Analysis of a stabilized three-fields domain decomposition method

Silvia Bertoluzza Istituto di Analisi Numerica del C.N.R., Pavia (Italy)

March 31, 2000

Abstract In this paper we prove that, for suitable choices of the bilinear form involved in the stabilization procedure, the stabilized three fields domain decomposition method proposed in [8] is stable and convergent uniformly in the number of subdomains and with respect to their sizes under quite general assumptions on the decomposition and on the discretization spaces. The same is proven to hold for the resulting discrete Steklov-Poincaré operator.

Key words: Three fields formulation, domain decomposition, stabilized methods, scalability.

AMS subject classification: 65N12, 65N55, 65N30.

1 Introduction

Domain decomposition methods are becoming more and more popular also because they generate algorithms for the numerical solution of PDEs that have an important part which is intrinsically parallel, and then, also thanks to the increasing performances of parallel computers, they are very promising when considering large scale problems likewise the ones appearing in industrial simulations.

The recent technological development in the framework of large parallel computers are giving more and more importance to the issue of “scalability”: doubling the number of processors should allow to halve the time needed for getting the solution of a given problem with a given accuracy. For this, it is necessary that the quality of the solution depends only on the degrees of freedom globally used, and not on how these are split between processors (less d.o.f. per processor with more processors or more d.o.f. per processor with less processors). In a domain decomposition strategy this requires also that the stability and convergence of the method should not depend on the number and size of the subdomains. While this automatically holds for conforming domain decomposition (for which different splittings of the d.o.f. between subdomains are in a way just different devices to parallelize the same functional problem in different ways), this is not clear for non conforming domain decomposition, where different decompositions of the computational domain correspond to different discrete solutions, even if the degrees of freedom are fundamentally the same.

We consider here the three fields formulation, introduced in [14]. Unlike other nonconforming formulations [4, 16] of domain decomposition, weak continuity is not imposed by requiring that the jump across the interface is orthogonal to a suitable multiplier space, but by introducing the space Φ of traces of functions in H^1(Ω) on the interface Σ. The elements of Φ are to be used as a Dirichlet boundary condition — imposed by means of Lagrange multipliers — for the functions in the subdomains. This method, which allows in principle to couple non-matching discretizations in the subdomains, has several advantages. The “local problems” in the subdomains are completely uncoupled and therefore their solution can be performed completely in parallel, with no communication between processors.

At the same time the “interface variable” does not in principle need to match the local subdomain discretization and therefore situations are allowed, where non uniform and/or unstructured grids in the subdomains (yielding a good agreement with the behavior of the solution) are coupled with uniform structured grids on the interface (allowing the design of optimal preconditioners). But in order to take full advantage of this flexibility some kind of stabilization is needed in order to circumvent one or both of the inf-sup conditions required for the stability of the method. This can be done in several ways: see for instance [2, 12, 8]. In this paper we deal with the issue of giving “scalable” (i.e. independent of the size and number of subdomains) bounds for the stabilized three fields formulation introduced in [8]. Under suitable assumptions on the geometrical decomposition Ω = ∪Ω_k (which is assumed to be graded), on the subdomains (which must be “regular in shape”) and on the local subdomain discretizations (which are assumed to satisfy local inf-sup conditions) and under no assumption on the interface discretization (which can be totally unrelated to the discretizations used in the subdomains) stability and optimal convergence bounds hold with constants independent of the size and number of subdomains. Moreover the corresponding discrete Steklov-Poincaré operator is continuous and coercive, again uniformly with respect to the size and number of subdomains.

A brief outline of the paper: in section 2, after recalling the stabilized three fields formulation of [8], we will state the assumptions under which uniform stability and convergence bounds will hold; in section 3 we will analyze the stabilized problem while keeping track of the influence of the size and number of subdomains; in section 4 we analyze the discrete Steklov-Poincaré operator obtained by reducing the global problem to the interface via a Schur complement technique; in section 5 we will give a set of alternative (standard) assumptions under which assumption (A3) (local inf-sup condition in Ω_k) holds; finally, in section 6 we will present a P1/P1/P1 non conforming discretization that falls in the framework here considered for which we will briefly derive an error estimate.

2 Domain decomposition method: the stabilized three fields formulation

Let Ω ⊂ R^2 be a convex polygonal domain. We will consider the following problem: given f ∈ L^2(Ω), find u satisfying − 2∑ i,j=1 ∂ ∂x_j ( a_{i,j} (x) ∂u ∂x_i ) + a_0(x)u = f in Ω, u = 0 on ∂Ω. (1)

We assume that for almost all x ∈ Ω we have 0 ≤ a_0(x) ≤ R and that the matrix (a_{ij} (x))_{i,j=1,2} is symmetric positive definite, with smallest eigenvalue ≥ α > 0 and largest eigenvalue ≤ α^′, α, α^′ independent of x.

We will consider here a domain decomposition method for the numerical solution of such a problem, by a three fields approach ([14]). More precisely, let Ω = ∪^K_{k=1}Ω_k, with diam(Ω_k) ∼ H_k. We let Γ_k = ∂Ω_k, Σ = ∪_kΓ_k being the skeleton of the decomposition (which differently from [14, 8] we define here so that it includes the external boundary of the domain Ω). For simplicity we will make the assumption that the Ω_k’s are quadrilaterals, but it is not difficult to see that the results that will be obtained are easily extended to more general situations (with constants possibly depending on the shape of the subdomains).

In the following for r ≥ 0 and for Ω̂ being either Ω, Ω_k or Γ_k we will denote by ‖ · ‖_{r,Ω̂} (resp. | · |_{r,Ω̂}) the H^r(Ω̂) norm (resp. seminorm). The functional setting for the three fields domain decomposition method is given by the following spaces: V = K∏ k=1 H^1(Ω_k), Λ = K∏ k=1 H^{−1/2}(Γ_k), (2) and Φ = {φ ∈ L^2(Σ) : there exists u ∈ H^1_0 (Ω), u = φ on Σ} (3)

respectively equipped with the norms: ‖u‖_V = ( ∑ k ‖u^k‖^2_{1,Ωk} )_{1/2} , ‖λ‖_Λ = ( ∑ k ‖λ^k‖^2_{Λk} )_{1/2} , (4)

with ‖λ^k‖_Λk = sup_{uk∈V k} ∫ Γ_k λ ku^k ds ‖u^k‖_{1,Ωk} , while

‖φ‖ = inf_{u∈H10 (Ω)}

u=φ on Σ ‖u‖_{1,Ω}. (5)

In order to define the stabilized three fields formulation we start by considering the bilinear forms a^k : H^1(Ω_k) × H^1(Ω_k) → R defined by

a^k(w, v) = ∫ Ω_k 2∑ i,j=1 a_{ij} (x) ∂w ∂x_i ∂v ∂x_j + a_0wv dx.

Under the assumptions made on a_{ij} and on a_0, the bilinear forms a^k are uniformly H^1(Ω_k) continuous, and semi-definite. More precisely, there exists positive constants α and M independent of k and H_k such that for all w, v in H^1(Ω_k) α|w|^2_{1,Ωk} ≤ a^k(w, w), |a^k(w, v)| ≤ M‖w‖_{1,Ωk} ‖v‖_{1,Ωk} . In order to define the stabilization term, we also assume to have symmetric positive semidefinite bilinear forms [·, ·] 1_{2 ,k} : H^{1/2}(Γ_k) × H^{1/2}(Γ_k) → R satisfying for all η, ξ ∈ H^{1/2}(Γ_k) [η, η] 1_{2 ,k} ≥ b|η|^2_{1/2,Γk} , [η, ξ] 1_{2 ,k} ≤ B|η|_{1/2,Γk} |ξ|_{1/2,Γk} , (6) for b, B positive constants independent of k and H_k. It is beyond the goals of this paper to consider how such bilinear forms can be numerically realized in practice. See [8, 6, 7, 10] for possible realization in terms of multilevel decomposition and/or wavelets.

For a fixed parameter γ > 0, whose choice will be made later, we can now consider the following class of discrete problems: given closed finite dimensional subspaces V_h = ∏_K k=1 V^k_h ⊂ V , Λ_h = ∏_K k=1 Λ^k_h ⊂ Λ and Φ_h ⊂ Φ find u_h ∈ V_h, λ_h ∈ Λ_h, φ_h ∈ Φ_h such that it holds ∀k, ∀v^k_h ∈ V^k_h , ∀λ^k_h ∈ Λ^k_h : a^k(u^k_h, v^k_h) + γ[u^k_h, v^k_h] 1_{2 ,k} − ∫ Γ_k v k hλ^k_h ds − γ[φ_h, v^k_h] 1_{2 ,k} = ∫ Ω_k fv k h dx, ∫ Γ_k u k hμ^k_h ds − ∫ Γ_k μ k hφ_h ds = 0, and ∀ψ_h ∈ Φ_h : − ∑ k γ[u^k_h, ψ_h] 1_{2 ,k} + ∑ k ∫ Γ_k λ k hψ_h ds + ∑ k γ[φ_h, ψ_h] 1_{2 ,k} = 0.

(7)

We recall (see [14]) that for u solution of (1), u^k = u|_{Ωk} , λ^k =^{∂u}_{∂ν}a_k (ν^a_k denoting the outer conormal derivative to the subdomain Ω_k) and φ = u|_Σ satisfy (7), which is therefore a consistent discretization of (1).

Such a stabilized version of the three fields formulation was introduced and analyzed (in a slightly different form) in [8] where, in the case of a fixed decomposition, existence and uniqueness of the discrete solution as well as an estimate on the error ‖u − u_h‖_V were proven under suitable assumptions on the spaces V_h and Λ_h. The constants appearing in the stability and convergence bounds were there implicitly depending on the decomposition chosen (and therefore on the shape, but also on the size and the number of subdomains). We aim here at giving uniform (in terms of size and number of subdomains) estimates. In order to do so we make some regularity assumption on the decomposition:

(A1) the subdomains are regular in shape and the decomposition is graded, that is

(a) there exists a positive constant C_0 such that, for all k, Ω_k contains a ball of diameter C_0H_k, it is contained in a ball of diameter H_k, and the length of each side is bounded from below by C_0H_k; moreover any interior angle ω satisfies 0 < C_1 < ω < C_2 < π (C_0, C_1, and C_2 independent of k);

(b) there exists a positive constant C_3 such that, if ℓ, k are such that |Γ_k ∩ Γ_ℓ| > 0, then it holds

H_k/H_ℓ ≤ C_3;

(A2) there exists a constant c_0 such that for all constants c, denoting by l_c the line of equation x_2 = c and setting K_c = {k : length(l_c ∩ Ω_k) > 0}, it holds ∑ k∈K_c H_k ≤ c_0.

Moreover we assume that the spaces V^k_h and Λ^k_h are chosen in such a way that local inf-sup conditions hold with a lower bound independent of k and of H_k. More precisely

(A3) the two following conditions hold

(a) Λ^k_h contains the global constants;

(b) there exists a positive constant β such that the following inf-sup condition holds for all k

inf_{λk} h∈Λ^k_h sup v^k_h∈V^k_h ∫ Γ_k λ k hv^k_h ds ‖λ^k_h‖_Λk ‖v^k_h‖_{1,Ωk} ≥ β > 0.

Remark 2.1 Assumption (A1b) does not imply that the decomposition is uniform (it does not hold H_k/H_ℓ ≤ C_3 for all k, ℓ).

Remark 2.2 Assumption (A2) is not particularly restrictive. In many cases it can be shown that it is actually a consequence of (A1). This holds for instance for the so called “geometrically conforming” decompositions (see the Appendix), or for decompositions where all subdomain edges are parallel to the axes. It is our opinion that this is true in general, though we were not able to prove it.

Remark 2.3 Assumption (A3) is weaker than the assumptions on Λ^k_h and on V^k_h under which the analysis of Problem (7) was carried out in [8].

We make no assumption on the subspace Φ_h.

Under such assumptions it will be possible (see the next section) to prove the main result of our paper.

Theorem 2.1 Under assumptions (A1–3), there exists γ_0 > 0 (γ_0 independent of K and of the H_k’s) such that for all γ with 0 < γ < γ_0, Problem (7) admits a unique solution u_h, λ_h, φ_h satisfying ‖u_h‖_V + ‖λ_h‖_Λ + ‖φ_h‖_Φ ≤ c‖f‖_V ′ , and the following error estimate holds: ‖u − u_h‖_V + ‖ ‖ ‖ ∂u ∂ν^a_k − λ_h ‖ ‖ ‖_Λ + ‖u − φ^h‖^Φ ≤ c̃ ( inf_{vh∈Vh} ‖u − v_h‖_V + inf_{μh∈Λh} ‖ ‖ ‖ ∂u ∂ν^a_k − μ_h ‖ ‖ ‖_Λ + inf_{ψh∈Φ} ‖u − ψ^h‖^Φ )

with c = c(γ) and c̃ = c̃(γ) independent of K and of the H_k’s.

3 Stability and convergence analysis

In the following we will keep track of the influence of the size of the subdomains and of their number on the stability and convergence estimates: to this end, we shall use the notation A ≲ B to indicate A ≤ cB for a suitable constant c independent of the number of subdomains and their diameter H_k, as well as of the mesh size of the discretizations in the subdomains. By A ≃ B we will mean A ≲ B ≲ A.

We start by recalling that the classical trace theorems as well as other classical bounds on the solution of elliptic PDEs hold in Ω_k with constants depending on H_k. In order to get bounds independent of H_k we need to rescale Ω_k to a reference domain of unitary diameter. Applying some classical bounds [17], it is then easy to check that we have the following inequalities.

Proposition 3.1 The following bounds hold:

• for all u ∈ H^1(Ω_k) it holds H^{−1/2}_k ‖u‖_{0,Γk} + |u|_{1/2,Γk} ≲ H^{−1}_k ‖u‖_{0,Ωk} + |u|_{1,Ωk} (8) and |u|_{1/2,Γk} ≲ |u|_{1,Ωk} ; (9) • for all u ∈ H^2(Ω_k) it holds | | | ∂u ∂ν^a_k | | |_{1/2,Γk} ≲ |u|^{2,Ω}k , |u|^{3/2,Γ}k ≲ |u|^{2,Ω}k ; (10)

• for all φ ∈ H^{1/2}(Γ_k) let u^φ be the function such that −Δu^φ = 0 in Ω_k, u^φ = φ on Γ_k; (11) then it holds H^{−1}_k ‖u^φ‖_{0,Ωk} + |u^φ|_{1,Ωk} ≲ H^{−1/2}_k ‖φ‖_{0,Γk} + |φ|_{1/2,Γk} (12) and |u^φ|_{1,Ωk} ≲ |φ|_{1/2,Γk} ; (13) • for any φ ∈ H^{1/2}(Γ_k) with ∫ Γ_k φ ds = 0 it holds H^{−1/2}_k ‖φ‖_{0,Γk} ≲ |φ|_{1/2,Γk} . (14) We can then give a characterization of the norm ‖ · ‖_Φ in terms of Sobolev seminorms of type H^{1/2}.

Proposition 3.2 The following norm equivalence holds for all φ ∈ Φ: ‖φ‖_Φ ≃ ( ∑ k |φ|^2_{1/2,Γk} )_{1/2} . Proof: Let φ ∈ Φ. For any u ∈ H^1_0 (Ω) such that u|_Σ = φ it holds, by (9), |φ|_{1/2,Γk} ≲ |u|_{1,Ωk} . This implies ∑ k |φ|^2_{1/2,Γk} ≲ ∑ k |u|^2_{1,Ωk} = |u|^2_{1,Ω} ≲ ‖u‖^2_{1,Ω}.

By the arbitrariness of u we get ( ∑ k |φ|^2_{1/2,Γk} )_{1/2} ≲ inf_{u∈H10 (Ω)}

u=φ on Σ ‖u‖_{1,Ω} = ‖φ‖_Φ.

Let now u^φ ∈ L^2(Ω) be the function satisfying (11) in each Ω_k with data φ|_{Γk} . Since φ ∈ H^1_0 (Ω)|_Σ, it is easy to check that u^φ ∈ H^1_0 (Ω) and then, using Poincaré inequality in H^1_0 (Ω), we have ‖φ‖_Φ = inf_{u∈H10 (Ω)}

u=φ on Σ ‖u‖_{1,Ω} ≤ ‖u^φ‖_{1,Ω} ≲ |u^φ|_{1,Ω}

= ( ∑ k |u^φ|^2_{1,Ωk} )_{1/2} ≲ ( ∑ k |φ|^2_{1/2,Γk} )_{1/2}

where the last inequality derives from (13). □

In order to prove Theorem 2.1 we first briefly observe that, in view of (9) and of Proposition 3.2, all the bilinear terms appearing on the left hand side of (7) are continuous with respect to the norm ‖ · ‖_V + ‖ · ‖_Λ + ‖ · ‖_Φ. Let us prove it for the only term for which this might not be immediate, that is ∑ k ∫ Γ_k φλ k ds; for all u ∈ H^1_0 (Ω) such that φ = u|_Σ we have ∫ Γ_k φλ k ds ≤ ‖u‖_{1,Ωk} ‖λ^k‖_Λk (by definition of ‖ · ‖_Λk ), whence ∑ k ∫ Γ_k φλ^k ds ≲ ∑ k ‖u‖_{1,Ωk} ‖λ^k‖_Λk ≲ ( ∑ k ‖u‖^2_{1,Ωk} )_{1/2} ( ∑ k ‖λ^k‖^2_{Λk} )_{1/2} . From the arbitrariness of u we obtain ∑ k ∫ Γ_k

φ_hλ^k ≤ ‖λ‖_Λ inf_{u∈H10 (Ω)}

u=φ on Σ ‖u‖_{1,Ω} = ‖λ‖_Λ‖φ‖_Φ.

Let us now analyze the stability of the discrete problem. To this end we reformulate it as a saddle point problem as follows: letting Z_h = V_h × Φ_h, find Z_h ∈ Z_h and λ_h ∈ Λ_h such that ∀X_h ∈ Z_h, ∀μ_h ∈ Λ_h : A_γ (Z_h, X_h) − B(λ_h, X_h) = < F, X_h >,

B(μ_h, Z_h) = 0,

(15)

where for Z_h = (u_h, φ_h) and X_h = (v_h, ψ_h) we define

A_γ (Z_h, X_h) = ∑ k a^k(u^k_h, v^k_h) + γ[u^k_h − φ_h, v^k_h − ψ_h] 1_{2 ,k},

B(μ_h, Z_h) = ∑ k ∫ Γ_k (u^k_h − φ_h)μ^k_h ds, < F, X_h > = ∫ Ω fv_h dx. It is well known (see [11]), that the uniform stability of such a problem relies on the validity of an inf-sup condition on B and on the coercivity of A_γ on the kernel of B. As far as the inf-sup condition on B is concerned, under assumption (A3) (local inf-sup condition in the subdomains) it holds, setting ‖(u, φ)‖_Z = ‖u‖_V + ‖φ‖_Φ,

inf_{λh∈Λh} sup_X h∈Z_h B(λ_h, X_h) ‖X_h‖_Z ‖λ_h‖_Λ ≥ inf_{λh∈Λh} sup_v h∈V_h B(λ_h, (v_h, 0)) ‖λ_h‖_Λ‖v_h‖_V ≳ 1, (16)

where the last inequality descends from the following Proposition (see, for instance [8]).

Proposition 3.3 If the spaces V^k_h and Λ^k_h satisfy assumption (A3b) then it holds inf_{λh∈Λh} sup_{vh∈Vh} ∑ k ∫ Γ_k λ k hv^k_h ds ‖λ_h‖_Λ‖v_h‖_V ≥ β.

In order to prove coercivity of A_γ on ker B we start by proving a discrete Poincaré type inequality.

Lemma 3.1 Under assumption (A1–2) and (A3a), if Z = (u, φ) ∈ Z = V × Φ satisfies

B(λ_h, Z) = 0, ∀λ_h ∈ Λ_h (17)

then it holds ‖u‖^2_{0,Ω} ≲ ∑ k ( |u^k|^2_{1,Ωk} + |φ|^2_{1/2,Γk} ) . (18)

Proof: We follow the approache used in [1, 3] for proving a similar inequality in the case of the mortar method. Let a, a^′, b, b^′ be such that Ω ⊂ Ω^∗ =]a, a^′[×]b, b^′[ with |a^′ − a| ≃ |b^′ − b| ≃ 1. Let Z = (u, φ) ∈ Z satisfy (17) and assume that for all k, u^k ∈ C^∞(Ω̄_k). By abuse of notation we will also denote by u the L^2(Ω^∗) function obtained by extending u to Ω_0 = Ω^∗ \ Ω with value u^0 = 0. Remark that, since φ ∈ H^1_0 (Ω)|_Σ it holds u^0 − φ ≡ 0 on Γ_0 = ∂Ω.

For almost all y ∈ (b, b^′) the line of fixed y coordinate crosses the skeleton Σ in a finite number N(y) of points (a_1(y), y), (a_2(y), y), . . . , (a_{N(y)}(y), y) with a_1(y) < a_2(y) < . . . < a_{N(y)}(y). It is not difficult to see that for all x in the interval ]a_i(y), a_{i+1}(y)[ it holds u(x, y) = i∑ n=1 ∫_{an(y)} a_{n−1}(y) ∂_xu(t, y) dt + i∑ n=1 [u](a_n(y), y) + ∫_x a_i(y) ∂_xu(t, y) dt where [·] denotes the jump across the interface and where we use the convention a_0(y) = a, a_{N(y)+1}(y) = a^′. This implies for almost all (x, y) ∈ Ω^∗

|u(x, y)| ≤ N(y)+1 ∑ n=1 | | | ∫_{an(y)} a_{n−1} (y) ∂_xu(t, y) dt | | | + | | | ∫_x a_{ix} (y) ∂_xu(t, y) dt | | | + N(y)∑

n=1 |[u](a_n(y), y)| , with i_x = i_x(y) = max{i : a_i(y) < x}. Then it holds

‖u‖^2_{0,Ω} ≲ ∫ Ω^∗ N(y)+1 ∑ n=1 | | | ∫_{an(y)} a_{n−1}(y) ∂_xu(t, y) dt | | | 2 dx dy (19)

+ ∫ Ω^∗ | | | ∫_x a_{ix} (y) ∂_xu(t, y) dt | | | 2 dx dy + ∫ Ω^∗ N(y)∑

n=1 |[u](a_n(y), y)| 2 dx dy.

Following [1, 3] it is possible to show that ∫ Ω^∗ N(y)+1 ∑ n=1 | | | ∫_{an(y)} a_{n−1}(y) ∂_xu(t, y) dt | | | 2 dx dy ≲ ∑ k |u^k|^2_{1,Ωk} , (20) and then we only need to bound the L^2(Ω^∗) norm of

G_1(x, y) = | | | ∫_x a_{ix} (y) ∂_xu(t, y) dt | | | and of G2(x, y) = g2(y) = N(y)∑

n=1 |[u](a_n(y), y)| . As far as G_1(x, y) is concerned, using a Schwartz-Hölder inequality, we have:

‖G_1‖^2_{0,Ω}∗ ≲ ∫_a′ a ∫_b′ b (x − a_{ix} (y)) ∫_x a_{ix} (y) |∂_xu(t, y)|^2 dt dx dy ≲ ∫_a′ a ∫_b′ b (a_{ix+1}(y) − a_{ix} (y)) ∫_{aix+1(y)} a_{ix} (y) |∂_xu(t, y)|^2 dt dx dy. For fixed y the integrand function is a piecewise constant, and therefore it is not difficult to check that setting Δ_i = a_{i+1}(y) − a_i(y) ∫_a′ a Δ_{ix} ∫_{aix+1(y)} a_{ix} (y) |∂_xu(t, y)|^2 dt dx = N(y)∑

i=1 Δ^2_i ∫_{ai+1(y)} a_i(y) |∂_xu(t, y)|^2

≲ ( sup i=1,... ,N(y) Δ^2_i ) ∫_{a′} a |D(t, y)|^2 dt, where we denote by D the function defined by D|_{Ωk} = ∂_xu|_{Ωk} for all k. Since u|_{Ωk} ∈ C^∞, D(·, y) is in L^2(]a, a^′[) and D(x, y) is in L^2(Ω^∗). Since Δ_i ≤ (a^′ − a) we get

‖G_1‖^2_{0,Ω}∗ ≲ ‖D‖^2_{0,Ω}∗ = ∑ k ‖∂_xu‖^2_{0,Ωk} ≲ ∑ k |u^k|^2_{1,Ωk} . (21)

Let us now consider the contribution of the jumps on the interface. For each y ∈]b, b^′[ and n ∈ 1, . . . , N(y) the point (a_n(y), y) belongs to Γ_k ∩ Γ_ℓ for some k, ℓ depending on y and n. For such k, ℓ we set

δ_n(y) =

H_k + H_ℓ 2 , and we observe that, thanks to assumptions (A1–2), it holds N(y)∑

n=1 δ_n(y) ≲ 1. By using a Cauchy-Schwartz inequality we can then bound

g_2(y) ≲ N(y)∑

n=1 (δ_n(y))^{−1} |[u](a_n(y), y)|^2 1/2 .

Then ‖G_2‖^2_{0,Ω}∗ = (a^′ − a) ∫_b′ b |B_2(y)|^2 dy

≲ ∫_b′ b dy N(y)∑

n=1 (δ_n(y))^{−1} |[u](a_n(y), y)]|^2 .

We can now apply the following lemma which we will prove later on. Lemma 3.2 Let ζ ∈ L^1(Σ), ζ ≥ 0, then it holds ∫_b′ b N(y)∑

n=0 ζ(a_n(y), y) dy ≤ ∫ Σ ζ ds (22) Applying (22) for ζ(s) = (δ(s))^{−1}|[u](s)|^2, where (where for s ∈ Σ, s ∈ Γ_k ∩ Γ_ℓ, δ(s) = (H_k + H_ℓ)/2 = δ_{k,ℓ}) we obtain ‖G_2‖^2_{0,Ω} ≲ ∫ Σ (δ(s))^{−1}|[u](s)|^2 ds ≲ ∑ k,ℓ ∫ Γ_k∩Γ_ℓ δ^{−1}_{k,ℓ} |[u](s)|^2 ds. By recalling that, by assumption (A1b), δ_{k,ℓ} ≃ H_k ≃ H_ℓ, adding and subtracting φ(s) we get ‖G_2‖^2_{0,Ω} ≲ ∑ k,ℓ ∫ Γ_k ∩Γ_ℓ ( (H_k)^{−1}|(u^k − φ)(s)|^2

+(H_ℓ)^{−1}|(u^ℓ − φ)(s)|^2 ) ds ≲ ∑ k (H_k)^{−1} ∫ Γ_k

|(u^k − φ)(s)|^2 ds. (23)

Now we observe that, since constant functions belong (by assumption (A3a)) to Λ^k_h, condition (17) implies that ∫ Γ_k (u

k − φ) ds = 0, which implies for all constants c, ∫ Γ_k |u^k − φ − c|^2 ds = ∫ Γ_k |u^k − φ|^2 ds + ∫ Γ_k c^2 ds ≥ ∫ Γ_k |u^k − φ|^2 ds. Setting c = ǔ^k + φ̌^k, ǔ^k and φ̌^k being respectively the mean values of u^k and φ on Γ_k, we have H^{−1}_k ∫ Γ_k |u^k − φ|^2 ds ≲ H^{−1}_k ∫ Γ_k |u^k − ǔ^k|^2 ds + H^{−1}_k ∫ Γ_k |φ − φ̌^k|^2 ds. (24) Now, using (14) and (9), we can bound H^{−1}_k ∫ Γ_k |u k − ǔ^k|^2 ds ≲ |u^k|^2_{1,Ωk} , (25) H^{−1}_k ∫ Γ_k |φ − φ̌ k|^2 ds ≲ |φ|^2_{1/2,Γk} . (26)

By substituting (25) and (26) in (24), thanks to (23), (19), (20) and (21) we get the thesis for all (u, φ) ∈ Z satisfying (17) with u^k ∈ C^∞(Ω̄_k). By density of C^∞(Ω̄_k) into H^1(Ω_k) we get the thesis. □

Let us now come to the proof of (22).

Proof of Lemma 3.2: We first remark that, since by assumption ζ ≥ 0, it holds ∫ Σ ζ(s) ds = ∑ k,ℓ ∫ Γ_k∩Γ_ℓ ζ(s) ds ≥ ∑ k,ℓ:Γk∩Γℓ is not parallel to the x axis ∫ Γ_k∩Γ_ℓ ζ(s) ds.

Now, if Γ_k ∩ Γ_ℓ is not parallel to the x axis, it can be parameterized by the coordinate y: Γ_k ∩ Γ_ℓ = {(a_{k,ℓ}(y), y), y ∈ (b(k, ℓ), b^′(k, ℓ))}. It is not difficult to see that ∫ Γ_k∩Γ_ℓ ζ(s) ds = ∫_b′_{(k,ℓ)} b(k,ℓ) ζ((a_{k,ℓ}(y), y)) ds(y) ≳ ∫_b′_{(k,ℓ)} b(k,ℓ) ζ((a_{k,ℓ}(y), y)) dy. Then ∫ Σ ζ(s) ds ≳ ∑ k,ℓ: Γk∩Γℓ is not parallel to the x axis ∫_b′_{(k,ℓ)} b(k,ℓ) ζ((a_{k,ℓ}(y), y)) dy = ∫_b′ b N(y)∑

n=0 ζ(a_n(y), y) dy

where the last equality descends by observing that for almost all y ∈ (b, b^′) the two sets {a_n(y), n = 1, N(y)} and {a_{k,ℓ}, k, ℓ s.t. b(k, ℓ) < y < b^′(k, ℓ)} coincide. □ Remark 3.1 By using the approach of [13], under slightly stronger assumptions on the multiplier space Λ_h than the extremely mild (A3a), a stronger discrete Poincaré type inequality of the form ‖u‖^2_{0,Ωk} ≲ ∑ k |u|^2_{1,Ωk} can be proven to hold for all (u, φ) ∈ ker(B). However some interesting case may not verify such assumptions, and therefore we prefer the weaker inequality (18), since this is sufficient for the analysis that we will carry out in the following.

We are now able to prove the coerciveness of the bilinear form A_γ on the kernel of B.

Corollary 3.1 There exists γ_0 such that for all γ, 0 < γ < γ_0 it holds for a positive constant α̃(γ) A_γ (Z_h, Z_h) ≥ α̃(γ)‖Z_h‖_Z . for all Z_h ∈ Z_h verifying B(μ_h, Z_h) = 0 for all μ_h ∈ Λ_h.

Proof: Let Z_h = (u_h, φ_h) ∈ Z_h such that for all μ_h ∈ Λ_h, B(μ_h, Z_h) = 0. Then

A_γ (Z_h, Z_h) = ∑ k a^k(u^k_h, u^k_h) + γ ∑ k [u^k_h − φ_h, u^k_h − φ_h] 1_{2 ,k} ≥ α ∑ k |u^k_h|^2_{1,Ωk} + γ ∑ k [u^k_h, u^k_h] 1_{2 ,k} + γ ∑ k [φ_h, φ_h] 1_{2 ,k}

−2 ( γ ∑ k [u^k_h, u^k_h] 1_{2 ,k}

)_{1/2} ( γ ∑ k [φ_h, φ_h] 1_{2 ,k} )_{1/2}

≥ α ∑ k |u^k_h|^2_{1,Ωk} + γ(1 − 2) ∑ k [u^k_h, u^k_h] 1_{2 ,k} +γb(1 − 1 2 ) ∑ k [φ_h, φ_h] 1_{2 ,k}

≥ (α − c^2_1γB) ∑ k |u^k_h|^2_{1,Ωk} + γb 1 2 ∑ k |φ_h|^2_{1/2,Γk} where b, B are the constants appearing in the bound (6) and c_1 is the constant stemming from the trace inequality |u^k|_{1/2,Γk} ≤ c_1|u|_{1,Ωk} (see Proposition 3.1). Thus we have

A_γ (Z_h, Z_h) ≥ ϑ(γ) ( ∑ k |u^k_h|^2_{1,Ωk} + ∑ k |φ_h|^2_{1/2,Γk} ) ≳ ϑ(γ) ( ‖u_h‖^2_V + ‖φ_h‖^2_Φ ) , with

ϑ(γ) = min { (α − c^2_1Bγ), bγ 2 } . If 0 < γ < α/(Bc^2_1), then ϑ(γ) > 0 and then we have the thesis. □

Thanks to Proposition 3.3 and to Corollary 3.1 it is not difficult to prove Theorem 2.1 by a standard argument ([11]).

Remark 3.2 Though for simplicity we assumed that (6) holds for all η, ξ in H^{1/2}(Γ_k), it is not difficult to see that in order for Theorem 2.1 to hold we only need that the bound [η, η]_{1/2,Γk} ≳ |η|_{1/2,Γk} holds just for the elements of Φ_h|_{Γk} , rather than for all the elements of Φ.

4 Analysis of the interface problem

The linear system stemming from Problem (7) takes the form A + γE B^T −γF^T B 0 C^T −γF C γD u_h λ_h φ_h = f_h 0 0 , where u_h, λ_h, φ_h denote the unknown coefficient vectors of u_h, λ_h and φ_h in the bases chosen for V_h, Λ_h and Φ_h, while the matrices A , B , C , D , E and F correspond to the different bilinear forms appearing at the left hand side of (7). The solution of such a linear system can be reduced to solving a linear system of the form [ γD − ( γF −C ) ( A + γE B^T B 0 )_{−1} ( γF^T −C^T ) ] φ_h = b_h (27)

on the only unknown vector φ_h, for a suitable right hand side b_h. The solution of (27) by any iterative method implies solving, at each iteration, a linear system of the form ( A + γE B^T B 0 ) x = b

which, as already recalled in the introduction, can be done in parallel, thanks to the block diagonal structure of the matrix at the left hand side, which reflects the uncoupling of the local subdomain problems.

The performance of several preconditioners for the Schur complement matrix S S = γD − ( γF −C ) ( A + γE B^T B 0 )_{−1} ( γF^T −C^T )

appearing in such reduced linear system relies on the spectral properties of the bilinear form s : Φ_h × Φ_h → R corresponding to S (see [9, 5]). It is not difficult to see that such a bilinear form is defined by s(φ_h, ψ_h) = γ ∑ k [φ_h − u^k_h(φ_h), ψ_h] 1_{2 ,Γk} + ∑ k ∫ Γ_k

λ^k_h(φ_h)ψ_h ds (28)

where (u^k_h(φ_h), λ^k_h(φ_h)) ∈ V^k_h × Λ^k_h denotes the solution of the problem

for all v^k_h ∈ V^k_h , μ^k_h ∈ Λ^k_h :

a^k(u^k_h(φ), v^k_h) + γ[u^k_h(φ_h), v^k_h] 1_{2 ,Γk} − ∫ Γ_k λ k h(φ_h)v^k_h ds = γ[φ_h, v^k_h] 1_{2 ,Γk} , ∫ Γ_k u k h(φ_h)μ^k_h ds = ∫ Γ_k φhμ k h ds. (29)

We can now prove the following Theorem.

Theorem 4.1 For all γ < γ_0 (γ_0 given by Theorem 2.1), for all φ_h, ψ_h ∈ Φ_h it holds

s(φ_h, ψ_h) ≲ ‖φ_h‖_Φ‖ψ_h‖_Φ (30) and s(φ_h, φ_h) ≳ ‖φ_h‖^2_Φ, (31)

(the implicit constant in (31) depending on γ).

Proof: We first remark that, by applying a standard argument, it is not difficult to prove that |u^k_h(φ_h)|_{1,Ωk} + ‖λ^k_h(φ_h)‖_Λk ≲ |φ_h|_{1/2,Γk} , which easily implies (30). As far as coercivity (31) is concerned, we observe that, by definition of u_h(φ_h) and λ_h(φ_h) it holds ∫ Γ_k

φ_hλ_h(φ_h) ds = ∫ Γ_k

λ_h(φ_h)u_h(φ_h) ds

= a^k(u^k_h(φ_h), u^k_h(φ_h)) + γ[u^k_h(φ_h), u^k_h(φ_h)] 1_{2 ,Γk} − γ[φ_h, u^k_h(φ_h)] 1_{2 ,Γk}

By substituting this into the definition of s we obtain

s(φ_h, φ_h) = ∑ k ( a^k(u^k_h(φ_h), u^k_h(φ_h)) + γ[u^k_h(φ_h), u^k_h(φ_h)] 1_{2 ,Γk}

+γ[φ_h, φ_h] 1_{2 ,Γk} − 2γ[φ_h, u^k_h(φ_h)] 1_{2 ,Γk} )

≥ ∑ k ( (α − γBc^2_1)|u^k_h(φ_h)|^2_{V k} + γb 2 |φ_h|^2_{1/2,Γk} ) , where, again, b, B are the constants appearing in the bound (6) and c_1 is the constant stemming from the trace inequality ∑ k |u^k|^2_{H1/2(Γk)} ≤ c_1 ∑ k |u|_H1_{(Ωk )}2 . We then conclude as in the proof of Corollary 3.1. □

5 Uniform inf-sup condition

Assumption (A3) requires that an inf-sup condition holds with respect to the norms ‖·‖_{1,Ωk} and ‖ · ‖_Λk , uniformly with respect to the diameter H_k of the subdomain Ω_k. The aim of this section is to give some sufficient condition for (A3) to hold in terms of standard assumptions on the discretization spaces V^k_h and Λ^k_h. More precisely let V^k_h and Λ^k_h satisfy the following assumptions:

(A4) for some (sub)space W^k_h of the trace of V^k_h on Γ_k, (W^k_h ⊆ V^k_h |_{Γk} ), the following direct and inverse estimate hold (h_k acts here as the “mesh size” of W^k_h ):

(a) for all η ∈ H^1(Ω_k) with ∫ Γ_k η ds = 0 inf η_h∈W^k_h |η − η_h|_{1/2,Γk} ≲ h^{1/2}_k |η|_{1,Γk} ; (32)

(b) for all η_h ∈ W^k_h with ∫ Γ_k ηh ds = 0

|η_h|_{1/2,Γk} ≲ h^{−1/2}_k |η_h|_{0,Γk} ; (33)

(A5) a bounded projector π^k_h : L^2(Γ_k) → W^k_h exists, verifying for all ζ ∈ L^2(Γ_k) ∫ Γ_k

(ζ − π^k_hζ)λ_h ds = 0, ∀λ_h ∈ Λ^k_h, (34)

and, for all ζ ∈ H^{1/2}(Γ_k) with ∫ Γ_k ζ ds = 0, ‖ζ − π^k_hζ‖_{0,Γk} ≲ h^{1/2}_k |ζ|_{1/2,Γk} . (35) Remark that given V^k_h satisfying assumption (A4), the choice Λ^k_h = W^k_h satisfies assumption (A5), with π^k_h equals to the L^2 orthogonal projection.

The idea for proving (A3) is to use Fortin’s argument with a projector built with the aid of π^k_h. In order to prove the H^1 boundedness of such a projector we start to prove the following Lemma.

Lemma 5.1 If (A3a), (A4) and (A5) are satisfied then for all ζ ∈ H^{1/2}(Γ_k) it holds |π^k_hζ|_{1/2,Γk} ≲ |ζ|_{1/2,Γk} . Proof: First of all we remark that (34), (35) and (A3a) imply respectively a) ∫ Γ_k π^k_hζ ds = ∫ Γ_k

ζ ds and b) π^k_hc = c, for all constants c. (36)

Let π̌^k_h : H^{1/2}(Γ_k)/R → W^k_h /R be the projection induced by the H^{1/2}(Γ_k) seminorm, (H^{1/2}(Γ_k)/R and W^k_h /R denote here the zero mean value subspaces of H^{1/2}(Γ_k) and W^k_h respectively): for any ζ̌ ∈ H^{1/2}(Γ_k) ∼ {ζ ∈ H^{1/2}(Γ_k), ∫ Γ_k ζ ds = 0}: |π̌^k_hζ̌ − ζ̌|_{1/2,Γk} = inf_{ζh∈W k} h ∫ Γk ζh ds=0 |ζ_h − ζ̌|_{1/2,Γk} .

For ζ ∈ H^{1/2}(Γ_k) let

ζ̌ = ζ − 1 |Γ_k| ∫ Γ_k ζ ds. Since trivially |π̌^k_hζ̌|_{1/2,Γk} ≤ |ζ̌|_{1/2,Γk} = |ζ|_{1/2,Γk} , by applying a triangular inequality and (33) (by (36a) π^k_hζ̌ − π̌^k_hζ̌ has zero mean value) we get |π^k_hζ|_{1/2,Γk} = |π^k_hζ̌|_{1/2,Γk} ≲ |ζ̌|_{1/2,Γk} + h^{−1/2}_k ‖π^k_hζ̌ − π̌^k_hζ̌‖_{0,Γk} . (37) Now we have h^{−1/2}_k ‖π^k_hζ̌ − π̌^k_hζ̌‖_{0,Γk} ≲ h^{−1/2}_k ( ‖π^k_hζ̌ − ζ̌‖_{0,Γk} + ‖ζ̌ − π̌^k_hζ̌‖_{0,Γk} ) . (38)

We first observe that thanks to (35) it holds ‖π^k_hζ̌ − ζ̌‖_{0,Γk} ≲ h^{1/2}_k |ζ̌|_{1/2,Γk} = h^{1/2}_k |ζ|_{1/2,Γk} . (39) In order to bound ‖ζ̌ − π̌^k_hζ̌‖_{0,Γk} we use the classical Nitsche’s type duality argument which we have to show to holds with constants independent of the size of Ω_k. At first we make the following remark: denoting by (·, ·)_{1/2,Γk} the H^{1/2}(Γ_k)/R scalar product, let τ = τ(f) ∈ H^{1/2}(Γ_k)/R be the unique solution of the problem (τ, ξ)_{1/2,Γk} = ∫ Γ_k fξ ds, for all ξ ∈ H^{1/2}(Γ_k)/R. We have: f ∈ L^2(Γ_k) implies that τ(f) ∈ H^1(Γ_k) and |τ(f)|_{1,Γk} ≤ ‖f‖_{0,Γk} . (40) This descends from a scaling argument. In fact, if we re-scale the above equation to a reference curve Γ̂ of length 1, the rescaled solution τ̂(f̂) (f̂ being the rescaled data) satisfies:

(η̂(f̂), ξ̂)_{1/2,Γk} = H̃_k ∫ Γ_k f̂ξ̂ dŝ, H̃_k = |Γ_k| ≃ H_k.

It is not difficult to see (since Γ̂ is a closed curve we can for instance use a Fourier transform argument) that |τ̂(f̂)|_{1,Γ̂} ≲ H̃_k‖f̂‖_{0,Ĝ} and, by rescaling back to Γ_k this yields precisely H̃^{1/2}_k |τ|_{1,Γk} ≲ H̃_kH̃^{−1/2}_k ‖f‖_{0,Γk} =⇒ (40).

Now, setting η̌ = ζ̌ − π̌^k_hζ̌ ∈ H^{1/2}(Γ_k) we remark that by the definition of π̌^k_h it holds (η̌, ξ_h)_{1/2,Γk} = (ζ̌ − π̌^k_hζ̌, ξ_h)_{1/2,Γk} = 0 for all ξ_h ∈ W^k_h /R ∼ {ξ_h ∈ W^k_h : ∫ Γ_k ξh ds = 0}. Then, thanks to (32) and (40) we can write ‖η̌‖_{0,Γk} = ∫ Γ_k |η̌| 2 ds ‖η̌‖_{0,Γk} = (τ(η̌), η̌)_{1/2,Γk} ‖η̌‖_{0,Γk}

= (τ(η̌) − π^k_hτ(η̌), η̌)_{1/2,Γk} ‖η̌‖_{0,Γk}

≲ |τ(η̌) − π^k_hτ(η̌)|_{1/2,Γk} |η̌|_{1/2,Γk} ‖η̌‖_{0,Γk}

≲ h^{1/2}_k |τ(η̌)|_{1,Γk} ‖η̌‖_{0,Γk} |η̌|_{1/2,Γk} ≲ h^{1/2}_k |η̌|_{1/2,Γk} .

Thus |ζ̌ − π̌^k_hζ̌|_{0,Γk} ≲ h^{1/2}_k |ζ̌ − π̌^k_hζ̌|_{1/2,Γk} ≲ h^{1/2}_k |ζ̌|_{1/2,Γk} = h^{1/2}_k |ζ|_{1/2,Γk} . (41) By combining (39), (41) and (38) and substituting the resulting bound in (37) we get the thesis. □ We can now prove the following Lemma:

Lemma 5.2 If (A3a), (A4–5) are satisfied then it holds uniformly in H_k

inf_{λk} h∈Λ^k_h sup u^k_h∈V^k_h ∫ Γ_k u k hλ^k_h ds ‖u^k_h‖_{1,Ωk} ‖λ^k_h‖_Λk ≳ 1. (42)

Proof: Thanks to the definition of ‖ · ‖_Λk it is easily seen that the continuous inf-sup condition inf λ∈H^{−1/2}(Γ_k ) sup u∈H^1(Ω_k ) ∫ Γ_k uλ ds ‖u‖_V k ‖λ‖_Λk ≥ 1 holds. Then, by Fortin’s argument, (42) is verified provided that a bounded projector Π^k_h : H^1(Ω_k) → V^k_h exists, such that, for all v ∈ H^1(Ω_k), for all λ_h ∈ Λ^k_h it holds ∫ Γ_k (v − Π k hv)λ_h ds = 0. Let Π^k_h be defined by ∫ Ω_k

∇Π^k_hu∇v^k_h dx = 0, ∀v^k_h ∈ V^k_h ∩ H^1_0 (Ω_k), Π^k_hu|_{Γk} = π^k_h(u|_{Γk} ).

By (34) Π^k_hu trivially satisfies for all v ∈ H^1(Ω_k) ∫ Γ_k (v − Π^k_hv)λ^k_h ds = 0, ∀λ^k_h ∈ Λ^k_h. Then we just need to show that such projector is bounded (uniformly in H_k) with respect to the H^1 norm. It is not difficult to check (see for instance [9]) that |Π^k_hu|_{1,Ωk} ≲ |π^k_hu|_{1/2,Γk} ≲ |u|_{1,Ωk} , (43) and that ‖Π^k_hu‖_{0,Ωk} ≲ H^{1/2}_k ‖π^k_hu‖_{0,Γk} + H_k|π^k_hu|_{1/2,Γk} . (44) Now, thanks to (8) we have H^{1/2}_k ‖u‖_{0,Γk} ≲ ‖u‖_{0,Ωk} + H_k|u|_{1,Ωk} . (45) By combining (44) and (45) we obtain ‖Π^k_hu‖_{0,Ωk} ≲ H^{1/2}_k ‖π^k_hu‖_{0,Γk} + H_k|π^k_hu|_{1/2,Γk} ≲ H^{1/2}_k ‖u‖_{0,Γk} + H_k|u|_{1/2,Γk} ≲ ‖u‖_{0,Ωk} + H_k|u|_{1,Ωk} which added to (43) implies ‖Π^k_hu‖_{1,Ωk} ≲ ‖u‖_{1,Ωk} . By Fortin’s argument we can then conclude that (42) holds. □

6 An Example

For all k let T^k_u be a triangulation of Ω_k, with mesh size h^u_k . Let T^k_λ be a quasi-uniform decomposition of Γ_k into intervals I with mesh-size h^λ_k , such that all nodes of T^k_λ are also nodes of T^k_u . Moreover let T_φ be a decomposition of Σ in intervals J such that for all k all vertex of Ω_k are nodes of the decomposition. Let h^φ_k be the mesh-size of T_φ restricted to Γ_k. Remark that, in our framework, independently of T^k_u and T^k_λ , it is allowed to take T_φ such that the decomposition is uniform on each Γ_k ∩ Γ_ℓ, which can facilitate the construction of good preconditioners for the discrete Steklov-Poincaré operator. We can discretize the three fields V , Λ and Φ by three P1 finite element spaces. More precisely, let V^k_h = {v ∈ C^0(Ω_k) : v|_T ∈ P_1(T ) ∀T ∈ T^k_u }, Λ^k_h = {μ ∈ C^0(Γ_k) : μ|_I ∈ P_1(I) ∀I ∈ T^k_λ }, Φ_h = {ψ ∈ C^0(Σ) : ψ|_J ∈ P_1(J) ∀J ∈ T_φ},

where as usual P_1 denotes the space of polynomials of degree lower or equal than one. We observe that such a choice falls in the framework here considered. In fact, by the assumptions on the nodes of T^k_λ , the inclusion Λ^k_h ⊆ V^k_h |_{Γk} holds. Then, setting W^k_h = Λ^k_h (A4) and (A5) hold for h_k = h^λ_k , with π^k_h : L^2(Γ_k) → W^k_h taken as the L^2 orthogonal projection. The bounds (32), (33) and (35) are classical (see [15]). It is not difficult to check (by using a scaling argument) that the constants in the bounds are indeed independent of H_k. By applying Lemma 5.2 we can then conclude that (A3) holds. The error is then estimated by Theorem 2.1. To this end we need to bound the three terms inf_{vh∈Vh} ‖u − v_h‖_V , inf_{μh∈Λh} ‖ ‖ ‖ ∂u ∂ν^a_k − μ_h ‖ ‖ ‖_Λ , and inf_{ψh∈Ψ} ‖u − ψ^h‖^Ψ.

As usual let us introduce the two Lagrange interpolation operators I^{u,k}_h : H^2(Ω_k) → V^k_h , I^φ_h : H^1(Σ) → Φ_h corresponding respectively to the grids T^k_u , T_φ, and the L^2 projection P^{λ,k}_h : L^2(Γ_k) → Λ^k_h. The bounds ‖u − I^{u,k}_h u‖_{1,Ωk} ≲ h^u_k |u|_{2,Ωk} and |u − I^φ_h φ|_{1/2,Γk} ≲ h^φ_k |u|_{3/2,Γk} are classical. Let us then concentrate on the Λ^k component of the error. It is well known that for all λ ∈ H^{1/2}(Γ_k) it holds ‖λ − P^{λ,k}_h λ‖_{0,Γk} ≲ (h^λ_k )^{1/2}|λ|_{1/2,Γk} . Let us bound ‖λ − P^{λ,k}_h λ‖_Λk . We have, recalling (9) ‖λ − P^{λ,k}_h λ‖_Λk = sup_{v∈H1 (Ω} k) ∫ Γ_k (λ − P λ,k h λ)v ds ‖v‖_{1,Ωk} = ∫ Γ_k (λ − P λ,k h λ)(v − P^{λ,k}_h v) ds ‖v‖_{1,Ωk} ≲ h^λ_k |λ|_{1/2,Γk} |v|_{1/2,Γk} ‖v‖_{1,Ωk} ≲ h^λ_k |λ|_{1/2,Γk} .

Then, thanks to the definition of the V and Λ norms, and to the characterization (6) of the Φ norm, using the trace bounds (10) we can conclude that

‖u − u_h‖_V + ‖ ‖ ‖ ∂u ∂ν^a − λ_h ‖ ‖ ‖_Λ + ‖u − u^h‖^Φ ≲ ( ∑ k (h^u_k + h^λ_k + h^φ_k )^2|u|^2_{,Ωk} )_{1/2} . 7 Conclusion

We proved that for the stabilized three fields formulation proposed in [8], under quite general assumptions (some of which actually weaker of the ones in [8]) on the geometrical decomposition and on the discretization spaces for the unknowns u and λ, and under no assumption on the discretization space relative to the interface unknown φ stability and convergence bounds hold with constant independent of the number of subdomains or of their size. The same holds for the discrete Steklov-Poincaré operator, obtained by reducing the stabilized three fields formulation to a problem on the interface unknown. The corresponding bilinear form is proven to be continuous and coercive uniformly with respect to the size and number of subdomains. Such method is then well suited to massively parallel implementation and, if coupled with optimal preconditioner the resulting algorithm will be potentially scalable.

References

[1] M. Azaïez, C. Bernardi, and Y. Maday. Some tools for adaptivity in the spectral element method. In Proc. of the Third Int. Conf. on Spectral and High Order Methods, Houston J. of Math., pages 243–253, 1996.

[2] C. Baiocchi, F. Brezzi, and D. Marini. Stabilization of galerkin methods and application to domain decomposition. In Future Tendencies in Computer Science, Control and Applied Mathematics. 1992.

[3] F. Ben Belgacem, C. Bernardi, N. Chorfi, and Y. Maday. Inf-sup conditions for the mortar spectral element discretization of the Stokes problem. Technical report, Laboratoire d’Analyse Numérique, Université de Paris VI, 1998. to appear on Numer. Math.

[4] C. Bernardi, Y. Maday, and A.T. Patera. A new nonconforming approach to domain decomposition: The mortar element method. In H. Brezis & J.-L. Lions eds., editor, Nonlinear Partial Differential Equations and their Applications, Collège de France Seminar, volume XI of Notes Math. Ser. 299, pages 13–51. 1994.

[5] S. Bertoluzza. Iterative substructuring for the three fields domain decomposition method. in preparation.

[6] S. Bertoluzza. Stabilization by multiscale decomposition. Appl. Math. Lett., 11(6):129–134, 1998.

[7] S. Bertoluzza, C. Canuto, and A. Tabacco. Stable discretization of convectiondiffusion problems via computable negative order inner products. Technical Report 1154, I.A.N., 1999. to appear on SIAM Jour. Numer. Anal.

[8] S. Bertoluzza and A. Kunoth. Wavelet stabilization and preconditioning for domain decomposition. Technical Report 1127, I.A.N.-C.N.R., 1999. to appear on IMA J. Numer. Anal.

[9] J. H. Bramble, J. E. Pasciak, and A. H. Schatz. The construction of preconditioners for elliptic problems by substructuring. Math. of Comp., 47(175):103–134, 1986.

[10] J.H. Bramble, J.E. Pasciak, and P.S. Vassilevski. Computational scales of sobolev norms with application to preconditioning. to appear in Math. Comp.

[11] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Methods. Springer, 1991.

[12] F. Brezzi, L. Franca, D. Marini, and A. Russo. Stabilization techniques for domain decomposition methods with non-matching grids. In Proc. IX Domain Decomposition Methods Conference.

[13] F. Brezzi and D. Marini. Error estimates for the three-field formulation with bubble stabilization. Math. of Comp. to appear.

[14] F. Brezzi and D. Marini. A three-field domain decomposition method. In A. Quarteroni, J. Periaux, Y.A. Kuznetsov, and O.B. Widlund, editors, Domain Decomposition Methods in Science and Engineering, volume 157 of American Mathematical Society, Contemporary Mathematics, pages 27–34, 1994.

[15] P. G. Ciarlet. The Finite Element Method for Elliptic Problems. North-Holland, Amsterdam, 1976.

[16] M. R. Dorr. A domain decomposition preconditioner with reduced rank interdomain coupling. Appl. Numer. Math., 1991.

[17] J.L. Lions and E. Magenes. Non Homogeneos Boundary Value Problems and Applications. Springer, 1972.

Silvia Bertoluzza I.A.N.-C.N.R.

v. Ferrata 1, 27100 Pavia Italy

http://www.ian.pv.cnr.it/∼aivlis

Appendix

In this appendix we want to prove that, in the case of a geometrically conforming decomposition, (A2) is a direct consequence of (A1). We recall that a decomposition Ω̄ = ∪Ω̄_k is said to be geometrically conforming if any vertex A of any subdomain Ω_k is also a vertex of all the subdomains Ω_ℓ to which it belongs.

Let l_c be the line of equation x_2 = c, and let K_c = {k : length(l_c ∩Ω_k) > 0}. For simplicity assume that K_c = {1, 2, . . . , N_c}.

For k ∈ K_c let ε_k = length(l_c ∩ Ω_k). It trivially holds ∑ k ε_k ≤ diam(Ω). Now, let k ∈ K_c. Two situations may occur:

(i) l_c crosses Ω_k in two opposite edges;

(ii) l_c crosses Ω_k in two adjacent edges e_1 and e_2.

If (i) occurs, then ε_k ≃ H_k. If, on the other hand (ii) occurs, let A denote the common vertex to e_1 and e_2. For some k^′ = k^′(k), k^{′′} = k^{′′}(k), with k^′ < k < k^{′′} the set k^′ ≤ ℓ ≤ k^{′′} will individuate those subdomains sharing A as a vertex and crossed by the line l_c. Since, letting ω_k denote the internal angle to Ω_k with vertex A, clearly it must hold ∑_k′′_{−1} ℓ=k^′+1 ωℓ ≤ π, thanks to the angle condition in assumption (A1),

C_1(k^{′′} − k^′ − 1) ≤ k^{′′}−1∑

ℓ=k^′+1 ω_ℓ ≤ π =⇒ (k^{′′} − k^′) ≤ C^′.

Let us then consider the subdomain Ω_k′ . Again either (i) or (ii) occur. In the first case, we have ε_k′ ≃ H_k′ . In the second case, by the definition of k^′, denoting by B the common vertex to the two edges crossed by l_c we will have that A ≠ B (otherwise, the subdomain ω_k′_{−1}, also crossed by l_c would also share A as a vertex, contraddicting the definition of k^′) and we will be in the situation depicted in figure 7 In this case it is not difficult to see that ε_k′ + ε_k′_{+1} ≳ H_k′ . In fact, letting ω and ω^′ be the two angles respectively internal to Ω_k′_{+1} with vertex A and internal to Ω_k′ with vertex B, and denoting by P the crossing point of l_c with [A, B] (see figure 7) it holds, (thanks to the angle condition of assumption (A1) which both ω and ω^′ satisfy)

ε_k′ ≥ length[B, P ] sin(ω^′) ≳ length[B, P ] ε_k′_{+1} ≥ length[A, P ] sin(ω) ≳ length[A, P ]

whence

ε_k′ + ε_k′_{+1} ≳ length[A, P ] + length[B, P ] = length[A, B] ≃ H_k′ .

Then, since thanks to the grading of the decomposition, for all ℓ, k^′ ≤ ℓ ≤ k^{′′} it holds H_k′ ≃ H_ℓ ≃ H_k′′ , we get k^{′′}∑

ℓ=k^′ ε_ℓ ≳ H_k′ + H_k′′ ≳ k^{′′}∑

ℓ=k^′ H_ℓ. Now we can conclude by observing that N_c∑

k=1 H_k ≤ N_c∑

k=1 k^{′′}(k)∑

ℓ=k^′(k) H_ℓ ≲ N_c∑

k=1 k^{′′}(k)∑

ℓ=k^′(k) ε_ℓ ≲ N_c∑

k=1 ε_k ≲ 1,

where for Ω_k in the case (i) we set k^′(k) = k^{′′}(k) = k.