DK98] W. Dahmen and A. Kunoth. Appending boundary conditions by lagrange multipliers: General criteria for the lbb condition. Report 164, IGPM, 1998.

[DKU96] W. Dahmen, A. Kunoth, and K. Urban. Biorthogonal spline-wavelets on the interval — stability and moment conditions. Preprint 265, WIAS, 1996. to appear in: Appl. Comp. Harm. Anal.

[Dor89] M. R. Dorr. On the discretization of interdomain coupling in elliptic boundaryvalue problems. In T. Chan, R. Glowinski, J. Periaux, and O. Widlund, editors, Second Internat. Symp. on Domain Decomposition Methods for Partial Differential Equations. SIAM, 1989.

[DS97] W. Dahmen and R. Schneider. Composite wavelet bases for operator equations. Preprint, TU Chemnitz, 1997. to appear in Math. Comp.

[DS98] W. Dahmen and R. Schneider. Wavelets on manifolds i: Construction and domain decomposition. Report 149, IGPM, 1998.

[JW84] A. Jonsson and H. Wallin. Function Spaces on Subsets of IR^n, volume 2. Harwood Academic Publishers, 1984.

[Ste95] R. Stenberg. On some techniques for approximationg boundary conditions in the finite element method. J. Comput. Appl. Math., 1995.

Silvia Bertoluzza CNR–Istituto di Analisi Numerica Via Abbiategrasso, 209 27100 Pavia, Italy e–mail: aivlis@dragon.ian.pv.cnr.it WWW: http://www.ian.pv.cnr.it/∼aivlis

Angela Kunoth Institut für Geometrie und Praktische Mathematik RWTH Aachen 52056 Aachen, Germany Fax: +49-241-8888 317 e–mail: kunoth@igpm.rwth-aachen.de WWW: http://www.igpm.rwth-aachen.de/kunoth