The Mortar Method in the Wavelet Context^∗

Silvia Bertoluzza^† and Valérie Perrier^‡

Abstract

This paper deals with the use of wavelets in the framework of the Mortar method.

We first review in an abstract framework the theory of the Mortar Method for non conforming domain decomposition, and point out some basic assumptions under which stability and convergence of such method can be proven. We study the application of the Mortar Method in the biorthogonal wavelet framework. In particular we define suitable multiplier spaces for imposing weak continuity. Unlike in the classical mortar method, such multiplier spaces are not a subset of the space of traces of interior functions, but rather of their duals.

For the resulting method, we provide with an error estimate, which is optimal in the geometrically conforming case. We also study an almost diagonal preconditioner based on using wavelet preconditioners as building blocks in a substructuring approach.

∗Work partially supported by the EC-TMR Network Wavelets in Numerical Simulation, Contract n. ERB-FMRX-CT98-0184

†I.A.N.-C.N.R., Pavia (Italy) and Laboratoire ASCI, Université Paris XI, Orsay, France. Email: aivlis@ian.pv.cnr.it

‡Laboratoire Analyse, Géométrie et Applications, UMR 1535 Institut Galilée, Université Paris Nord, 93430 Villetaneuse, France. Email: perrier@math.univ-paris13.fr

Contents

1 Introduction 3

2 The Mortar Method 4 2.1 The Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 The continuous problem . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.3 Mortar Discrete Problem - Approximation Spaces . . . . . . . . . . . 10 2.4 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.5 Approximation Error . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.6 Substructuring Preconditioners for the Mortar Element Methods . . . 18 2.7 Proof of Theorem (2.5) . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 The Mortar Wavelet Method 27 3.1 Multiresolution Analyses on the interval and approximation properties 27 3.1.1 Scaling functions on the Interval . . . . . . . . . . . . . . . . . 27 3.1.2 Projectors on MRA spaces and approximation properties . . . 32 3.2 Wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.3 Mortar approximation spaces in the Wavelet framework . . . . . . . . 35 3.3.1 2D Multiresolution analyses . . . . . . . . . . . . . . . . . . . 35 3.3.2 Trace and multiplier spaces . . . . . . . . . . . . . . . . . . . 37 3.4 Error estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4 Some Remarks on the Implementation 41 4.1 Multiplication by the Stiffness Matrix . . . . . . . . . . . . . . . . . . 41 4.2 Preconditioning Operators in the Wavelet case . . . . . . . . . . . . . 42

1 Introduction

In the last few years there has been an increasing interest in the use of wavelet based methods for the numerical solution of Partial Differential Equations (see for instance [29, 37, 40]). The existence of diagonal preconditioners for elliptic operators of any given order ([44, 38]), as well as the possibility of designing efficient adaptive approximation schemes for different type of problems ([47, 18, 27, 30, 32, 34, 35, 16, 19]), are among the attractive features of such bases, which are raising the attention of the scientific computing community on the development in this field.

On the other hand, in order for such methods to be applicable in real life problems, several issues still need to be faced, among which the treatment of non trivial gemeotries. We recall that such bases were first introduced in L^2(R) [49, 43]. Generalizations to L^2(]0, 1[) (and to L^2(]0, 1[^d)) have been introduced in the early nineties ([31, 7]), and recently bases were constructed by a conforming domain decomposition approach, allowing to treat all domains which can be split as union of conformal images of rectangles or cubes ([25, 42]).

Rather than following such a philosophy, we prefer to consider here a non conforming domain decomposition approach. This has the great advantage of allowing to couple discretizations of different types. By this approach, wavelet bases can be coupled for instance, with Finite Elements. This would allow in principle to treat even very complicated geometries, by decomposing any given domain into subdomains, some of which are (conformal images of) squares or a cubes (and can then be discretized by wavelets) while the remaining ones can be discretized with Finite Elements.

In particular we consider here the Mortar Method ([14, 15]) which has been designed for such purpose. In the Mortar method the interface of the decomposition is itself decomposed into “mortars” (which in this paper will be called “multiplier sides”): each “mortar” is the whole edge of a given subdomain, and the “mortars” are disjoint from each other. Weak continuity is imposed by requiring that the jump on each mortar of a discrete function is orthogonal to a suitable “multiplier space”. Such method has nowadays been applied to a wide variety of real-life problems in both two and three dimensions ([5, 51, 9, 10, 6]) and it is well suited for parallel implementation ([1]). We consider here the second version of such method ([8]) , in which strong continuity of the discrete functions at cross points is not required.

The aim of this paper is to introduce and analyze the application of such a method in the context of biorthogonal wavelet bases. We limit our analysis to the two dimensional case, and for simplicity we assume that all the subdomains are rectangular. For the sake of notational simplicity we chose to split the paper in two parts. In the first part we briefly review the theory of the Mortar Method. While doing that we underline the basic requirements on the discretization spaces needed in order to get stability and convergence. Moreover we point out the main differences between what happens in the framework of (for instance) finite elements and what will happen when dealing with wavelets.

In the second part we show that, for a suitable choice of the “multiplier space”, wavelets fulfill such requirements. Due to the particular structure of the Mortar method we are able to do that by concentrating on one subdomain and one “mortar”. In particular we provide with an error estimate, which, in the case of a geometrically conforming decomposition, is optimal.

In implementing the proposed method, one can take advantage of the properties of wavelets in several way. We concentrate here on the issue of preconditioning. Different preconditioners have been studied in the framework of non conforming domain decomposition (see for instance [2, 3, 4, 45, 20]). We study here the construction of a O(N) operations preconditioner (N being the total number of degrees of freedom) for the resulting linear system, by a mixed substructuring/multilevel approach, for which we give an estimate on the resulting condition number.

2 The Mortar Method

Rather than introducing and analyzing the Mortar Wavelet Method directly, for the sake of notational simplicity we prefer to review at first the theory of the Mortar Method in an abstract framework. In doing that, we will point out some basic assumptions, which we will later check in the wavelet case. We follow essentially the guidelines of [15, 14]. Most of the proofs are the same in an abstract framework as they are in the finite element framework, and we will therefore omit them, or sometimes just briefly sketch them, for the sake of completeness. On the other hand, when dealing with wavelets, one is naturally confronted with two new issues:

• the natural choice of the multiplier space on an edge is not necessarily a subset of the space of traces of the interior functions, as it is in the classical Mortar Method; we will see that, under suitable assumptions which are easily verified in the wavelet case, this does not yield any major modification in the results that can be obtained, with no substantial difference with respect to the “classical” Mortar Method (in this respect see also [53]);

• since interpolation on general non dyadic (even coarse) grids in the wavelet context is still an open problem, we are led to analyze the approximation error also in the case in which the existence of an approximation operator that is interpolating at cross-points is not verified; we will see that this leads (in the geometrically non conforming case) to a loss of a factor of the order of log(H/h) in the error estimate.

Figure 1: Geometrical decomposition of the domain Ω.

2.1 The Geometry

Let Ω ⊂ R^2 be a polygonal domain. We will consider a decomposition of Ω as the union of L subdomains Ω_ℓ, Ω = ⋃ ℓ=1,L Ω_ℓ, (1)

which, for the sake of simplicity we will assume to be rectangular. We set

Γ_{ℓn} = ∂Ω_n ∩ ∂Ω_ℓ, (2) S = ∪Γ_{ℓn}. (3)

Throughout this section we will assume that the above decomposition is fixed. The constants in the bounds that we are going to prove will in general depend on the size of the subdomains, unless otherwise stated.

We denote by γ^{(i)}_ℓ (i = 1, . . . , 4) the i-th side of the ℓ-th domain:

∂Ω_ℓ = 4⋃ i=1 γ^{(i)}_ℓ .

For ℓ = 1, · · · , L let ν_ℓ denote the outer unit normal to the subdomain Ω_ℓ, and for u_ℓ ∈ H^1(Ω_ℓ) let^{∂uℓ}_{∂νℓ} denote the outer normal derivative.

Remark 2.1 The decomposition is said to be geometrically conforming if each edge γ^{(i)}_ℓ coincides with Γ_{ℓn}(= ∂Ω_ℓ ∪ ∂Ω_n) for some n. If the decomposition is not geometrically conforming, then each interior edge γ^{(i)}_ℓ will be in general split as the union of several segments Γ_{ℓn}:

γ^{(i)}_ℓ = ⋃ n∈I^{(i)}_ℓ Γ_{ℓn}, (4) where I^{(i)}_ℓ = {n : |∂Ω_n ∩ γ^{(i)}_ℓ | ≠ 0}. (5)

We assume that the subdomains are regular in shape, and from now on we will make the following grading assumption on the decomposition (which is automatically fulfilled in the case of a geometrically conforming decomposition). (G1) The following bound holds

max_{(ℓ,i)} ( |γ^{(i)}_ℓ | min_{n∈I}(i)_ℓ |Γ_{ℓn}| ) ≤ ρ. (6) The constants appearing in the estimates of the following sections will in generally depend on the bound ρ.

For defining the Mortar Method we start by choosing a splitting of the skeleton S as the disjoint union of a certain number of subdomain sides γ^{(i)}_ℓ , which we will call “multiplier sides” (in the usual terminology these are called “mortars” or “slave sides”). More precisely, we choose an index set I ⊂ {1, . . . , L}×{1, . . . , 4} such that, S = ⋃ (ℓ,i)∈I γ^{(i)}_ℓ ,

(ℓ_1, i_1), (ℓ_2, i_2) ∈ I, (ℓ_1, i_1) ≠ (ℓ_2, i_2)

⇒ γ^{(i1)}_{ℓ1} ∩ γ^{(i2)}_{ℓ2} = ∅. (7)

Figure 2: Two possible choices of “multiplier sides”. For the one on the left we have (using

the indexing of Figure 2.1) I = {(2, 3), (1, 2), (1, 3), (3, 2)} and I^∗ = {(4, 1), (4, 4), (3, 1), (2, 4)} while for the one on the right I = {(1, 2), (3, 1), (3, 2), (4, 1)}. Remark that in all cases the set {1, . . . , L} × {1, . . . , 4} \ I ∪ I^∗ individuates the edges which belong to the external boundary ∂Ω.

Furthermore we will denote by I^∗ ⊂ {1, · · · , L}×{1, · · · , 4} the index-set corresponding to “trace sides” (“non mortars” or “master sides” in the usual terminology), which is defined in such a way that I^∗ ∩ I = ∅ and S = ∪_{(ℓ,i)∈I}∗ γ^{(i)}_ℓ .

Corresponding to the splitting (7) we define a normal direction on the skeleton. More precisely for (ℓ, i) ∈ I (γ^{(i)}_ℓ multiplier side) we set

ν = ν_ℓ, on γ^{(i)}_ℓ . (8)

Since S = ∪_{(ℓ,i)∈I} γ^{(i)}_ℓ , this defines ν on S. For any u = (u_ℓ)_{ℓ=1,··· ,L} ∈ ∏_L ℓ=1 H^1(Ω_ℓ), ∂u ∂ν will be defined accordingly: on γ^{(i)}_ℓ (ℓ, i) ∈ I (γ^{(i)}_ℓ multiplier side) we set ∂u ∂ν = ∂u_ℓ ∂ν_ℓ . Moreover, we let [u] denote the jump of u along the skeleton S with the proper

sign: on Γ_{ℓn} ⊂ γ^{(i)}_ℓ , with (ℓ, i) ∈ I (γ^{(i)}_ℓ multiplier side), [u]|_{Γℓn} = u_ℓ|_{Γℓn} − u_n|_{Γℓn} . (9) In order to simplify the notation in the following we will sometime make use of a multi-index m = (ℓ, i). We will for instance write γ_m, m ∈ I (respectively m ∈ I^∗) for γ^{(i)}_ℓ , (ℓ, i) ∈ I (respectively (ℓ, i) ∈ I^∗).

2.2 The continuous problem

For simplicity we will consider the following problem. Given f ∈ L^2(Ω) find u : Ω−→R such that { −Δu = f, in Ω u = 0. on ∂Ω. (10) Given the splitting of the domain Ω introduced in the previous section, we will consider a non conforming domain decomposition method for the solution of such a problem. In order to do that let X = ∏ ℓ {u_ℓ ∈ H^1(Ω_ℓ)| u_ℓ = 0 on ∂Ω ∩ ∂Ω_ℓ}, (11)

T = ∏ ℓ H^{1/2}_∗ (∂Ω_ℓ), (12)

where H^{1/2}_∗ (Ω_ℓ) is defined by H^{1/2}_∗ (∂Ω_ℓ) = H^{1/2}(∂Ω_ℓ) if ∂Ω_ℓ ∩ ∂Ω = ∅ and H^{1/2}_∗ (∂Ω_ℓ) = {η ∈ H^{1/2}(∂Ω_ℓ), η|_{∂Ωℓ∩∂Ω} ≡ 0} ∼ H^{1/2}_{00} (∂Ω_ℓ \ ∂Ω), otherwise. We will denote by ‖ · ‖_{1/2,∂Ωℓ} the related norm, and by ‖ · ‖_{−1/2,ℓ} the norm of the corresponding dual space.

Remark 2.2 From now on we will always consider functions satisfying (whenever this makes sense) an homogeneous boundary condition on ∂Ω even if not explicitely stated.

On X we introduce the following broken norm and semi-norm: ‖u‖_X = ( ∑ ℓ ‖u‖^2_{1,Ωℓ} ) 1_2

, (13)

|u|_X = ( ∑ ℓ |u|^2_{1,Ωℓ} ) 1_2

. (14)

In the following it will also be convenient to introduce the following norm on T : ‖η‖_T = ( ∑ ℓ ‖η_ℓ‖^2_{1/2,∂Ωℓ} )_{1/2} (15)

Moreover, for λ ∈ L^2(S) we will use the notation: ‖λ‖_{−1/2,S} = ( ∑ ℓ ‖λ‖_{−1/2,ℓ} )_{1/2} (16)

Let now a composite bilinear form a_X : X×X−→R be defined as follows: a_X (u, v) = ∑ ℓ ∫ Ω_ℓ ∇u_ℓ∇v_ℓ. (17) The bilinear form a_X is clearly not coercive on X. In order to obtain a well posed problem we will then consider proper subspaces of X, consisting of functions satisfying a suitable weak continuity constraint.

More precisely, for any subspace M of L^2(S) let a constrained space X (M) be defined as follows: X (M) = {u ∈ X : ∫ S [u]λ = 0, ∀λ ∈ M} (18) We will consider the following problem (depending on the choice of the “multiplier space” M):

Problem 2.1 (P_M ) Find u_M ∈ X (M) such that for all v ∈ X (M)

a_X (u_M , v) = ∫ Ω fv. (19)

In the following we will consider multiplier spaces M satisfying the following

assumption.

(BP) There exists a constant C_M > 0 such that the following broken Poincaré

inequality holds for all u ∈ X (M) : |u|_X ≥ C_M ‖u‖_X . (20) (20) is evidently equivalent to the coercivity of the bilinear form a_X over X (M).

By simply observing that M_1 ⊂ M_2 implies X (M_2) ⊂ X (M_1) one gets the following

well known result (see for instance [14]).

Theorem 2.1 Let M̄ satisfy assumption (BP). Then for all M such that M̄ ⊂ M

we have the following:

• the solution u_M of problem P_M exists and is unique;

• tor u solution of (10) the following bound holds with constant C̄ = C̄(M̄): ‖u − u_M ‖_X ≤ C̄ inf_{λ∈M} ‖ ∂u ∂ν − λ‖_{−1/2,S}. (21) Proof: We first observe that for all M, the solution u of (10) verifies u ∈ X_M . For any v ∈ H^1(Ω_ℓ) we have ∫ Ωℓ ∇u∇v = ∫ ∂Ωℓ ∂u ∂ν_ℓ v − ∫ Ωℓ Δuv = ∫ ∂Ωℓ ∂u ∂ν_ℓ v + ∫ Ωℓ fv, that is, for all v ∈ X (M) we have a_X (u, v) = ∫ Ω fv + ∑ ℓ ∫ ∂Ωℓ ∂u ∂ν_ℓ v = ∫ Ω fv + ∫ S ∂u ∂ν [v]

As a result for all λ ∈ M we have a_X (u, v) = ∫ Ω fv + ∫ S ( ∂u ∂ν − λ ) [v] This implies: C̄‖u − u_M ‖_X ≤ a_X (u − u_M , u − u_M ) = | | | ∫ S ( ∂u ∂ν − λ ) [u − u_M ] | | | =

= | | | | | ∑ ℓ ∑ n ∫ Γℓn ( ∂u ∂ν − λ ) [u − u_M ] | | | | | =

= ∑ ℓ | | | | | ∫ ∂Ωℓ ( ∂u ∂ν − λ ) (u − u_M ) | | | | | ≤

≤ ∑ ℓ ‖ ‖ ‖ ‖ ∂u ∂ν − λ ‖ ‖ ‖ ‖_{−1/2,ℓ} ‖u − u^M ‖^{1,Ω}ℓ ≤ ≤ C ‖ ‖ ‖ ‖ ∂u ∂ν − λ ‖ ‖ ‖ ‖_{−1/2,S} ‖u − u^M ‖^X . By dividing both sides by ‖u − u_M ‖_X , since λ is arbitrary, we get (21). □

2.3 Mortar Discrete Problem - Approximation Spaces

For each ℓ let now V^ℓ_δ be a family of finite dimensional subspaces of H^1(Ω_ℓ)∩C^0(Ω̄_ℓ), depending on a parameter δ = δ_ℓ > 0 and satisfying an homogeneous boundary condition on ∂Ω ∩ ∂Ω_ℓ. Set T^ℓ_δ = V^ℓ_δ |_{∂Ωℓ} , (22) and, for each edge γ^{(i)}_ℓ of the subdomain Ω_ℓ let

T_{ℓ,i} = {η : η is the trace on γ^{(i)}_ℓ of some u_ℓ ∈ V^ℓ_δ } (23)

T^0_{ℓ,i} = {η ∈ T_{ℓ,i} : η = 0 at the vertices of γ^{(i)}_ℓ }. (24) We set

X_δ = L∏ ℓ=1 V^ℓ_δ ⊂ X, T_δ = L∏ ℓ=1 T^ℓ_δ ⊂ T. (25)

For each m = (ℓ, i) ∈ I let the finite dimensional multiplier space M^m_δ (also depending on the parameter δ) on γ_m, M^m_δ ⊂ L^2(γ_m), dim(M^m_δ ) = dim(T^0_m), (26) be given. We set: M_δ = {η ∈ H^{−1/2}(S), ∀m ∈ I η|_{γm} ∈ M^m_δ } ∼ ∏ m∈I M_m. (27)

The constrained approximation and trace spaces X_δ and T_δ are then defined as follows: X_δ = {v_δ ∈ X_δ, ∫ S [v_δ]λ = 0, ∀λ ∈ M_δ} ⊂ X (M_δ), (28)

T_δ = {η ∈ T_δ, ∫ S [η]λ = 0, ∀λ ∈ M_δ}. (29) Moreover we will denote by V^{ℓ,0}_δ ⊂ V^ℓ_δ and X^0_δ ⊂ X_δ the subspaces of functions vanishing on the skeleton:

V^{ℓ,0}_δ = V^ℓ_δ ∩ H^1_0 (Ω_ℓ), X^0_δ = ∏ V^{ℓ,0}_δ . (30) Remark that the elements of X^0_δ have null jump, hence they trivially satisfy the jump constraint (X^0_δ ⊂ X_δ).

We can now introduce the following discrete problem:

Problem 2.2 (PD) Find u_δ ∈ X_δ such that for all v_δ ∈ X_δ

a_X (u_δ, v_δ) = ∫ Ω fv_δ. (31)

The following result holds:

Theorem 2.2 Assume that M̄ = ∩_{δ>0}M_δ satisfies assumption (BP). Then for all δ >, problem P_δ admits a unique solution u_δ which satisfy the following error estimate: ‖u − u_δ‖_X ≤ C̄ ( inf_{vδ ∈Xδ} ‖u − v_δ‖_X + inf_{λ∈Mδ} ‖ ‖ ‖ ∂u ∂ν − λ ‖ ‖ ‖_{−1/2,S} ) , (32)

with C̄ constant depending on M̄.

Proof: As we already observed, M̄ ⊂ M_δ implies X_δ ⊂ X (M̄). In view of (21), using the triangular inequality and applying Cea’s Lemma to the solution in X_δ of problem P_M (for M = M_δ ,) (which, thanks to the assumption on M̄ is coercive), we get ‖u_δ − u_M ‖_X ≤ inf_{vδ ∈Xδ} ‖u_M − v_δ ‖_X ≤ ‖u − u_M ‖_X + inf_{vδ ∈Xδ} ‖v_δ − u_M ‖_X and ‖u − u_δ ‖_X ≤ ‖u − u_M ‖_X + ‖u_M − u_δ ‖_X , which imply (32). □

2.4 Stability

In order to apply the result of the previous sections, we need to choose the multiplier spaces M^m_δ in such a way that M̄ = ∩_δM_δ satisfies assumption (BP). If, as it is in our case, the space M̄ is defined on each multiplier side γ_m independently, that is M̄ = ⊕_{m∈I}M̄_m, M̄_m = ∩_δM^m_δ ,

it is well known ([14]) that a sufficient condition for M̄ to satisfy assumption (BP) is the following condition holds far all m = (ℓ, i) ∈ I (γ^{(i)}_ℓ multiplier side): for any piecewise constant function g, (g constant on each Γ_{ℓk}, k ∈ I^{(i)}_ℓ ) we have ∫ γ_m gλ = 0, ∀λ ∈ M̄_m =⇒ g = 0. (33)

(we recall that γ_m = ⋃ n∈I^{(i)}_ℓ Γℓk). The validity of assumption (33) has been studied for several types of discretizations. Several sufficient conditions for it to hold are therefore known. We recall for instance the following result [13].

Proposition 2.1 (Sufficient condition I) If card{I^{(i)}_ℓ } ≤ Ñ (Ñ being the number of polynomials exactly reproduced in M̄_m), then (33) holds.

It is also easy to prove that the following condition holds.

Proposition 2.2 (Sufficient condition II) A sufficient condition for M̄_m to satisfy (33) is that ∀i ∈ I^{(i)}_ℓ there ∃β_i ∈ M^m_δ such that

supp β_i ⊂ Γ_{ℓn}, ∫ Γ_{ℓn} β_i = 1. (34)

Remark 2.3 In the case of a geometrically conforming decomposition (far all m = (ℓ, k), γ_m = Γ_{ℓn}, for some n) the above condition is also necessary, which is in general not true in the case of geometrically non conforming decompositions (see for instance the case of the mortar element method in the framework of a spectral decomposition, in which case M^m_δ is constructed out of polynomial functions).

2.5 Approximation Error

In order to bound the right hand side of (32) we will make the following assumptions on the spaces considered.

(A1) ∀m = (ℓ, i) ∈ I (γ^{(i)}_ℓ multiplier side), there exists a bounded projection π_m :

L^2(γ_m)−→T^0_m, such that for all η ∈ L^2(γ_m) and for all λ ∈ M^m_δ ∫ γ_m (η − π_mη)λ = 0, (35)

and for all η ∈ H^{1/2}_{00} (γ_m)

‖π_mη‖_H1/2_{00 (γm )} ≲ ‖η‖_H1/2_{00 (γm)}. (36)

(A2) ∀m = (ℓ, i) ∈ I multiplier side, there exists a discrete lifting R_m : T^0_m−→V^ℓ_δ such that for all η ∈ T^0_m

R_mη = 0 on ∂Ω_ℓ\γ_m, R_mη = η on γ_m, (37) and ‖R_mη‖_{1,Ωℓ} ≲ ‖η‖_H1/2_{00 (γm)}. (38)

(A3) For all m = (ℓ, i) ∈ I (γ^{(i)}_ℓ multiplier side), the following inverse inequality holds: for all elements η ∈ T^0_m and for all s, 0 ≤ s < 1/2 it holds ‖η‖_H1/2_{00 (γm)} ≲ Ch^{s−1/2}_m ‖η‖_Hs_{(γm)}. (39) We remark that by space interpolation, assumption (A.1) implies that the projection operator π_m verifies for all s, 0 < s < 1/2: ‖π_mη‖_Hs_{(γm)} ≲ ‖η‖_Hs_{(γm )}, (40) uniformly in s.

We also introduce the following assumption which will be needed in the next section in order to construct preconditioners for the linear system resulting from the mortar discretization.

(A4) The spaces V^ℓ_δ satisfy the following inverse inequality: for all w ∈ V^ℓ_δ it holds ‖∇w‖_{∞,Ωℓ} ≲ δ^{−1}_ℓ ‖w‖_{∞,Ωℓ} . (41) In assumptions (A3) and (A4), h_m and δ_ℓ act as “mesh sizes” on γ_m and Ω_ℓ respectively. We remark that, for each subdomain Ω_ℓ, not only the “mesh size” δ_ℓ will be relevant, but also the mesh size induced by the discretization of the adjacent subdomains, in particular on trace sides of Ω_ℓ. Therefore we will introduce the following notation: for γ_m, m = (ℓ, i) ∈ I multiplier side, we denote by h_m the “smallest mesh size” of T_m (defined as the parameter for which (A3) holds), and we introduce a mesh size parameter

h_ℓ = min m:|γ_m∩∂Ω_ℓ|>0 {δ_ℓ, h_m}. (42) Moreover we set H_ℓ = diameter of Ω_ℓ, (43) and we write conventionally H h = min_ℓ { H_ℓ h_ℓ } . (44)

We observe that (A4) still holds if δ_ℓ is substituted by h_ℓ.

The following lemma holds:

Lemma 2.1 If assumptions (A1–A4) hold, then for any η = (η_ℓ)_{ℓ=1,··· ,L} ∈ T it holds: ∑ m∈I ‖π_m(η)‖^2_{H1/200 (γm )} ≲ ( 1 + log ( H h ))_2 ‖η‖^2_T (45)

Proof: We start by recalling that the following inequalities hold. Let U = ∪U_n, n = 1, . . . , N, U, U_n intervals. Assume that |U|/|U_n| ≤ ρ. Then it holds for all ε, 0 < ε ≤ 1/2, ‖u‖^2_{H1/2−ε(U)} ≲ ∑ n ‖u‖^2_{H1/2−ε0 (Un)} ≲ |I|^{2ε} ε^2

‖u‖^2_{H1/2(U)}, (46)

with constants dependent on ρ, and independent of ε (we recall that H^{1/2−ε} and H^{1/2−ε}_0 are the same space, the respective norms being indeed equivalent, but the constants in the equivalence depending on ε).

Let now η = (η_ℓ)_{ℓ=1,... ,L} be any element of T = ∏ ℓ=1,··· ,L H 1/2 ∗ (∂Ω_ℓ). Thanks to (40), for any ε, 0 < ε < 1/2 it holds: ∑ m∈I ‖π_m([η])‖^2_{H1/200 (γm)} ≲ ∑ m∈I h^{−2ε}_m ‖π_m([η])‖^2_{H1/2−ε0 (γm)} ≲ ≲ ∑ m∈I m=(ℓ,i) h^{−2ε}_m ∑ n∈I^{(i)}_ℓ (‖η_ℓ‖^2_{H1/2−ε0 (Γℓn)} + ‖η_n‖^2_{H1/2−ε0 (Γℓn)}) =

= L∑ ℓ=1 h^{−2ε}_ℓ ∑ n:Γ_{ℓn}≠∅ ‖η_ℓ‖^2_{H1/2−ε0 (Γℓn)} ≲ h^{−2ε}_ℓ H^{2ε}_ℓ ε^2 L∑ ℓ=1 ‖η_ℓ‖^2_{1/2,∂Ωℓ} ≲

≲ ( 1 + log ( H h ))_{2 L}∑ ℓ=1 ‖η_ℓ‖^2_{1/2,∂Ωℓ} , where the last bound derives by choosing ε =^1_{| log2(H/h)|} . □

We can now define a linear operator π : ∏_L ℓ=1 L^2(∂Ω_ℓ)−→ ∏_L ℓ=1 L^2(∂Ω_ℓ) that we will need in the following: more precisely, for η = (η_ℓ)_{ℓ=1,··· ,L}, π(η) = (η^∗_ℓ )_{ℓ=1,··· ,L} is defined on multiplier sides as π_m applied to the jump of η, while it is set identically zero on trace sides and on the external boundary ∂Ω:

η^∗_ℓ |_{γm} = π_m([η]|_{γm} ), for m = (ℓ, i) ∈ I (47)

η^∗_ℓ |_{γm} = 0, for m = (ℓ, i) ∈ I^∗,

η^∗_ℓ ≡ 0 on ∂Ω_ℓ ∩ ∂Ω.

By observing that for all η ∈ H^{1/2}(∂Ω_ℓ) satisfying η|_γ(i)_ℓ ∈ H^{1/2}_{00} (γ^{(i)}_ℓ ), (i = 1, . . . , 4) it holds ‖η‖^2_{H1/2(∂Ωℓ)} ≲ 4∑ i=1 ‖η‖^2_{H1/200 (γ(i)ℓ )} (48)

we obtain the following corollary of lemma 2.1.

Corollary 2.1 If assumptions (A1–A4) hold, than for any η = (η_ℓ)_{ℓ=1,··· ,L} in the trace space T it holds: ‖π(η)‖_T ≲ ( 1 + log ( H h )) ‖η‖_T (49)

We are then able to prove the following theorem.

Theorem 2.3 Let assumptions (A1 – A3) hold. Then for any u ∈ H^1_0 (Ω) we have: inf_{vδ ∈Xδ} ‖u − v_δ‖_X ≲ ( 1 + log ( H h )) (∑ ℓ inf_{vδ,ℓ∈V ℓδ} ‖u − v_{δ,ℓ}‖^2_{1,Ωℓ} )_{1/2} (50)

Proof: For each ℓ let v_{δ,ℓ} be an arbitrary element of V^ℓ_δ . Let v̄_δ = (v_{δ,ℓ})_{ℓ=1,... ,L}. Since v̄_δ does not necessarily satisfy the jump condition, it may not belong to X_δ. We now define an element v_δ ∈ X_δ as follows:

v_δ = v̄_δ − ∑ m∈I R_mπ_m([v̄_δ]), (51)

where, by abuse of notation for η ∈ T^0_m (m = (ℓ, i)) we indicate by R_m(η) the element of X_δ which coincides with R_m(η) in Ω_ℓ and which is identically zero on the other subdomains. We easily check that v_δ belongs to X_δ. In fact for η ∈ T^0_m we have, [R_mη] = η, on γ_m, and hence [v_δ] = [v̄_δ] − π_m([v̄_δ]), on γ_m, which implies, for λ_δ ∈ M_δ , thanks to (35), ∫ S [v_δ]λ_δ = ∑ m ∫ γ_m ([v̄_δ] − π_m([v̄_δ]))λ_δ = 0

We can now bound ‖ ∑ m∈I R_mπ_m([v̄_δ])‖^2_X = ∑ ℓ ‖ ∑ m∈I m=(ℓ,i) R_mπ_m([v̄_δ])‖^2_{1,Ωℓ}

≲ ∑ ℓ ∑ m∈I m=(ℓ,i) ‖R_mπ_m([v̄_δ])‖^2_{1,Ωℓ}

≲ ∑ m∈I ‖π_m([v̄_δ])‖^2_{H1/200 (γm )} = ∑ m∈I ‖π_m([v̄_δ − u])‖^2_{H1/200 (γm)}, where the last equality descends from the observation that for u ∈ H^1(Ω) it holds [u] = 0, and hence [v̄_δ ] = [v̄_δ − u].

Thus, by applying lemma 2.1, for η = [v̄_δ − u], we obtain inf_{vδ ∈Xδ} ‖u − v_δ‖^2_X ≲ ‖u − v̄_δ‖^2_T ≲ ( 1 + log ( H h ))_{2 L}∑ ℓ=1 ‖u − v_{δ,ℓ}‖^2_{1,Ωℓ} . Since the v_{δ,ℓ} are arbitrary, we get the thesis. □ Corollary 2.2 Let the family V^ℓ_δ be given and let M_δ be defined by (27) and X_δ by (28). Assume that the following properties hold.

(i) (accuracy) Assumptions (A1 – A3) are satisfied for T^0_m and M^m_δ defined by (24), (26), (ii) (stability) M̄ = ∩_δ M_δ satisfies assumption (BP).

Then, for u solution of (10) and u_δ solution of (31) the following error estimate holds: ‖u − u_δ‖_X ≲ ( 1 + log ( H h )) (∑ ℓ inf_{vδ,ℓ∈V ℓδ} ‖u − v_{δ,ℓ}‖^2_{1,Ωℓ} )_{1/2} (52) + inf_{λ∈Mδ} ‖ ∂u ∂ν − λ‖_{−1/2,S} Remark 2.4 We remark that assumption (A.1 – 3) deal independently with each subdomain and also with the coupling between the discretization on a subdomain and the multiplier space M^m_δ defined on each one of its sides. In the construction of suitable discretization spaces, it will then be sufficient to study the properties of the discretization on one subdomain and the multiplier space induced on one of its sides.

Clearly, Theorem 2.3 yields only a sub-optimal error estimate, where, due to the constraint, a factor of the order log(H/h) is lost with respect to the optimal approximation rate.

Nevertheless, if the solution is sufficiently regular, an optimal error estimate can be retrieved, provided that a suitable projector exists, verifying an interpolation property at cross points. More precisely the following theorem holds.

Theorem 2.4 For some s̄, t̄, t̄ ≥ s̄ > 1 assume that V^ℓ_δ ⊂ H^{s̄}(Ω_ℓ) and that an operator Π_{δ,ℓ} : H^{s̄}(Ω_ℓ) → V^ℓ_δ exists such that

• ∀s, t, 0 ≤ s ≤ s̄, s̄ ≤ t ≤ t̄, for all u ∈ H^t(Ω_ℓ) with u = 0 on ∂Ω_ℓ ∩ ∂Ω we have ‖u − Π_{δ,ℓ}u‖_Hs_{(Ωℓ)} ≲ δ^{t−s}_ℓ ‖u‖_Ht_{(Ωℓ)}, (53) δ_ℓ being the “mesh-size” of the discretization in the subdomain Ω_ℓ;

• for all A ∈ ∂Ω_ℓ such that A is a vertex of Γ_{ℓn} for some n, Π_{δ,ℓ}u(A) = u(A), ∀u ∈ H^{s̄}(Ω_ℓ). (54) Then, for all u, u|_{Ωℓ} ∈ H^t(Ω_ℓ) with u = 0 on ∂Ω_ℓ ∩ ∂Ω it holds inf_{vδ ∈Xδ} ‖u − v_δ‖_X ≲ ∑ ℓ δ^{t−1}_ℓ ‖u‖_Ht_{(Ωℓ)} (55)

Proof: Let v_{δ,ℓ} = Π_{δ,ℓ}u. Setting v̄_δ = (v_{δ,ℓ})_{ℓ=1,... ,L} and v_δ = v̄_δ − ∑ m∈I R_mπ_m([v̄_δ ]), as in Theorem 2.3 we have inf vδ ∈Xδ ‖u − v_δ ‖_X ≲ ‖u − v_δ ‖_X ≲ ∑ ℓ ‖u − Π_{δ,ℓ}u‖_H1_{(Ωℓ)} + ∑ m∈I ‖π_m([v̄_δ − u])‖_{H1/200 (γm)}.

Now we observe that thanks to (54), [v_δ − u] belongs to H^{1/2}_{00} (γ_m), hence we can write ∑ m∈I ‖π_m([v̄_δ − u])‖_{H1/200 (γm )} ≲ ∑ m∈I ‖[v̄_δ − u]‖_{H1/200 (γm)} ≲ ∑ ℓ,n ‖Π_{δ,ℓ}u − u‖_{H1/200 (Γℓn)}

The conclusion follows by observing that ‖Π_{δ,ℓ}u − u‖_{H1/200 (Γℓn)} ≲ δ^{t−1}_ℓ ‖u‖_Ht_{(Ωℓ)}. This last bound can be proven by space interpolation. On one hand, we have ‖Π_{δ,ℓ}u − u‖_{Hs̄−1/20 (Γℓn)} ≲ ‖Π_{δ,ℓ}u − u‖_{Hs̄−1/2(∂Ωℓ \∂Ω)} ≲ ‖Π_{δ,ℓ}u − u‖_Hs̄_{(Ωℓ)} ≲ δ^{t−s̄}_ℓ ‖u‖_Ht_{(Ωℓ )}. On the other hand ‖Π_{δ,ℓ}u − u‖_{H1/40 (Γℓn)} ≲ ‖Π_{δ,ℓ}u − u‖_{H3/4(Ωℓ)} ≲ δ^{t−3/4}_ℓ ‖u‖_Ht_{(Ωℓ)}.

Since H^{1/2}_{00} (Γ_{ℓn}) is the interpolated of order θ = 1/[4(s̄ − 1) + 1] between H^{1/4}(Γ_{ℓn}) and H^{s̄−1/2}_0 (Γ_{ℓn}), we obtain that ‖Π_{δ,ℓ}u − u‖_{H1/200 (Γℓn)}‖ ≲ δ^{(1−θ)(t−3/4)} ℓ δ^{θ(t−s̄)}_ℓ ‖u‖_Ht_{(Ωℓ)} = δ^{t−1}_ℓ ‖u‖_Ht_{(Ωℓ)}. □ Corollary 2.3 Under the assumptions of Theorem 2.4, if for all ℓ = 1, . . . , L the solution u of (10) satisfies u|_{Ωℓ} ∈ H^t(Ω_ℓ) for some t (possibly depending on ℓ), s̄ ≤ t ≤ t̄ then ‖u − u_δ‖_X ≲ inf_{λ∈Mδ} ‖ ∂u ∂ν − λ‖_{−1/2,S} + L∑ ℓ=1 δ^{t−1}_ℓ ‖u‖_Ht_{(Ωℓ)} (56)

Remark 2.5 If we consider the Lagrange multiplier formulation of problem (31), the previous Corollary would imply that a discrete inf-sup condition of the form inf_{λδ ∈Mδ} sup_{uδ∈Xδ} ∫ S [u_δ]λ_δ ‖λ_δ‖_{−1/2,S} ‖u_δ‖_X ≥ α(H/h) > 0 is fulfilled with a stability constant α = α(H/h), decreasing as (log(H/h))^{−1}. In fact, it is easy to see that Fortin’s lemma ([23]) can be applied by setting the Fortin projector equals to (Id − π). An alternative to such an approach is to substitute ‖ · ‖_{−1/2,S} with a suitable mesh dependent norm. Then, in the finite element framework, a discrete inf-sup condition can be proven to hold uniformly in h ([21, 20]). However, working with mesh dependent norms usually yields (when, as in the present framework it is not possible to work “triangle by triangle”), a dependence of the constant in the estimates obtained on the ratio between the coarser and the finer “mesh sizes” of each subdomain. This is due to the concurrent use of direct and inverse inequalities. In the case of a very non uniform discretization, as one would have in an adaptive wavelet scheme, such a ratio can be much larger than the logarithmic factor in the bound (49) and in the resulting error estimate. Therefore, though for the sake of simplicity we will concentrate, later on, on a uniform wavelet discretization, we chose here to use the natural norm ‖ · ‖_{−1/2,S} . We remark that in the geometrically conforming case, if the solution is sufficiently regular, we sill get an optimal error estimate (see Theorem 2.4).

2.6 Substructuring Preconditioners for the Mortar Element Methods

The aim of this section is to review the properties of a class of preconditioners for the linear system arising from the discretization described in the previous section. We will consider the “substructuring” approach first introduced in ([22]) and already studied in the case of the Mortar Finite Element method in [3]. The principle of these preconditioners consists in distinguishing three types of degrees of freedom: interior degrees of freedom (corresponding to basis functions vanishing on the skeleton and supported on one sub-domain), edge degrees of freedom, and vertex degrees of freedom. This corresponds to split the functions u ∈ X_δ as the sum of three suitably defined components: u = u^0 + u^E + u^V . When expressed in a basis corresponding to such a splitting, substructuring preconditioners are of the block diagonal form

Â =

Â00 0 0 0 Â^{EE} 0 0 0 Â^{V V} , (57) where the matrices A^{00} and A^{EE} are in turn block diagonal.

In analyzing such preconditioners we will also try to analyze the dependence of the condition number of the resulting preconditioned matrix with respect to the sizes H_ℓ of the subdomains Ω_ℓ. In order to do that we need to define more precisely the norms ‖ · ‖_H1/2_{(∂Ωℓ)} and ‖ · ‖_H1_{(Ωℓ)} appearing in the definition of the X-norm and the T -norm. More precisely we set:

‖u‖^2_H1_{(Ωℓ)} = H^{−2}_ℓ ∫ Ω_ℓ

|u|^2 + ∫ Ω_ℓ |∇u|^2, |u|^2_H1_{(Ωℓ)} = ∫ Ω_ℓ |∇u|^2, |η|^2_{1/2,∂Ωℓ} = ∫ ∂Ω_ℓ ∫ ∂Ω_ℓ |η(x) − η(y)|^2 |x − y|^2 dx dy, ‖η‖^2_{1/2,∂Ωℓ} = |η|^2_{1/2,∂Ωℓ} + H^{−1}_ℓ ∫ ∂Ω_ℓ |η|^2. Remark that the above norms are defined in such a way that they are scaling invariant, that is they are preserved when Ω_ℓ is rescaled to the reference domain ]0, 1[^2. In order to construct the preconditioner, we assume that we can construct, for each subdomain Ω_ℓ

• an (easily computable) local discrete lifting operator R^ℓ_δ : T^ℓ_δ → V^ℓ_δ such that for all η ∈ T^ℓ_δ it holds

R^ℓ_δη|_{∂Ωℓ} = η and ‖R^ℓ_δη‖_H1_{(Ωℓ)} ≲ ‖η‖_{1/2,∂Ωℓ} , |R^ℓ_δη|_H1_{(Ωℓ)} ≲ |η|_{1/2,∂Ωℓ} ; (58)

• a bilinear form ã^0_ℓ : V^{ℓ,0}_δ × V^{ℓ,0}_δ → R such that for all u, v ∈ V^{ℓ,0}_δ ã^0_ℓ (u, v) ≲ ‖u‖_H1_{(Ωℓ)}‖v‖_H1_{(Ωℓ)}, (59) ã^0_ℓ (u, v) ≳ |u|^2_H1_{(Ωℓ)}. (60) We can then easily assemble a global lifting operator R_δ : T_δ → X_δ; more precisely for η = (η_ℓ)_{ℓ=1,··· ,L} we set R_δ(η) = (R^ℓ_δη_ℓ)_{ℓ=1,··· ,L}. Remark 2.6 Trivially, if η satisfies the jump constrain, so does R_δ(η). In other words, if η ∈ T_δ then R_δ(η) ∈ X_δ.

In view of (71) and using the classical trace Theorem [46], it is easy to see that for all η ∈ T_δ it holds: ‖R_δ(η)‖_X ≃ ‖η‖_T . (61)

Moreover, given any discrete function w = (w_ℓ)_{ℓ=1,··· ,L} ∈ X_δ we can split it in a unique way as the sum of an interior function w^0 ∈ X^0_δ and the discrete lifting of its trace η(w) = (w^ℓ_h|_{Ωℓ} )_{ℓ=1,··· ,L} which by abuse of notation we will denote by R_δ(w) (rather than using the heavier notation R_δ(η(w_h))): w = w^0 + R_δ (w), w^0 ∈ X^0_δ . (62) That is we can split respectively the spaces X_δ of unconstrained functions and X_δ of constrained functions as direct sums of an interior and of a (respectively unconstrained or constrained) trace component: X_δ = X^0_δ ⊕ R_δ(T_δ), (63) X_δ = X^0_δ ⊕ R_δ(T_δ). (64) We can then define a global bilinear operator ã_X : X_δ × X_δ → R as follows: ã_X (v, w) = ã^0_X (v^0, w^0) + s̃(η(v), η(w)), (65) where, for v^0 = (v^0_ℓ )_{ℓ=1,··· ,L} and w^0 = (w^0_ℓ )_{ℓ=1,··· ,L} ∈ X^0_δ , and η = (η_ℓ)_{ℓ=1,··· ,L} and ξ = (ξ_ℓ)_{ℓ=1,··· ,L} ∈ T_δ we set ã^0_X (v^0, w^0) = ∑ ℓ=1,··· ,L ã^0_ℓ (v^0_ℓ , w^0_ℓ ), (66) s̃(ξ, η) = ∑ ℓ=1,··· ,L ∫ Ω_ℓ

∇R^ℓ_δ (ξ_ℓ)∇R^ℓ_δ(η_ℓ). (67)

Remark 2.7 One possible choice for R^ℓ_δ, though not necessarily the most efficient one, is the discrete harmonic extension: ∫ Ω_ℓ

∇R^ℓ_δ(η_δ)∇v_δ = 0, ∀v_δ ∈ V^{ℓ,0}_δ , R^ℓ_δ(η_δ) = η_δ on ∂Ω_ℓ.

In this case, s̃ is the bilinear form corresponding to the discrete Steklov-Poincaré operator. We will see in the following sections that in the wavelet case another lifting exists, which is more easily computable. The corresonding bilinear form s̃ is still a first order operator, with the same spectral behavior of the discrete Steklov- Poincaré operator.

Lemma 2.2 The bilinear forms ã_X and a_X are spectrally equivalent on X_δ.

Proof: We have a_X (w_h, w_h) =≲ |w^0_h|^2_X + |R_δ (w)|^2_X ≲ ã_X (w^0_h, w^0_h) + |R_δ (w)|^2_X = ã_X (w_h, w_h), and, since for w^0_h ∈ X^0_δ it holds ‖w^0_h‖_X ≲ |w^0_h|_X , ã_X (w_h, w_h) ≲ |w^0_h|^2_X + |R_δ (w)|^2_X ≲ |w_h|^2_X = a_X (w_h, w_h) where we used the inequalities |R_δ (w)|_X ≲ |w|_T ≲ |w|_X and |w^0_h|_X ≲ |w|_X the second inequality descending from the first one which is a consequence of the assumptions on R_δ . □

The problem of preconditioning the matrix A corresponding to the discretization of a_X , reduces to finding good preconditioners for the matrices Ã_0 and S̃ corresponding respectively to the bilinear forms ã_X : X^0_δ × X^0_δ −→R and s : T_δ × T_δ−→R.

We now assume - and we will later check that in the wavelet case such an assumption holds - that the matrix Ã_0 is easily invertible. In other words we concentrate on the preconditioning of the discrete Steklov-Poincaré type operator S̃.

In order to construct a preconditioner for S̃, we start by observing that the space of constrained skeleton functions T_δ can be further split as the sum of vertex and edge functions.

If we denote by L ⊂ ∏_L ℓ=1 H^{1/2}_∗ (∂Ω_ℓ) the space

L = {(η_ℓ)_{ℓ=1,··· ,L}, η_ℓ is linear on each edge of Ω_ℓ}, (68)

then the space of constrained vertex functions can be defined by

T^V_δ = (Id − π)L. (69)

In the following we will make the (not restrictive) assumption L ⊂ T_δ, which yields T^V_δ ⊂ T_δ.

At the same time we introduce the space of constrained edge functions T^E_δ ⊂ T_δ defined by

T^E_δ = {η = (η_ℓ)_{ℓ=1,··· ,L} ∈ T_δ, η_ℓ(A) = 0, ∀ vertex A of Ω_ℓ}. (70)

It is quite easy to see that

T_δ = T^V_δ ⊕ T^E_δ . (71)

Moreover it is quite simple to check that a function in T^E_δ is uniquely defined by its value on trace edges, the value on multiplier edges being forced by the constraint. For any trace side γ^{(i)}_ℓ , m = (ℓ, i) ∈ I^∗, let now b_{ℓ,i} : T^0_{ℓ,i}×T^0_{ℓ,i}−→R be a symmetric bilinear form satisfying for all η ∈ T^0_{ℓ,i}:

b_{ℓ,i}(η, η) ≃ ‖η‖_H1/2_{00 (γ}(i)_{ℓ )}. (72)

We define a block diagonal global bilinear form b : T^E_δ ×T^E_δ −→R by b(η, ξ) = ∑ (ℓ,i)∈I^∗ b_{ℓ,i}(η_ℓ, ξ_ℓ), (73) and we let ŝ : T_δ×T_δ−→R be defined by

ŝ(η, ξ) = s̃(η^V , ξ^V ) + b(η^E , ξ^E). (74)

The following theorem holds:

Theorem 2.5 Let η ∈ T_δ. We have: ( 1 + log ( H h ))_{−2} s̃(η, η) ≲ ŝ(η, η) ≲ ( 1 + log ( H h ))_2 s̃(η, η). (75) The proof of theorem 2.5 follows essentially the guidelines of the proofs of the analogous results in [22, 3]. However, for the sake of completeness we will retrace in the next section the main steps in the framework of the abstract formulation here considered.

Corollary 2.4 Let A and Â be the matrices obtained by discretizing respectively the bilinear forms a and â with â(u, v) = ã_X (u_0, v_0) + ŝ(η_u, η_v). Then it holds Cond(Â^{−1}A) ≲ ( 1 + log ( H h ))_4 . (76)

Remark 2.8 An alternative to the preconditioner presented here is take into account also the contribution of multiplier sides in the definition of b, that is to substitute b̌(η, ξ) = ∑ (ℓ,i)∈I∪I^∗ b_{ℓ,i}(η_ℓ, ξ_ℓ), to b(η, ξ) = ∑ (ℓ,i)∈I^∗ b_{ℓ,i}(η_ℓ, ξ_ℓ)

in the definition of ŝ. From the properties of the bilinear forms b_{ℓ,i} it easily descends that in such case we would have s̃(η, η) ≲ ŝ(η, η) ≲ ( 1 + log ( H h ))_2 s̃(η, η), whence, letting Ǎ being the matrix discretizing the bilinear form thus obtained, we would have Cond(Ǎ^{−1}A) ≲ ( 1 + log ( H h ))_2 . Remark 2.9 Following [3] a better condition number (increasing like ( 1 + log (_H h ))_2 ) can also be obtained in the case of a geometrically conforming decomposition.

2.7 Proof of Theorem (2.5)

We start by remarking that, thanks to (61) and properties (i) and (ii) of the previous section we have for all ξ ∈ T_δ s̃(ξ, ξ) ≲ ‖ξ‖^2_T , (77) while for all constrained functions ξ ∈ T_δ it holds s̃(ξ, ξ) ≃ ‖ξ‖^2_T . (78) Lemma 2.3 For all η = (η_ℓ)_{ℓ=1,··· ,L} ∈ T^E_δ we have ‖η‖^2_T ≲ ( 1 + log ( H h ))_2 ∑ (ℓ,i)∈I^∗ ‖η_ℓ‖^2_{H1/200 (γ(i)ℓ )}. (79)

Remark 2.10 (79) does not descend directly from (48), since here we take the broken H^{1/2}_{00} norm on the right hand side with only the contribution of trace sides. Proof: Let η̌ = (η̌_ℓ)_{ℓ=1,··· ,L} be the function coinciding with η on master sides and vanishing on slave sides η̌_ℓ = η_ℓ on γ^{(i)}_ℓ , (ℓ, i) ∈ I^∗, η̌_ℓ = 0 on γ^{(i)}_ℓ , (ℓ, i) ∈ I.

It is easy to check that we have η = η̌ − π(η̌). By applying (45) we conclude that ‖η‖^2_T ≲ ( 1 + log ( H h ))_2 ‖η̌‖^2_T ≲ ( 1 + log ( H h ))_2 ∑ (ℓ,i)∈I^∗ ‖η_ℓ‖^2_{H1/200 (γ(i)ℓ )}. □ Moreover we have Lemma 2.4 Let η ∈ L, then we have ‖π(η)‖_T ≲ ( 1 + log ( H h ))_{1/2} ‖η‖_T . (80) The proof of (80) is essentially identical to the proof of Lemma 45, once we observed that property (46) can be enhanced as follows: let U = ∪U_n and let η a function (not necessarily continuous) η linear on each subinterval U_n. Then by direct computation it is not difficult to check that: ‖η‖^2_{H1/2−ε(U)} ≲ ∑ n ‖u‖^2_{H1/2−ε0 (Un)} ≲ |U|^{2ε} ε ‖u‖^2_{H1/2(U)}, (81)

In order to prove theorem 2.5 we will need the following two results, whose proofs are already implicitly contained in ([22], Lemmas 3.2 and 3.4).

Lemma 2.5 Let η ∈ T^ℓ_δ and let η̌ ∈ L be the function linear on each edge of Ω_ℓ and satisfying η̌(A) = η(A) at all vertex A of Ω_ℓ. Then it holds

‖η̌^V ‖^2_T ≲ ( 1 + log ( H h )) ‖η‖^2_T . (82)

Proof: A direct computation using the linearity of η̌ shows

‖η̌^ℓ‖^2_{H1/2(∂Ωℓ)} ≲ 4∑ i=1 (η(a_i ) − η(b_i ))^2

a_i and b_i being the two vertices of γ^{(i)}_ℓ . Now it is known ([22], Lemma 3.3) that assumption (A4) yields for all w ∈ V^ℓ_δ ‖w‖^2_{L∞(Ωℓ)} ≲ (H^{−2}_ℓ ‖w‖^2_{0,Ωℓ} + log(H_ℓ/h_ℓ)|w|^2_{H1(Ωℓ )}).

The prove of lemma 2.6 is then identical to the proof of ([22], Lemma 3.4). More precisely, for any function w ∈ H^1(Ω_ℓ), denoting by < w > the average value of w, we have H^{−2}_ℓ ‖w − α‖^2_{0,Ωℓ} ≲ |w|^2_{H1(Ωℓ)}. Let now w_η ∈ V^ℓ_δ denote the discrete harmonic extension of η. The function w_η − η(b_i ) vanishes at b_i. This yields | < w_η − η(b_i) > | ≲ ‖w_η − η(b_i )− < w_η − η(b_i ) > ‖_L∞_{(Ωℓ )}. By triangle inequality

‖w_η − η(b_i )‖^2_{L∞ (Ωℓ)} ≲ ‖w_η − η(b_i )− < w_η − η(b_i ) > ‖^2_{L∞(Ωℓ)} ≲ ( 1 + log ( H h )) |w_η |_H1_{(Ωℓ)}.

Since |w_η|_H1_{(Ωℓ)} ≲ ‖η‖_{1/2,∂Ωℓ} , and since (η(a_i ) − η(b_i ))^2 ≲ ‖w_η − η(b_i)‖^2_{L∞ (Ωℓ)} we get the thesis. □

Lemma 2.6 Let assumption (A4) hold, and let ξ ∈ T^ℓ_δ , ξ(A) = 0 for all A vertex of Ω_ℓ. Let ζ_L ∈ H^{1/2}(∂Ω_ℓ), ζ_L linear on each edge of Ω_ℓ. Then it holds 4∑ k=1 ‖ξ‖^2_{H1/200 (γ(i)ℓ )} ≲ ( 1 + log ( H_ℓ h_ℓ ))_2 ‖ξ + ζ_L‖^2_{H1/2(∂Ωℓ)}. (83)

Proof: We start by observing that, under assumption (A4), for all ξ ∈ T^ℓ_δ such that ξ(P ) = 0 for some P ∈ γ^{(i)}_ℓ it holds (see [22], p. 115, Lemma 3.3 and 3.4):

‖ξ‖^2_{L∞(γ(i)ℓ )} ≲ ( 1 + log ( H h )) |ξ|^2_{1/2,γ(i)ℓ} . (84)

With the same argument to the one used in the proof of Lemma 2.1, since ξ ∈ H^{1/2}_{00} (γ^{(i)}_ℓ ), i = 1, . . . , 4 it is also easy to see that it holds 4∑ k=1 ‖ξ‖^2_{H1/200 (γ(i)ℓ )} ≲ ( 1 + log ( H_ℓ h_ℓ ))_2 ‖ξ‖^2_{H1/2(∂Ωℓ )}.

In order to prove (83), let ζ_0 ∈ T^ℓ_δ be the unique element of T^ℓ_δ satisfying ζ_0(A) = 0 for all A vertex of Ω_ℓ and

(ζ_0, τ )_{1/2,∂Ωℓ} = (ζ_L, τ )_{1/2,∂Ωℓ}

for all τ ∈ T^ℓ_δ with τ (A) = 0 for all A vertex of Ω_ℓ, where (ζ, ξ)_{1/2,∂Ωℓ} = ∫ ∂Ωℓ ∫ ∂Ωℓ (ζ(x) − ζ(y))(ξ(x) − ξ(y)) |x − y|^2 dx dy

is the bilinear form inducing on H^{1/2}(∂Ω_ℓ) the seminorm | · |_{1/2,∂Ωℓ} . It is not difficult to see that | · |_{1/2,∂Ωℓ} is a norm on the subspace of functions in T^ℓ_δ vanishing at the vertices of Ω_ℓ and then, by standard arguments we get that ζ_0 is well defined and |ζ_0|_{1/2,∂Ωℓ} ≲ |ζ_L|_{1/2,∂Ωℓ} Now we can write: 4∑ i=1 ‖ξ‖^2_{H1/200 (γ(i)ℓ )} ≲ 4∑ i=1 ‖ξ + ζ_0‖^2_{H1/200 (γ(i)ℓ )} + 4∑ i=1 ‖ζ_0‖^2_{H1/200 (γ(i)ℓ )} (85)

The first sum on the right hand side of (85) can be bound by using the previous lemma as

4∑ i=1 ‖ξ + ζ_0‖^2_{H1/200 (γ(i)ℓ )} ≲ ( 1 + log ( H h ))_2 |ξ + ζ_0|^2_{1/2,∂Ωℓ} (86)

≲ ( 1 + log ( H h ))_2 |ξ + ζ_L|^2_{1/2,∂Ωℓ} (87)

where on one hand we used Poincaré inequality to bound the H^{1/2} norm of ξ + ζ_0 (which vanishes at the vertices of Ω_ℓ) by the corresponding seminorm, while the last inequality derives by observing that, by the definition of ζ_0 we have that ξ + ζ_0 ∈ T^ℓ_δ is null at the vertices of Ω_ℓ and it verifies (ζ_L − ζ_0, ξ + ζ_0)_{1/2,∂Ωℓ} = 0, hence we have

|ξ + ζ_L|^2_{1/2,∂Ωℓ} = |ξ + ζ_0|^2_{1/2,∂Ωℓ} + |ζ_L − ζ_0|^2_{1/2,∂Ωℓ} ≥ |ξ + ζ_0|^2_{1/2,∂Ωℓ} .

Let us now bound the second sum on the right hand side of (85): we first observe that, denoting by A_i and B_i the two vertices of the edge γ^{(i)}_ℓ , we have

‖ζ_0‖^2_{H1/2(∂Ωℓ)} = |ζ_0|^2_{H1/2(γ(i)ℓ )} + I_1(ζ_0) + I_2(ζ_0)

with

I_1(ζ_0) = ∫_{Bi} Ai |ζ_0(x)|^2 |x − A_i| dx, I_2(ζ_0) = ∫_{Bi} Ai |ζ_0(x)|^2 |x − B_i| dx. Now we can write 4∑ i=1 |ζ_0|^2_{H1/2(γ(i)ℓ )} ≲ |ζ_0|^2_{H1/2(∂Ωℓ)} ≲ |ζ_L|^2_{H1/2(∂Ωℓ )} ≲ 4∑ i=1 (ζ_L(A_i) − ζ_L(B_i))^2 ≲ ( 1 + log H h ) |ξ + ζ_L|^2_{H1/2(∂Ωℓ)},

where the inequality |ζ_L|^2_{H1/2(∂Ωℓ )} ≲

∑_4

i=1(ζ_L(A_i) − ζ_L(B_i))^2 is proven in [22] by direct computation, and the last inequality descends by applying the bound (84) to the function (ξ + ζ_L)(x) − (ξ + ζ_L)(B_i). Let us now bound I_1. I_2 can be bound by the same argument. For notational simplicity let us identify A_i = 0 and B_i = H. We have

I_1(ζ_0) = ∫_H 0 |ζ_0|^2 |x| dx = ∫_H 0 |ζ_0(x) + ζ_L(x) − ζ_L(x) + ζ_L(0) − ζ_L(0)|^2 |x| dx ≲ ∫_H 0 |ζ_0(x) − ζ_L(x) + ζ_L(0)|^2 |x| dx + ∫_H 0 |ζ_L(x) − ζ_L(0)|^2 |x| dx.

Let us bound the first integral. Let us set ζ_⊥ = ζ_0 − ζ_L. We have ∫_H 0 |ζ_⊥(x) − ζ_⊥(0)|^2 |x| dx = ∫_h 0 |ζ_⊥(x) − ζ_⊥(0)|^2 |x| dx + ∫_H h |ζ_⊥(x) − ζ_⊥(0)|^2 |x| dx. The first term is bound by ∫_h 0 |ζ_⊥(x) − ζ_⊥(0)|^2 |x| dx = ∫_h 0 | ∫_x 0 (ζ_⊥)_x(τ ) dτ |^2 |x| dx ≲ ∫_h 0 ∫_x 0 |(ζ_⊥)_x(τ )|^2 dτ dx ≲ h|ζ_⊥|^2_{H1(γ(i)ℓ )} ≲ |ζ_⊥|^2_{H1/2(γ(i)ℓ )}, while we bound the second by ∫_H h |ζ_⊥(x) − ζ_⊥(0)|^2 |x| dx ≲ ‖ζ_⊥ − ζ_⊥(0)‖^2_{L∞ (γ(i)ℓ )} log H h ≲ ( log H h )_2 |ζ_⊥|^2_{H1/2(γ(i)ℓ )}. On the other hand, by direct calculation, using the linearity of ζ_L we have ∫_H 0 |ζ_L(x) − ζ_L(0)|^2 |x| dx ≲ (ζ_L(b_i) − ζ_L(a_i ))^2 ≲ log H h |ζ_L + ξ|^2_{H1/2(γ(i)ℓ )}. hence we conclude that

I_1(ζ_0) ≲ ( 1 + ( log H h )_2)

|ζ_0 − ζ_L|^2_{H1/2(γ(i)ℓ )} + log H h |ζ_L + ξ|^2_{H1/2(γ(i)ℓ )}. □ We are now able to prove Theorem 2.5. Let η ∈ T_δ , η = η^V + η^E. By applying (77),(72) and (79) we get s̃(η, η) ≲ ‖η^E‖^2_T + s̃(η^V , η^V ) ≲ ( 1 + log ( H h ))_2 b(η^E, η^E) + s̃(η^V , η^V ) ≲ ( 1 + log ( H h ))_2 ŝ(η, η). On the other hand we have

ŝ(η, η) = s̃(η^V , η^V ) + b(η^E , η^E). (88)

In order to bound the first term of the sum on the righthandside of (88) we let η̌^V = (η̌^V_ℓ )_{ℓ=1,··· ,L} ∈ L be unique element satisfying

η̌^V_ℓ (A) = η_ℓ(A) for all A vertex of Ω_ℓ.

We easily check that η^V = η̌^V −π(η̌^V ). Then we can apply lemma 2.6 with ξ = η−η̌^V and ζ_L = η̌^V : thanks to lemma 2.5 it holds

‖η^V ‖^2_T ≲ ( 1 + log ( H h )) ‖η̌^V ‖^2_T ≲ ( 1 + log ( H h ))_2 ‖η‖^2_T . (89)

In view of (78), the bound (89) implies

s̃(η^V , η^V ) ≲ ( 1 + log ( H h ))_2 s̃(η, η). (90) Let us now consider the second term in the sum at the right hand side of (88).

We can write b(η^E , η^E) ≲ ∑ m∈I^∗ ‖η^E‖^2_{H1/200 (γm)} ≲ ∑ m∈I^∗ ‖η^E‖^2_{H1/200 (γm )} + ∑ m∈I ‖η − η̌‖^2_{H1/200 (γm)} We now observe that on “trace sides” (m ∈ I^∗) we have η^E = η − η̌. We can then apply lemma 2.6 again and we get b(η^E , η^E) ≲ ( 1 + log ( H h ))_2 s̃(η, η). (91) 3 The Mortar Wavelet Method

In this section we construct mortar approximation spaces in a general wavelet context. We focus here on one (rectangular) subdomain Ω_ℓ which for simplicity we assume to be the unit square. The approximation spaces on ]0, 1[^2 will be obtained from tensor-product of one-dimensional spaces. Starting from a (now classical) multiresolution analysis on the interval [31, 7, 29], we construct a wavelet family (adapted to the “multiplier” sides) which will allow to define a suitable multiplier space verifying by construction the basic assumptions (A.1-3) needed to apply the abstract result of the previous section. This will allow us to derive the error estimates.

3.1 Multiresolution Analyses on the interval and approximation properties

3.1.1 Scaling functions on the Interval

The construction of multiresolution analyses and associated wavelet bases on the interval, which preserve the approximation properties of the wavelet bases on R has nowadays already been discussed in a number of papers (see [31, 7] for the first constructions, but also [48, 39, 28, 50, 52]). To be as general as possible, we will consider the case of biorthogonal wavelet bases, that includes the orthonormal bases. Let us point out which are the properties of such bases, which will be needed for the design and the analysis of the Mortar Wavelet Method and which we will assume to be verified by the chosen basis. We recall that a wide class of bases exists, which satisfy by construction such assumptions.

We assume that we are given a couple of biorthogonal Multi-Resolution Analyses (MRA) of L^2(0, 1), that is a couple of increasing sequences of finite dimensional subspaces (V_j = V_j(]0, 1[))_{j≥j0} and ( Ṽ_j = Ṽ_j (]0, 1[) ) j≥j_0 , whose respective union is

dense in L^2(0, 1). Without loss of generality, we can assume that dimV_j = dimṼ_j = 2^j + 2 (see [7, 50, 33] for example).

V_j and Ṽ_j are respectively spanned by scaling function Riesz bases (φ_{j,k})_{k=0,2}j_{+1} and (φ̃_{j,k})_{k=0,2}j_{+1} which are biorthogonal, i.e. they verify: ∫_1 0 φ_{j,k}φ̃_{j,k} = δ_{kk}′ , ∀k, k^′ = 0, . . . , 2^j + 1.

The scaling function bases are usually constructed as a modification of the corresponding (compactly supported) scaling functions in L^2(R) (see [43]). In this process, one naturally distinguishes between edge (left and right) functions and interior functions: interior functions coincide with scaling functions on the line whose support is included into ]0, 1[ while edge function are linear combinations of scaling functions on the line (restricted to ]0, 1[), whose support overlap the left (resp. right) edge. Consequently, for j ≥ j_0, the scaling basis of V_j is usually indexed as follows, with N and Ñ two given integers:

• φ^{left}_{j,k} , k = 0, . . . , N − 1, the N scaling functions at the left edge,

• φ_{j,k}, k = N, . . . , 2^j − N + 1, the interior scaling functions,

• φ^{right}_{j,k} , k = 2^j − N + 2, . . . , 2^j + 1, the N scaling functions at the right edge.

Similarly for the scaling basis of Ṽ_j:

• φ̃^{left}_{j,k} , k = 0, . . . , Ñ − 1, the Ñ scaling functions at the left edge,

• φ̃_{j,k}, k = Ñ, . . . , 2^j − Ñ + 1, the interior scaling functions,

• φ̃^{right}_{j,k} , k = 2^j − Ñ + 2, . . . , 2^j + 1, the Ñ scaling functions at the right edge. For notational simplicity, we will omit in the following the suffixes “left” and “right”. We will then note (φ_{j,k})_{k=0,2}j_{+1} and (φ̃_{j,k})_{k=0,2}j_{+1} the above bases. We recall that these functions have compact support and are scale invariant, i.e. ∀j ≥ j_0, ∀x ∈ [0, 1], and forallk = 0, . . . , N − 1 (resp. forallk = 0, . . . , Ñ − 1) on the left boundary it holds φ_{j,k}(x) = 2^{j−j02} φ_{j0,k}(2^{j−j0} x), φ̃_{j,k}(x) = 2^{j−j02} φ̃_{j0,k}(2^{j−j0} x), while on the right boundary we have

φ_{j,2}j_{+1−k}(x) = 2^{j−j02} φ_{j0,2}j_{0+1−k}(1 − 2^{j−j0} (1 − x)),

φ̃_{j,2}j_{+1−k}(x) = 2^{j−j02} φ_{j0,2}j_{0+1−k}(1 − 2^{j−j0} (1 − x)).

Moreover, the interior scaling functions coincide with the original scaling functions on the real line and ∀j ≥ j_0, ∀k = N, . . . , 2^j − k + N, they take the form: φ_{j,k}(x) = φ_{j,N} (x − 2^{−j}(k − N)), (and similarly for the duals φ̃_{j,k}). Finally we can also suppose, that all scaling functions of V_j vanish at the edges 0 and 1, except one function at each edge. For example we will assume that only the functions φ_{j,0} and φ_{j,2}j_{+1} verify a nonvanishing boundary condition:

φ_{j,0}(0) ≠ 0 and φ_{j,2}j_{+1}(1) ≠ 0 , (92) φ_{j,k}(0) = 0, ∀k = 1, . . . , 2^j + 1, φ_{j,k}(1) = 0, ∀k = 0, . . . , 2^j.

We will assume that the two MRA are respectively R-regular and R̃-regular, that is φ_{j,k} ∈ H^R(0, 1) and φ̃_{j,k} ∈ H^{R̃}(0, 1), with R ≥ 1, R̃ > 0.

Following [31] such scaling functions are constructed in such a way that they satisfy Strang-Fix conditions, that is they allow to reconstruct polynomials up to degree N − 1 in the space V_j and up to degree Ñ − 1 in the space Ṽ_j. More precisely, we will have for all j ≥ j_0 and for n = 0, . . . , N − 1

2^{j/2}(2^jx)^n =

2^j +1∑

k=0 a^n_k φ_{j,k}(x), (93)

and for n = 0, . . . , Ñ − 1

2^{j/2}(2^jx)^n =

2^j +1∑

k=0 ã^n_k φ̃_{j,k}(x), (94)

with a^n_k and ã^n_k reals independent of j. Remark that the hypothesis (92) implies that a^0 ≠ 0, a^0_{2j +1} ≠ 0 and a^n_0 = 0 for all 1 ≤ n ≤ N − 1 in equation (93).

Let now V^0_j ⊂ H^1_0 (0, 1) be the space of functions of V_j vanishing at the boundaries of the interval:

V^0_j = V_j ∩ H^1_0 (0, 1) = span < φ_{j,k} , k = 1, . . . , 2^j, >,

V_j = V^0_j ⊕ span < φ_{j,0} , φ_{j,2}j_{+1}. > . When designing the Mortar Wavelet Method, the space V^0_j will play the role of the space which, in section 2.3, was denoted T^0_m, that is the space of traces on a “multiplier side” of discrete functions, vanishing at the extrema. The corresponding multiplier space (which will play the the role of the M^m_δ of section 2.3) is most naturally defined with the aid of a suitable dual space, which will have to satisfy the assumptions of section 2.5. The construction of such dual space for V^0_j is the object of the following theorem.

Theorem 3.1 Let j ≥ j_0. Let (α_k)_{k=0,}~_{N−1} and (β_k)_{k=2}j_−~_{N+1,2}j_{+1} be the solutions of the following linear systems Ñ−1∑

k=0 ã^n_k α_k = ã^n_Ñ , and 2^j +1∑

k=2^j −Ñ+2

ã^n_k β_k = ã^n_{2j −Ñ+1}, ∀n = 0, Ñ − 1. (95)

Then the family: φ̃^∗_{j,k} = φ̃_{j,k} −^{αk}_{α0} φ̃_{j,0} , for k = 1, Ñ − 1 φ̃^∗_{j,Ñ} = φ̃_{j,}~_N +^1_{α0} φ̃_{j,0} , φ̃^∗_{j,k} = φ̃_{j,k} , for k = Ñ + 1, 2^j − Ñ φ̃^∗_{j,2j −Ñ+1} = φ̃_{j,2}j_−~_{N+1} +^1_{β2j +1} φ̃_{j,2}j_{+1} , φ̃^∗_{j,k} = φ̃_{j,k} −^{βk}_{β2j +1} φ̃_{j,2}j_{+1} , for k = 2^j − Ñ + 2, 2^j

(96)

is biorthogonal to the basis {φ_{j,k} , k = 1, . . . , 2^j} of V^0_j .

Moreover the space Ṽ^∗_j defined by: Ṽ^∗_j = span < φ̃^∗_{j,k} , k = 1, . . . , 2^j > (97) contains all polynomials of degree Ñ − 1.

Remark that Ṽ^∗_j does not verify homogeneous boundary conditions.

Proof: The biorthogonality between families (φ̃^∗_{j,k}) and (φ_{j,k}) is a trivial consequence of the biorthogonality between (φ̃_{j,k}) and (φ_{j,k}). By construction, the (φ̃_{j,k}) reproduce polynomials up to order Ñ − 1. Indeed, by equation (94) we have, ∀n = 0, Ñ − 1:

2^{j/2}(2^jx)^n =

2^j +1∑

k=0 ã^n_k φ̃_{j,k}(x)

= ã^n_0 + Ñ−1∑

k=1 ã^n_k α_k α_0 − ã^n_Ñ α_0 φ̃_{j,0}(x) + 2^j∑

k=1 ã^n_k φ̃^∗_{j,k}(x)

+ ã^n_{2j −Ñ+1} +

2^j∑

k=2^j −N+2 ã^n_k β_k β_2j_{+1} − ã^n_{2j −Ñ+1} β_2j_{+1} φ̃_{j,2j +1}(x)

where we applied the definition (96).

The result holds then if α_0 ≠ 0, β_2j_{+1} ≠ 0, and if the α_k, β_k satisfy the following equations:

ã^n_N − Ñ−1∑

k=0 ã^n_k α_k = 0, ∀n = 0, Ñ − 1

ã^n_{2j −Ñ+1} −

2^j +1∑

k=2^j −N+2

ã^n_k β_k = 0, ∀n = 0, Ñ − 1

We will assume here that the matrix [ã^n_k ]_{0≤k,n≤}~_{N−1} is invertible and that the coefficients α_0 and β_0 are non vanishing. This can be proven in particular cases, such as for biorthogonal spline wavelets [39, 32] or orthogonal wavelets. In this last example φ_{j,k} = φ̃_{j,k} and the coefficients ã^n_k =

∫_1 0 x^nφ̃_{j,k} can be written as ã^n_k = p_n(k), where p_n is a polynomial of degree n [50]. [ã^n_k ]_{0≤k,n≤}~_{N−1} is then a nonsingular Vandermonde type matrix. The nonvanishing values of the coefficients α_0 and β_2j_{+1} follows from the same argument, by considering the matrix [ã^n_k ]_{0≤n≤}~_{N−1,1≤k≤}~_N . In general we will have to verify case by case that such an assumption holds. Remark that, thanks to the scale invariance property of the scaling functions it will be enough to verify it once and for all for j = j_0. □

3.1.2 Projectors on MRA spaces and approximation properties Let P_j and P̃_j be the biorthogonal projectors associated to V_j and Ṽ_j defined, as usual, for all η and λ in L^2(0, 1) by:

P_j(η) =

2^j +1∑

k=0 < η|φ̃_{j,k} > φ_{j,k}

P̃_j (λ) =^2 j +1∑

k=0 < λ|φ_{j,k} > φ̃_{j,k} (98) where < ·|· > denotes the L^2(0, 1) scalar product.

It is well known that under the assumptions of the previous section, the following Jackson and Bernstein inequalities hold [29]:

Theorem 3.2 Let 0 ≤ r ≤ s ≤ N, r ≤ R, then for all η ∈ H^s(0, 1), we have: ‖η − P_j(η)‖_{r,]0,1[} ≲ 2^{−j(s−r)}‖η‖_{s,]0,1[}, (99) while, for 0 ≤ r ≤ s ≤ Ñ, r ≤ R̃ and for all λ ∈ H^s(0, 1) it holds: ‖λ − P̃_j(λ)‖_{r,]0,1[} ≲ 2^{−j(s−r)}‖λ‖_{s,]0,1[}. (100) Moreover, a scaling argument yields the following inverse inequalities Theorem 3.3 For all r, s, 0 ≤ r ≤ s ≤ R one has: ‖η‖_{s,]0,1[} ≲ 2^{j(s−r)}‖η‖_{r,]0,1[}, if η ∈ V_j , (101) and for all r, s, 0 ≤ r ≤ s ≤ R̃ one has: ‖λ‖_{r,]0,1[} ≲ 2^{jr}‖λ‖_{0,]0,1[}, if λ ∈ Ṽ_j. (102)

In the following it will also be useful to consider the biorthogonal projector on V^0_j induced by its dual Ṽ^∗_j Definition. Let π_j : L^2(0, 1) → V^0_j be defined, for all η ∈ L^2(0, 1) by:

π_j (η) =

2^j∑

k=1 < η|φ̃^∗_{j,k} > φ_{j,k} (103)

We will also consider the adjoint projection of π_j, π̃_j : L^2(0, 1) → Ṽ^0_j , defined for all λ ∈ L^2(0, 1) by:

π̃_j (λ) =

2^j∑

k=1 < λ|φ_{j,k} > φ̃^∗_{j,k} (104) The natural environment for analyzing the projectors π_j consists in the spaces with null zero-th order trace. More precisely, for s ≥ 1 we then denote by H^s_0(0, 1) the space H^s_0(0, 1) = H^s(0, 1) ∩ H^1_0 (0, 1), endowed with the H^s norm. For s = 0 we set H^0(0, 1) = L^2(0, 1), and for 0 < s < 1 we define H^s_0 by space interpolation. We remark that H^{1/2}_0 (0, 1) = H^{1/2}_{00} (0, 1).

Since V^0_j ⊂ V_j and Ṽ^∗_j ⊂ Ṽ_j and since they reproduce respectively polynomials of degree N − 1 satisfying homogeneous boundary condition at the edge 0 and 1 and polynomials of degree Ñ − 1, the following bounds also hold.

Theorem 3.4 For all r ≤ R, for all s, 0 ≤ r ≤ s ≤ N, π_j is continuous from H^s_0(0, 1) to H^r_0(0, 1), and for all η ∈ H^s_0(0, 1) we have: ‖η − π_j (η)‖_Hr_{0(0,1)} ≲ 2^{−j(s−r)}‖η‖_Hs_{0(0,1)}. (105)

For all r ≤ R̃, for all s, 0 ≤ r ≤ s ≤ Ñ, for all λ ∈ H^s(0, 1), we have: ‖λ − π̃_j (λ)‖_{r,]0,1[} ≲ 2^{−j(s−r)}‖λ‖_{s,]0,1[} (106) Moreover, for all 0 ≤ r ≤ s ≤ R it holds ‖η‖_Hs_{0(0,1)} ≲ 2^{j(s−r)}‖η‖_Hr_{0(0,1)}. (107) In particular it holds Corollary 3.1 π_j is continuous from H^{1/2}_{00} (0, 1) to H^{1/2}_{00} (0, 1), that is for all η ∈ H^{1/2}_{00} (0, 1):

‖π_j(η)‖_H1/2_{00 (0,1)} ≲ ‖η‖_H1/2_{00 (0,1)}. (108)

Moreover, for all η ∈ L^2(0, 1) and for all λ ∈ Ṽ^0_j , ∫_1 0 (η − π_jη)λ = 0. (109)

3.2 Wavelets

We can now introduce two couples of biorthogonal wavelet bases, which will both be needed for the analysis and/or for the implementation of the Mortar Wavelet Method. On one hand we will need the complement spaces W_j and W̃_j defined as follows.

Definition. The complement spaces W_j and its dual W̃_j are defined by:

W_j = (P_{j+1} − P_j )V_{j+1}, (110) W̃_j = (P̃_{j+1} − P̃_j)Ṽ_{j+1}.

Let us now introduce the complement space W^0_j of V^0_j in V^0_{j+1} and its dual. To do this, we will use the biorthogonal projector π̃_j defined in the previous section.

Definition. The complement spaces W^0_j and its dual W̃^∗_j are defined by:

W^0_j = (π_{j+1} − π_j)V^0_{j+1}, (111) W̃^∗_j = (π̃_{j+1} − π̃_j )Ṽ^∗_{j+1}.

Following [32] it is possible to construct wavelet bases for W_j , W̃_j , W^0_j and W̃^∗_j . We will then have biorthogonal wavelet Riesz1 bases {ψ_{jk}, k = 1, · · · , 2^j}, {ψ̃_{jk}, k = 1, · · · , 2^j}, and {ψ^0_{jk}, k = 1, · · · , 2^j}, {ψ̃^∗_{j,k}, k = 1, · · · , 2^j} such that the following identities hold for all f ∈ L^2(0, 1):

(P_{j+1} − P_j )f =

2^j∑

k=1 < f|ψ̃_{jk} > ψ_{jk}, (112)

(P̃_{j+1} − P̃_j )f =

2^j∑

k=1 < f|ψ_{jk} > ψ̃_{jk}, (113)

(π_{j+1} − π_j )f =

2^j∑

k=1 < f|ψ̃^∗_{j,k} > ψ^0_{jk}, (114)

(π̃_{j+1} − π̃_j )f =

2^j∑

k=1 < f|ψ^0_{jk} > ψ̃^∗_{j,k}. (115)

Remark 3.1 The functions in the complement spaces W̃^∗_j do not satisfy an homogeneous boundary condition.

As usual in the wavelet framework, norm equivalences hold for Sobolev spaces of negative and/or fractional smoothness (either of the type H^s(0, 1) or H^s_0(0, 1) as defined above), in terms the expansions in either one of the bases {ψ_{jk}}, {ψ̃_{jk}}, {ψ^0_{jk}} and {ψ̃^∗_{jk}}. It is beyond the goals of this paper to precisely state such norm equivalences. We will therefore limit ourselves to state the following theorem, which will play a key role in both the analysis and the implementation of the Mortar Wavelet Method and which can be proven by applying the results of [36, 24].

Theorem 3.5 Let f ∈ L^2(0, 1). The following two norm equivalences hold:

‖f‖^2_{H1/2(0,1)} ∼ 2^j +1∑

k=0 | < f|φ̃_{j0,k} > |^2 + ∑ j≥j_0

2^j∑

k=1 2^j | < f|ψ̃_{jk} > |^2, (116)

‖f‖^2_{H1/200} ∼ 2^j∑

k=1 | < f|φ̃_{j0,k} > |^2 + ∑ j≥j_0

2^j∑

k=1 2^j | < f|ψ̃^∗_{jk} > |^2. (117)

Moreover f ∈ H^{1/2}(0, 1) (resp. f ∈ H^{1/2}_{00} (0, 1)) if and only if the sum on the right hand side of (116) (resp. (117)).

3.3 Mortar approximation spaces in the Wavelet framework

3.3.1 2D Multiresolution analyses

As usual in the unit ]0, 1[^2 we will consider as approximation spaces a two-dimensional MRA V_j defined by tensor products of one-dimensional MRA:

V_j = V_j ⊗ V_j ∼ span < Φ_{j,k} , k ∈ K_j >, Ṽ_j = Ṽ_j ⊗ Ṽ_j ∼ span < Φ̃_{j,k} , k ∈ K_j >, with, for k = (k_1, k_2) ∈ K_j = {0, . . . , 2^j + 1}^2

Φ_{j,k} = φ_{j,k1} ⊗ φ_{j,k2} and Φ̃_{j,k} = φ̃_{j,k1} ⊗ φ̃_{j,k2} .

In the same way, V^0_j , the subspaces of V_j verifying homogeneous boundary conditions and its dual Ṽ^∗_j are, for K^∗_j = {1, . . . , 2^j}^2

V^0_j = V^0_j ⊗ V^0_j ∼ span < Φ_{j,k} , k ∈ K^∗_j >, Ṽ^∗_j = Ṽ^∗_j ⊗ Ṽ^∗_j ∼ span < Φ̃^∗_{j,k} , k ∈ K^∗_j > .

It is well known that the family (V_j ) constitutes a MRA of L^2(]0, 1[^2), and (V^0_j ) a MRA of H^1_0 (]0, 1[^2). The two-dimensional biorthogonal projections on respectively

V_j and V^0_j will be denoted by P_j and Π_j and their adjoints by P̃_j and Π̃_j :

P_j f = ∑ k∈K_j < f|Φ̃_{j,k} > Φ_{j,k}, Π_j f = ∑ k∈K^∗_j < f|Φ̃^∗_{j,k} > Φ_{j,k}, P̃_j f = ∑ k∈K_j < f|Φ_{j,k} > Φ̃_{j,k}, Π̃_j f = ∑ k∈K^∗_j < f|Φ_{j,k} > Φ̃^∗_{j,k}.

Two-dimensional wavelets are constructed (as usual) by tensor products of univariate bases. We will then have two couples of biorthogonal wavelets, which we will denote by Ψ_{j,κ}, Ψ̃_{j,κ}, and Ψ^0_{j,κ}, Ψ̃^∗_{j,κ} such that:

(P_{j+1} − P_j )f = ∑ κ∈I_j < f|Ψ̃_{j,κ} > Ψ_{j,κ} (118) (P̃_{j+1} − P̃_j )f = ∑ κ∈I_j < f|Ψ_{j,κ} > Ψ̃_{j,κ} (119) (Π_{j+1} − Π_j )f = ∑ κ∈I^∗_j < f|Ψ̃^∗_{j,κ} > Ψ^0_{j,κ} (120)

(Π̃_{j+1} − Π̃_j )f = ∑ κ∈I^∗_j < f|Ψ^0_{j,κ} > Ψ̃^∗_{j,κ}, (121)

where I_j and I^∗_j will denote suitable multi-index sets. The corresponding complement spaces will then be denoted by W_j = (P_{j+1} − P_j )V_j = span < Ψ_{j,κ}, κ ∈ I_j > W̃_j = (P̃_{j+1} − P̃_j )V_j = span < Ψ̃_{j,κ}, κ ∈ I_j > W^0_j = (Π_{j+1} − Π_j )V_j = span < Ψ^0_{j,κ}, κ ∈ I^∗_j > W̃ ∗_j = (Π̃_{j+1} − Π̃_j )V_j = span < Ψ̃∗_{j,κ}, κ ∈ I∗_j >

(122)

Remark 3.2 There are several ways of building wavelet bases for the spaces W_j , W̃_j , W 0_j and W̃ ∗_j . For instance, one can define a basis for W_j composed by functions of the form ψ_{j,k}(x)ψ_j′_{,k}′ (y) and ψ_j′_{,k}′ (x)ψ_{j,k}(y) (with j^′ ≤ j), or, as it is usually done in the wavelet context, by functions of the form ϕ_{j,k}(x)ψ_{j,k}′ (y), ψ_{j,k}(x)ψ_{j,k}′ (y) and ψ_{j,k}(x)ψ_{j,k}′ (y). The same alternative holds for the three other spaces. Depending on the choice made the index sets I_j and I^∗_j will have different forms. We remark however that Theorem 3.7 in the following holds for both choices.

Again, Jackson and Bernstein inequalities and norm equivalences analogous to (99-105) and (116-117) are still valid in dimension 2. In particular, the following two Theorem hold.

Theorem 3.6 For all r, 0 ≤ r ≤ R, for all s, r ≤ s ≤ N and for all u ∈ H^s(]0, 1[^2) it holds ‖u − P_j (u)‖_{r,]0,1[}2 ≲ 2^{−j(s−r)}‖u‖_{s,]0,1[}2 . (123) For all r, s, 0 ≤ r ≤ s ≤ R u ∈ V_j =⇒ ‖u‖_{s,]0,1[}2 ≲ 2^{j(s−r)}‖u‖_{r,]0,1[}2 . (124) Theorem 3.7 The following norm equivalences hold: for all u ∈ H^1(]0, 1[^2) ‖u‖^2_H1_{(]0,1[}2_) ∼ ∑ k∈K_{j0} | < u|Φ̃_{j0,k} > |^2 + ∑ j≥j_0 ∑ κ∈I_j 2^{2j} | < u|Ψ̃_{j,κ} > |^2, (125)

and for all u ∈ H^1_0 (]0, 1[^2)

‖u‖^2_H1_{(]0,1[}2_) ∼ ∑ k∈K^∗_{j0} | < u|Φ̃_{j0,k} > |^2 + ∑ j≥0 ∑ κ∈I^∗_j 2^{2j}| < u|Ψ̃^∗_{j,κ} > |^2. (126)

Conversely, u ∈ H^1(]0, 1[^2) (resp. u ∈ H^1_0 (]0, 1[^2)) if and only if the sum on the right hand side of (125) (resp. of (126)) is bounded. 3.3.2 Trace and multiplier spaces Let γ be one edge of ]0, 1[^2. Thanks to the tensor product structure of the space V_j , the trace space T_j (γ) of functions of V_j can be identified to the space spanned by the basis of scaling functions on the interval: T_j (γ) = {Traces of V_j on γ} ∼ V_j = span < φ_{j,k} , k = 0, . . . , 2^j + 1 > . Then, the space T^0_j (γ) ⊂ H^{1/2}_{00} (γ) of functions of T_j (γ) vanishing at the edges of γ verifies:

T^0_j (γ) ∼ V^0_j = span < φ_{j,k} , k = 1, . . . , 2^j > . (127) Definition. If γ is a multiplier side a natural choice for the multiplier space M_j (γ) on γ will be: M_j (γ) ∼ Ṽ^∗_j = span < ϕ̃^∗_{j,k} , k = 1, . . . , 2^j > . (128)

Remark 3.3 - M_j ⊂ T̃_j (and not T_j as usual in the mortar methods, see [15]) is exactly the dual space of T^0_j , then the projector π_j is diagonal. This projector is diagonal for spectral approximation, and tridiagonal for finite elements P1 [12, 11]. If orthonormal wavelets are considered, then M_j is a subspace of codimension 2 of T_j , as in the classical mortar method.

Theorem 3.8 The spaces T^0_j (γ) and M_j (γ) verify assumptions (A.1–3).

Proof:

• (A1) The projection: π_j : L^2(γ) → T^0_j (γ) defined by (103) verifies assumption (A1). This result is given by Corollary 3.1.

• (A2) Lifting: For simplicity let us assume that γ = {(0, y), y ∈ (0, 1)}. The following map: R_j : T^0_j (γ) → V_j defined, for all η ∈ T^0_j (γ) by:

R_j (η) = j−1∑ j^′=j_0

2^{j′}∑

k=1 2^{−j′/2} < η|ψ̃^∗_j′_{,k} > ψ^0_j′_{,k} ⊗ φ_j′_{,0}

+ 2^{j0}∑

k=1 2^{−j0/2} < η|φ̃^∗_{j0,k} > φ_{j0,k} ⊗ φ_{j,0} is a lifting from H^{1/2}_{00} (γ) to H^1(]0, 1[^2) which verifies assumption (A2). In fact, let us consider the MRA V̌_j = V^0_j ⊗ V_j and its dual V̂_j = Ṽ^∗_j ⊗ Ṽ_j . If we denote by {Ψ̌_{j,κ}, κ ∈ Ǐ_j} and {Ψ̂_{j,κ}, κ ∈ Ǐ_j}, the corresponding couple of biorthogonal wavelet bases, (with an analogous notation for scaling functions) the following norm equivalence holds: for all u ∈ H^1_0 (]0, 1[^2), satisfying u(0, y) ≡ u(1, y) ≡ 0 for all y ∈ (0, 1):

‖u‖^2_{1,]0,1[}2 ∼ ∑ k∈Ǩ_{j0} | < u|Φ̃_{j,k} > |^2 + ∑ j≥j_0 2^{2j} ∑ κ∈Ǐ_j | < f|Ψ̂_{j,κ} > |^2,

where Ǩ_{j0} = {1, . . . , 2^{j0} } × {0, . . . , 2^{j0} + 1}. Now we observe that for suitable κ = κ(k) we have Ψ̌_{j,κ}(x, y) = ψ^0_{j,k}(x)φ_{j,0}(y), Ψ̂_{j,κ}(x, y) = ψ̃^∗_{j,k}(x)φ̃_{j,0}(y). Therefore, applying the previous norm equivalence to R_j (η), we get

‖R_j(η)‖_{1,]0,1[}2 ∼

2^{j0}∑

k=1 2^{−j0} | < η|φ̃^∗_{j0,k} > |^2 + j−1∑ j^′=j_0

2^{j′}∑

k=1 2^{j′} | < η|ψ̃^∗_j′_{,k} > |^2, (129)

and the right hand side of (129) is equivalent to ‖η‖_H1/2_{00 (γ)}, thanks to norm equivalence (117).

• (A3) Let γ be a multiplier side of ]0, 1[^2. Then, for all η ∈ T^0_j we have by (107): ‖η‖_H1/2_{00 (γ)} ≲ 2^{−js/2}‖η‖_Hs_{(γ)}, and the assumption (A.3) is fullfilled with h = 2^{−j} .

• (A4) By applying a scaling argument it is not difficult to prove that the space V_j satisfies also the following inverse inequality: for all u ∈ V_j it holds ‖∇u‖_{∞,Ωℓ} ≲ 2^j‖u‖_{∞,Ωℓ} . □

3.4 Error estimates

We can now use the function spaces thus defined in the framework of the mortar method described in section 2. For simplicity we will just consider the case in which all the subdomains are discretized by wavelets. More precisely, in each subdomain Ω_ℓ let the approximation space V^ℓ_δ be given by:

V^ℓ_δ = V_{j(ℓ)}

with some fixed j(ℓ) ≥ j_0. To each edge γ^{(i)}_ℓ we associate the trace space of V^ℓ_δ : T_{ℓ,i} ∼ T_{j(ℓ)}(γ^{(i)}_ℓ ). For m = (ℓ, i) ∈ I (γ_m = γ^{(i)}_ℓ multiplier side), the multiplier space is

M^m_δ ∼ M_{j(ℓ)}(γ_m).

The constrained approximation space X_δ and its multiplier space M_δ are then defined according to (28, 27).

If the decomposition is geometrically conforming, the resulting multiplier space M_δ will automatically satisfy assumption (33) (ensuring stability), while in the case of a geometrically non conforming decomposition we will have to choose j(ℓ) in such a way that either one of the sufficient conditions I and II of section 2.4 are satisfied. This is true, provided one of the following two conditions is satisfied (we recall that I^{(i)}_ℓ is defined as the set of those subdomains whose boundary intersect γ^{(i)}_ℓ (see (5)). (i) card{I^{(i)}_ℓ } ≤ Ñ (Ñ being the number of polynomials exactly reproduced in Ṽ_J ).

(ii) If (i) does not hold, then j(ℓ) ≥ max{J_{ℓ,i}, i = 1, · · · , K}, where for each i ∈ I^{(i)}_ℓ J_{ℓ,i} = inf{j : ∃φ̃_{jn} ∈ M_j (γ_m), suppφ̃_{jn} ⊂ Γ_{ℓn}}. (130) With such a choice of the spaces, we will consider problem (31). Since assumptions (A.1-A.3) are fullfilled (as we checked in the previous section), the solution u_δ of such problem will satisfy the following error estimate.

Corollary 3.2 Let u, solution of (10), and let u_δ be the solution of problem (PD- 31), with the above choice of approximation and multiplier spaces. If u|_{Ωℓ} ∈ H^{sℓ} (Ω_ℓ), s_ℓ > 3/2, then it holds ‖u − u_δ‖_X ≲ ( 1 + log ( H h )) (_L∑ ℓ=1 2^{−2j(ℓ)(sℓ−1)}‖u‖^2_{sℓ,Ωℓ} )_{1/2} + (131)

+ ∑ m=(ℓ,i)∈I 2^{−2j(ℓ)(sℓ−1)} ‖ ‖ ‖∂u ∂ν ‖ ‖ ‖^2 s_ℓ−3/2,γ_m

1/2 (132)

Proof: Either one of the conditions (i) and (ii) is sufficient to ensure that assumption (BP) is satisfied with a constant C̄ ultimately depending on the geometric decomposition of Ω in subdomains and on the particular wavelet space chosen. Since the approximation and multiplier spaces satisfy assumption (A.1–3), we can then apply corollary 2.2, which, together with the Jackson type inequalities (123) and (106) yields (131). □

Remark 3.4 In the case of a geometrically non conforming decomposition, condition (i) might be quite restrictive, forcing the discretization to be very fine (2^{−j(ℓ)} ≤ N^{−1} inf |Γ_{ℓn}|). It is opinion of the authors that such condition can in practice be relaxed by only asking 2^{−j(ℓ)} ≤ inf |Γ_{ℓn}|.

In the geometrically conforming case we have instead the following (optimal) error estimate:

Theorem 3.9 If the decomposition is geometrically conforming, under the assumptions of corollary 3.2, it holds ‖u − u_δ‖_X ≲ (_L ∑ ℓ=1 2^{−2j(ℓ)(sℓ−1)}‖u‖^2_{sℓ,Ωℓ} )_{1/2} + (133)

+ ∑ m=(ℓ,i)∈I 2^{−2j(ℓ)(sℓ−1)} ‖ ‖ ‖∂u ∂ν ‖ ‖ ‖^2 s_ℓ−3/2,γ_m

1/2 (134)

Proof: The result follows from corollary 2.3, provided it exits a projector satisfying the assumptions of theorem 2.4. Indeed, observing that for a geometrically conforming decomposition all cross points at vertices of all the subdomains to which they belong, in the wavelet case, this projector Π_j : H^s(]0, 1[^2) → V_j can be simply defined for all u ∈ H^s(]0, 1[^2) by:

Π_j(u) = P_j (u) + 4∑ i=1 ( u(A_i) Φ^{Ai}_j (A_i) − < u|Φ̃^{Ai}_j > ) Φ^{Ai}_j where for each vertex A_i of [0, 1]^2 vertex scaling functions Φ^{Ai}_j is the only scaling function of V_j that does not vanish at A_i,, in other words, for instance:

If A_0 = (0, 0), then Φ^{A0}_j (x, y) = φ_{j,0}(x)φ_{j,0}(y), If A_1 = (1, 0), then Φ^{A1}_j (x, y) = φ_{j,2}j_{+1}(x)φ_{j,0}(y), · · · It is easily verified that Π_j is indeed a projector and that it verifies Π_j(u)(A_i) = u(A_i) for any vertex A_i. Moreover it is not difficult to check that the Jackson inequality of the form (53) valid for s̄ = R and t̄ = N, provided Π_j is bounded from H^t(Ω_ℓ) to H^s(Ω_ℓ). This is the case, if 1 < t. □

4 Some Remarks on the Implementation

The aim of this section is to stress out how some of the features of wavelet bases can be exploited for an efficient implementation of the Mortar Wavelet Method.

4.1 Multiplication by the Stiffness Matrix

It is well known that in the implementation of the mortar method, the multiplication by the stiffness matrix can be performed by applying subdomainwise the local stiffness matrix (which does not take into account the constraints), after multiplication by a “transfer matrix” which gives the values of the constrained degrees of freedom (the ones living on the interior of multiplier sides) in terms of the remaining (free) degrees of freedom. The transfer matrix is a discrete realization of the projector π (section 2.5).

In the case that a geometrically conforming decomposition is consider and that all subdomains are discretized by wavelets, applying such projector (π_j , see (103)) reduces to performing either a Fast Wavelet Transform or an Inverse Fast Wavelet

Transform depending on which of the two discretizations on the “trace” and on the “multiplier” side, is finer.

In general, when a non geometrically conforming decomposition is considered and/or wavelets are coupled with some other method, in the case in which a multiplier side γ_m is chosen in a subdomain discretized by wavelets, then, thanks to (103), applying the transfer matrix reduces to computing the scalar products of the functions on the corresponding “trace sides” with the scaling functions φ̃^∗_{j,k}, k = 1, . . . , 2^j. We recall that several techniques are available for the numerical computation of the integral of a given function times a scaling function, a task that can be performed in O(N) operations, and we refer to [41, 17], for more details in such a direction. We also refer to [26] for an analysis of the effect that using numerical quadrature in computing the projector π has on the method.

4.2 Preconditioning Operators in the Wavelet case

Let us now come to the construction of the preconditioner described in section 2.6. For simplicity we assume here that all subdomains are discretized by wavelets. We recall that the considered preconditioner (expressed through the corresponding bilinear form rather than in matrix form) takes the block diagonal form

â_X (u, v) = ∑ ℓ=1,··· ,L ã^0_ℓ (u^0_ℓ , v^0_ℓ ) + ∑ (ℓ,i)∈I^∗ b_{ℓ,i}(u^E_ℓ , v^E_ℓ ) (135) + ∑ ℓ=1,··· ,L ∫ Ω_ℓ

∇R^ℓ_δ(u^V_ℓ )∇R^ℓ_δ(v^V_ℓ )

with R^ℓ_δ suitable lifting operators, and ã^0_ℓ , b_{ℓ,i} suitable bilinear forms. The terms u^0 = (u^0_ℓ )_{ℓ=1,··· ,L}, u^E = (u^E_ℓ )_{ℓ=1,··· ,L} and u^V = (u^V_ℓ )_{ℓ=1,··· ,L} correspond to the splitting

u = u^0 + R_j (u^E + u^V )

of u in interior, edge and vertex components, and analogously for the test function v. We need then to construct a lifting operator R_j , and bilinear forms ã_ℓ and b_{ℓ,i} satisfying assumptions (58), (59) and (72) respectively. Again, we can take advantage of the features of wavelets for gaining efficiency.

Thanks to the scaling invariance of the norms involved in the analysis of the preconditioner we can work on the reference square Ω̂ =]0, 1[^2. We will denote by γ_1 = {(0, y), y ∈]0, 1[}, γ_2 = {(x, 1), x ∈]0, 1[}, γ_3 = {(1, y), y ∈]0, 1[} and γ_4 = {(x, 0), x ∈]0, 1[} the four edges of Ω̂, and Γ̂ = δΩ̂ = γ_1 ∪ γ_2 ∪ γ_3 ∪ γ_4 the boundary of Ω̂.

Let us begin by constructing the lifting operator R_j . We first define an operator Ř_j : H 1/2(Γ̂) → V_j as follows Ř_j(η) = R^1_j (η) + R^2_j (η − R^1_j (η)), where R^1_j is a lifting from γ̄_1 ∪ γ̄_3:

R^1_j η(x, y) = j−1∑ j^′=j_0

2^{j′}∑

k=1 (∫ γ_1 ηψ̃_j′_k ) φ^∗_j′_{,0}(x)ψ_j′_k(y)

+ j−1∑ j^′=j_0

2^{j′}∑

k=1 (∫ γ_3 ηψ̃_j′_k ) φ^∗_j′_{,2}j_{+1}(x)ψ_j′_k(y)

+φ^∗_{j00}(x)P_{j0} (η|_{γ1} )(y) + φ^∗_{j02}j_{0 +1}(x)P_{j0} (η|_{γ3} )(y). while R^2_j is a lifting from γ_2 ∪ γ_4:

R^2_j η(x, y) = j−1∑ j^′=j_0

2^{j′}∑

k=1 (∫ γ_4 ηψ̃^∗_j′_k ) ψ^0_j′_k(x)φ^∗_j′_{,0}(y)

+ j−1∑ j^′=j_0

2^{j′}∑

k=1 (∫ γ_2 ψ̃^∗_{j′k} ) ψ^0_j′_k(x)φ^∗_j′_{,2}j_{+1}(y)

+π_{j0} (η|_{γ4} )(x)φ^∗_{j0,0}(y) + π_{j0} (η|_{γ2} )(x)φ^∗_{j02}j_{0 +1}(y) Using again the norm equivalences of Theorems 3.5 and 3.7, it is not difficult to check that Ř_j verifies ‖Ř_jη‖_{1,Ω̂} ≲ ‖η‖_{1/2,Γ̂}. Since Ř_j does not in general verify the seminorm inequality |Ř_jη|_{1,}^_Ω ≲ |η|_{1/2,}^_Γ, we need to modify it. More precisely, denoting by < η >_{Γ̂} =^1_4

∫_^ Γ η the average value of η on Γ̂, we set R_j(η) = < η >_{Γ̂} + Ř_j (η − < η >_{Γ̂}). (136) Now, thanks to Poincaré inequality we have

|R_j(η)|_{1,Ω̂} ≲ |Ř_j(η − < η >_{Γ̂})|_{1,Ω̂} ≲ ‖η − < η >_{Γ̂}‖_{1/2,Γ̂} ≲ |η|_{1/2,Γ̂}. R_j satisfies then the assumptions of section 2.6.

Thanks to the properties of wavelet bases, the construction of an easily invertible operator ã^0 : V^0_j × V^0_j → R, satisfying assumption (59) and (60) is easy. More precisely, setting

ã^0(u, v) = j−1∑ j^′=j_0 ∑ κ∈I^∗_j 2^{2j′} u_j′_{,κ} v_j′_{,κ} + ∫ Ω̂ Π_{j0} u Π_{j0} v (137)

where u_j′_{,κ} =< u|Ψ̃^∗_j′_{,κ} > and v_j′_{,κ} =< v|Ψ̃^∗_j′_{,κ} > are the coefficients of u and v in the wavelet basis {Ψ^0_j′_{,κ}}, due to the norm equivalence (126) it is not difficult to check that ã^0 verifies indeed the bounds (59) and (60).

The bilinear forms b_{ℓ,i} can be defined analogously. In fact, working on the reference segment ]0, 1[, b can be defined by taking advantage of the properties of wavelets. Any function in V^0_j can in fact be expressed in the wavelet basis ψ^0_{jk}, and hence we can define b(η, ξ) = j−1∑ j^′=j_0

2^{j′}∑

k=1 2^{j′} η_j′_{,k} ξ_j′_{,k} +

∫_1 0 π_{j0} (η) π_{j0} (ξ) (138)

where η_j′_{,k} =< η|ψ̃^∗_j′_k >, ξ_{j,k} =< ξ|ψ̃^∗_j′_k > denote the coefficient of respectively η and ξ in the wavelet basis. Again, thanks to the norm equivalence (117), the bilinear form b satisfies the equivalence (72).

The preconditioner Ŝ, which is defined as the Galerkin discretization of the bilinear form â_X defined according to (135), will have a block diagonal structure, where most of the blocks (except the very small blocks corresponding to the cross point unknowns) will themselves have a diagonal form, provided that the wavelet basis, rather than the usual nodal basis, is used in the Galerkin discretization.

Applying Ŝ^{−1} to a given vector (with N^V + N^E + N^0 degrees of freedom, respectively counting vertex, edge and interior unknowns) reduces then to the following steps:

• computing η^V by solving the “coarse” linear system having as unknowns the (multiple, one for each subdomain) values of such function at the cross points (last term of equation (135) , and then extending it linearly on each “trace edge” (0((N^V )^3) operations) • computing η^E by solving on each “trace side” a linear system corresponding to the bilinear operator b_{ℓ,i} (138). When expressed in the wavelet basis {ψ^0_{jk}}, the corresponding matrix is diagonal. Expressing the right hand side in the wavelet basis reduces to applying a Fast Wavelet Transform (O(N^E ) operations).

• Computing u^0 by solving, in each subdomain, the linear system corresponding to the bilinear form ã_ℓ, with homogeneous boundary conditions (137). Again, since the corresponding linear system is diagonal if the wavelet basis is used, this reduces to expressing the right hand side in the wavelet basis by applying a two dimensional Fast Wavelet Transform (O(N^0) operations).

• η_δ is then reconstructed on “trace sides” as η^E + η^V , and on “slave sides” by applying the projector π, (O(N^S) operations, N^S denoting the dimension of M_δ).

• The lifting R_j (η) is then computed (136). Thanks to its simple expression, this operation can be performed in O(N^E + N^V + N^S ) operations. Remark that the value of η at “multiplier sides” affects the result in the interior of the subdomains, therefore it has to be (directly or indirectly) computed.

• The result u_δ is then assembled as u_h = u^0 +R_j (η_δ). By construction u_h verifies the jump constraint, and therefore can be expressed by using the constrained degrees of freedom, namely the (multiple) values at cross points, the coefficients of its trace at “trace edges” and the coefficients of the basis functions Φ_{j,k} of V_j .

References

[1] Y. Achdou, G. Abdoulaev, Y. Kutznetsov, and C. Prud’homme. On the parallel inplementation of the mortar element method. M2AN, 1997.

[2] Y. Achdou, Y. Kuznetsov, and O. Pironneau. Substructuring preconditioners for the q_1 mortar element method. Numer. Math., 1995. to appear.

[3] Y. Achdou, Y. Maday, and O. Widlund. Substructuring preconditioners for the mortar method in dimension two. in preparation.

[4] Y. Achdou and F. Nataf. Preconditioners for the mortar method based on local approximations of the Steklov-Poincaré operator. M^3AS, 1999. to appear.

[5] Y. Achdou and O. Pironneau. A fast solver for Navier-Stokes equations in the laminar regime using mortar finite element and boundary element method. SIAM J. Numer. Anal. to appear.

[6] G. Anagnostou, Y. Maday, and A.T. Patera. A sliding mesh method for partial differential equations in nonstationary geometries: application to the incompressible navier–stokes equations. SIAM J. Numer. Anal., 1999. to appear.

[7] L. Anderson, N. Hall, B. Jawerth, and G. Peters. Wavelets on closed subsets on the real line. In L.L. Schumaker and G. Webb eds, editors, Topics in the Theory and Applications of Wavelets, pages 1–61, Boston, MA, 1993. Academic Press.

[8] C. Baiocchi, F. Brezzi, and D. Marini. Stabilization of galerkin methods and application to domain decomposition. In Future Tendencies in Computer Science, Control and Applied Mathematics. 1992.

[9] F. Ben Belgacem, A. Buffa, and Y. Maday. The mortar element method for 3d Maxwell’s equations: First results. Technical report, Laboratoire d’Analyse Numérique, Univ. Pierre et Marie Curie, 1999. submitted.

[10] Z. Belhachmi and C. Bernardi. The mortar spectral element method for fourthorder problems. Comp. Methods in Applied Mech. and Eng., 116, 1994.

[11] C. Bernardi, N. Debit, and Y. Maday. Coupling finite elements and spectral methods : first results. Math. of Comp., 54:21–39, 1990.

[12] C. Bernardi and Y. Maday. Coupling spectral and finite element methods for the poisson equation : a review. In T. Chung and G. Karr, editors, Finite Element Analysis in Fluids. Proc. of the Seventh International Conference on Finite Element Methods in Flow Problems. UAH Press, 1989.

[13] C. Bernardi, Y. Maday, C. Mavripilis, and A.T. Patera. The mortar element method applied to spectral discretizations. In T. Chung and G. Karr, editors, Finite Element Analysis in Fluids. Proc. of the Seventh International Conference on Finite Element Methods in Flow Problems. UAH Press, 1989.

[14] C. Bernardi, Y. Maday, and A.T. Patera. Domain decomposition by the mortar element method. In H.G. Kaper and M. Garbey, editors, Asymptotic and Numerical Methods for Partial Differential Equations with Critical Parameters, volume 384 of N.A.T.O. ASI Series C.

[15] C. Bernardi, Y. Maday, and A.T. Patera. A new nonconforming approach to domain decomposition: the mortar element method. In Nonlinear Partial Differential Equations and their Applications, Collège de France Seminar.

[16] S. Bertoluzza. An adaptive wavelet collocation method based on interpolating wavelets. In Multiscale Wavelet Methods for Partial Differential Equations, volume 6 of Wavelets Analysis and its Applications, pages 109–135. Academic Press, 1997.

[17] S. Bertoluzza, C. Canuto, and K. Urban. On the adaptive computation of integrals of wavelets. Appl. Numer. Math., 1999. to appear.

[18] S. Bertoluzza and P. Pietra. Adaptive wavelet collocation for nonlinear BVP’s.

In Proc. of ICAOS ’96, Lecture Notes in Control and Information Sciences. Springer Verlag, London, 1996.

[19] S. Bertoluzza and P. Pietra. Space frequency adaprive approximation for quantum hydrodynamic models. Transport Theory and Stat. Phys., 1999. to appear.

[20] D. Braess and W. Dahmen. Stability estimate of the mortar finite element method for 3-dimensional problems. East-West Jour. Numerical Math., 6:249– 264, 1998.

[21] D. Braess, W. Dahmen, and C. Wieners. A multigrid algorithm for the mortar finite element method. Technical Report 153, IGPM, RWTH-Aachen, 1998. to appear on SIAM J. Numer. Anal.

[22] J. H. Bramble, J. E. Pasciak, and A. H. Schatz. The construction of preconditioners for elliptic problems by substructuring. Math. of Comp., 47(175):103– 134, 1986.

[23] F. Brezzi and Fortin M. Mixed and Hybrid Finite Element Methods. Springer, 1991.

[24] C. Canuto and A. Tabacco. Multilevel decomposition of functional spaces. J.

Fourier Anal. and Appl., 3:715–742, 1997.

[25] C. Canuto, A. Tabacco, and K. Urban. The wavelet element method. part i:

Construction and analysis. Technical report, I.A.N.-C.N.R., 1997. to appear in Appl. Comp. Harm. Anal.

[26] L. Cazabeau, C. Lacour, and Y. Maday. Numerical quadratures and mortar methods. In Bristeau et al., editor, Computational Sciences for the 21st Century, pages 119–128. Wiley and Sons, 1997.

[27] P. Charton and V. Perrier. A pseudo-wavelet scheme for the two-dimensional Navier-Stokes equation. Comp. Appl. Math., 15:139–160, 1996.

[28] G. Chiavassa and J. Liandrat. On the effective construction of compactly supported wavelets satisfying homogeneous boundary conditions on the interval. Appl. Comp. Harmonic Analysis, 4:62–73, 1997.

[29] A. Cohen. Numerical analysis of wavelet methods. In P.G. Ciarlet and J.L.

Lions, editors, Handbook in Numerical Analysis, volume VII. Elsevier Science Publishers, North Holland, 1999. to appear.

[30] A. Cohen, W. Dahmen, and R. De Vore. Adaptive wavelet schemes for elliptic operator equations – convergence rates. Technical report, IGPM, RWTH- Aachen, 1998.

[31] A. Cohen, I. Daubechies, and P. Vial. Wavelets on the interval and fast wavelet transforms. ACHA, 1:54–81, 1993.

[32] A. Cohen and R. Masson. Wavelet methods for second order elliptic problems, preconditioning and adaptivity. SIAM J. Sci. Comp., 1998.

[33] A. Cohen and R. Masson. Wavelet adaptive method for second order elliptic problems. boundary conditions and domain decomposition. Num. Math., 1999. to appear.

[34] S. Dahlke, W. Dahmen ans R. Hochmut, and R. Schneider. Stable multiscale bases and local error estimation for elliptic problems. Appl. Numer. Math., 23:21–48, 1997.

[35] S. Dahlke, R. Hochmut, and K. Urban. Adaptive wavelet methods for saddle point problems. Technical Report 1126, IAN-CNR, 1999.

[36] W. Dahmen. Stability of multiscale transformations. Journal of Fourier Analysis and Applications, 2(4):341–361, 1996.

[37] W. Dahmen. Wavelet and multiscale methods for operator equations. Acta Numerica, 6:55–228, 1997.

[38] W. Dahmen and A. Kunoth. Multilevel preconditioning. Numer. Math., 63:315– 344, 1992.

[39] W. Dahmen, A. Kunoth, and K. Urban. Biorthogonal spline-wavelets on the interval – stability and moment condition. ACHA, 1999. to appear.

[40] W. Dahmen, A.J. Kurdila, and P. Oswald, editors. Multiscale Methods for PDEs. Academic Press, 1997.

[41] W. Dahmen and C.A. Michelli. Using the refinement equation for evaluating integrals of wavelets. SIAM J. Numer. Anal., 30:507–537, 1993.

[42] W. Dahmen and R. Schneider. Composite wavelet bases for operator equations.

preprint.

[43] I. Daubechies. Ten lectures on wavelets. In CBMS Lecture Notes, volume 61.

SIAM, Philadelphia, 1992.

[44] S. Jaffard. Wavelet methods for fast resolution of elliptic problems. SIAM J.

Numer. Anal, 29:965–986, 1992.

[45] Y.A. Kusnetzov. Efficient iterative solvers for elliptic finite element problems on nonmatching grids. Russ. J. Num. Anal. Math. Modeling, 10(3):187–211, 1995.

[46] J.L. Lions and E. Magenes. Non Homogeneos Boundary Value Problems and Applications. Springer, 1972.

[47] Y. Maday, V. Perrier, and J.C. Ravel. Adaptivité dynamique sur bases d’ondelettes pour l’approximation d’équations aux derivées partielles. C. R. Acad. Sci Paris, 312, (Série I):405–410, 1991.

[48] R. Masson. Biorthogonal spline wavelets on the interval for the resolution of boundary problems. M^3AS, 6(6), 1996.

[49] Y. Meyer. Ondelettes et Opérateurs. Hermann, 1990.

[50] P. Monasse and V. Perrier. Orthonormal wavelet bases adapted for partial differential equations with boundary conditions. SIAM J. Math. Anal., 29:1040– 1065, 1998.

[51] C. Prud’homme. A strategy for the resolution of the tridimensionnal incompressible Navier-Stokes equations. In Méthodes itératives de décomposition de domaines et communications en calcul parallèle, volume 10 of Calculateurs Parallèles Réséaux et Systèmes répartis, pages 371–380. Hermes, October 1998.

[52] S. Grivet Talocia and A. Tabacco. Wavelets on the interval with optimal localization. Math. Mod. Meth. Appl. Sci., 1999. to appear.

[53] B. Wohlmut. A mortar finite element method using dual spaces for the Lagrange multiplier. Technical report, Nat. Fakultt, Uni Augsburg, 1998.