Virtual Element Implementation for General
Elliptic Equations

Lourenco Beirao da Veiga, Franco Brezzi, Luisa Donatella Marini,
and Alessandro Russo

Abstract In the present paper we detail the implementation of the Virtual Element
Method for two dimensional elliptic equations in primal and mixed form with
variable coefficients.

1 Introduction

The Virtual Element Method (VEM) is a recent generalization of the Finite
Element Method that, in addition to other useful features, can easily handle general
polygonal and polyhedral meshes. The interest in numerical methods that can use
polytopal elements has a long and relevant history. We just recall the review works
[3, 4, 14, 21, 22, 26, 27] and the references therein. However, the use of polytopes
showed recently a significant growth both in the mathematical and in the engineering
literature, with the emergence of a new class of methods where the traditional
approach (based on the approximation and/or numerical integration of test and trial
functions) was substituted by various alternative strategies based on suitable differ-
ent formulations. Among these alternative frameworks (all, deep inside, very similar
to each other) we could see the (older) Mimetic Finite Differences (see e.g. [9]
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and the references therein), the Hybridizable Discontinuous Galerkin (see e.g. [18]
and the references therein) the Gradient Schemes (see e.g. [20] and the references
therein) the Weak Galerkin Methods (see e.g. [29] and the references therein), and
the Hybrid High Order methods (see e.g. [19] and the references therein), together
with the main object of the present paper: the Virtual Element Method.

The subject of polygonal and polyhedral mesh generation is a very active area of
research on its own. Here we only refer to [28] for a simple and reliable MATLAB
polygonal mesh generator in 2D, and to [24] and the references therein for some
insights into the issues of the three-dimensional case.

Very briefly, the key idea of the Virtual Element Method is to adopt also non-
polynomial shape functions (that are necessary in order to build conforming discrete
spaces on complex polytopal grids) but avoiding their explicit computation, not even
in an approximate way. This is achieved by introducing the right set of degrees
of freedom and defining computable projection operators on polynomial spaces.
In the initial paper [6] the Virtual Element Method was presented for the two
dimensional Poisson problem in primal form, while the three dimensional case (still
for constant coefficients) was discussed later in [1]. In the more recent papers [12]
and [11] the Virtual Element Method was then extended to more general elliptic
equations (including variable coefficients with the possible presence of convection
and reaction term), respectively in primal and mixed form. At the same time, the
method has been applied with success to a wide range of other problems. We just
recall [2, 5, 7, 10, 13, 15-17, 23, 25].

The present work can be considered as a natural continuation of [8], where all
the coding aspects of the model scheme presented in [6] and [1] where detailed.
Here we describe all the tools for the practical implementation of the methods
analysed in [12] and [11]. Since the assembly of the global matrix follows the same
identical procedure as in the Finite Element case, the focus of this work is on the
construction of the local matrices. After a brief description of the discrete spaces and
the associated degrees of freedom, we detail step by step the implementation of the
projection operators and all the other involved matrices. At the end of each part the
reader can find an “algorithm” section where the whole procedure is summarized.
Although we believe that the VEM is very elegant and, once some familiarity is
acquired, quite easy to implement, we advice the reader to look into the previous
work [8] before reading the present one.

The paper is organized as follows. After presenting some minimal notation in
Sect. 2, we briefly describe in Sect.3 the problem under consideration, including
its primal and mixed variational formulations. In Sects.4 and 5 we briefly recall
the discrete spaces, the degrees of freedom and the construction of the projection
operator of [6]. In Sect.6 we detail the implementation of the method analysed
in [12]; a useful summary can be found in Sect.7. Section 8 is devoted to a brief
description of the discrete spaces and of the degrees of freedom introduced in
[11], while the implementation aspects are described in Sects.9 and 10. A useful
summary can be found in Sect. 11.

In this paper we have studied in details the implementation of the Virtual Element
Method in two dimensions only. The extension to the three dimensional case does
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not present any major difficulties, as long as all the 2D machinery is developed with
respect to each face of a general polyhedron. We will soon release a full MATLAB
implementation for both the 2D and the 3D case.

2 Basic Notation

In the present section we introduce some minimal notation needed in the rest of the
paper.

2.1 Polynomial Spaces

For a given a domain D C R? and an integer k > 1, we will denote by P;(D)
the linear space of polynomials of degree less than or equal to k. When d = 2, the
dimension of P, (D) will be denoted by ny:

k+ Dk +2)

ny := dim Py(D) = 5

2.2 Polygons

A generic polygon will be denoted by E; the number of vertices will be denoted by
Ny and the number of edges by N,. Of course N, = Ny, but it will be useful to
keep separate names. The diameter of the polygon E will be denoted by hg and its
centroid by (x., y.). The outward normal to E will be denoted by ng or simply by n
when no confusion can arise. The normal ng restricted to ad edge e will be indicated
by n,.

2.3 Scaled Monomials

Let a = (o, ory) be a multi-index. We define the scaled monomial m, on E by:

Mo (x.y) = (x ;Exc)ax(y ;Eyc)l)ty. W

For k an integer, let

M(E) := {my, 0 < || <k} (2)
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where |a| = o, + a,. With a small abuse of notation we will indicate with « (in
contrast with boldface «) a linear index running from 1 to ny. Obviously, M(E) is
a basis for Py(E).

2.4 Functional Spaces

The scalar product in L?(D) will be denoted by (-, )o.p or simply by (-, -) when the
domain is clear from the context.

3 The Elliptic Problem

Let 2 C R? be a bounded convex polygonal domain with boundary I', let ¥ and
y be smooth functions £2 — R with k(x) = ko > 0 for all x € £2, and let b be a
smooth vector field £2 — R2. We consider the following elliptic problem:

Lp:=div(—«Vp+bp)+yp=f in 2 ;
(3)
p=0 on I

We assume that problem (3) is solvable for any f € H~!(£2), and that the a-priori
estimate

lrlhe < Clfll-1.e 4

and the regularity estimate

IPl2.2 < Cllfllo.e &)

hold with a constant C independent of f. As shown in [12] and [11], these hypotheses
are sufficient to prove the convergence of the Virtual Element approximation, both
in primal and in mixed form.

3.1 The Primal Variational Formulation
Set:
a(p,q):=/QKVp-qux, b(p,q) :=—/Qp(b-Vq)dx,

c(p,q) :=/9qudx, (f,q)=/9fqu,
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and define

B(p.q) :=a(p,.q) +b(p,q) + c(p.q). (6)

The primal variational formulation of problem (3) is then

findp eV := Hé (£2) such that

B(p,q) = (f,q) forallgeV. @
3.2 The Mixed Variational Formulation
In order to build the mixed variational formulation of problem (3), we define
vi=«, Bi=«""b,
and re-write (3) as
u=v ' (=Vp+Bp). divut+yp=fin2, p=0onTl. (8)

Introducing the spaces
V:=H(div;:2), and Q:=L*(£2),
the mixed variational formulation of problem (3) is:

Find (u, p) € V x Q such that
(vu,v) — (p,dive) —(B-v,p) =0 forallveV, )
(dive,q) + (yp.q) = (f.q) forallg € Q.

4 Approximation with the Virtual Element Method

The Virtual Element approximation of problems (7) and (9) fits in the classical con-
forming Galerkin methods: in principle, in both cases we define finite-dimensional
subspaces V;, C V (for problem (7)) and V;, C V, Q;, C Q (for problem (9)) and
we restrict the various bilinear forms to the spaces Vj, and V), x Q;, respectively.
However, given that for the VEM the functions are not explicitly known, we will
also have to approximate the various bilinear forms.
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As usual, the virtual spaces Vj,, V}, and Q) will be defined at the element level,
and on the boundary of the elements the degrees of freedom will be chosen in such
a way that they will nicely glue together.

Hence, given a polygon E of the decomposition, we will first define the local
virtual spaces Vj,(E), V;,(E) and Qy(E) and then we will set

Vi = {p € V such that pp € V), (E)} (10)
Vi ={v € Vsuchthat vy € V,(E)} an
O = {q € QO such that gz € Oy(E)}. (12)

Also the approximation of the various bilinear forms will be made element by
element.

To encourage the reader, we point out that the space Oy, will consist, as usual in
finite element methods, of piecewise discontinuous polynomials of degree k.

5 Virtual Element Space for the Primal Formulation

Before defining the local virtual space V,(E), we need to become familiar with the
projection operator I7 kv which will play a major role in the rest of the paper.

The operator 17, ,Y is the orthogonal projection onto the space of polynomials of
degree k with respect to the scalar product [, Vp - Vgdx. Given a function p €
H'(E), the polynomial IT kV p is defined by the condition

/ V(ITYp—p)-Vrdx =0 forall r, € Pi(E). (13)
E

When r; is a constant, condition (13) is the identity 0 = 0 so the polynomial /7, kV p
itself is determined up to a constant. This is fixed by imposing an extra condition,
for instance,

/ (1Y p —p)ds = 0. (14)
oE

The following easy lemma will be useful throughout the section:
Lemma 1 The polynomial Il kV p depends only on

* the value of p on the boundary of E;
» the moments of p in E up to order k — 2.

Proof By Eqgs.(13) and (14) it is clear that the polynomial I'[kvp is completely
determined by the integrals

/Vp -Vrdx and / pds.
E IE
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The second integral clearly depends only on the value of p on the boundary of E.
Concerning the first integral, integrating by parts we have

d
/Vp'Vrkdx:—/pArkdx—}—/p rkds
E E o On

and since Ary € Pr—2(E) the proof is completed.

We are now ready to introduce the local virtual space Vj(E). The space Vj(E)
consists of functions pj, such that:

* pj is continuous on E;
* p,on each edge e is a polynomial of degree k;
s Apy € Pu(E);

. phmadx:/H,thmadxfor|a|:nk—land|oc|:nk.
E E

In [1, 8] we have shown the following results:

1. Vi(E) has dimension Ny + (k — 1)N, + ng—p = kNy + ng—;
2. Pk(E) C Vh(E);
3. for the space Vj,(E) we can take the following degrees of freedom:

Boundary degrees of freedom [Ny + (k — 1) x N, = k x Ny]

* the values of pj, at the Ny vertices of the polygon E;
» for each edge e, the values of p;, at k — 1 distinct points of e (for instance
equispaced points).

Internal degrees of freedom (only for k > 1) [n;—;]

* the moments of pj up to degree k — 2, i.e. the integrals

1
|E|/phmadx, l| < k—2.
E

We will indicate by dof;(pp) (i = 1, ..., Ngot := dim V},(E)) the degrees of freedom
of p,. We define the local basis functions ¢; € Vi(E), i = 1,...,Ngof, by the

property:
dofi(¢j)) =38 i,j=1,...,Naof (15)
so that we have a Lagrange-type decomposition:
Naof

pr ="y _ dofi(py) ¢ (16)

i=1
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Given a function p;, € V,(E), by Lemma 1 the polynomial /7 kv pi, depends only on
the value of p; on the boundary of E and on the moments of p; in E up to order
k — 2. Hence, the polynomial /7 kv pi, depends only on the degrees of freedom of pj,.
In [8] it is shown that also the L? projection H;?Ph of a function p;, € V,(E) onto
‘Px(E) depends only on its degrees of freedom, and all the details to compute and
code IT kV ¢;and IT ,9¢,-, for a generic basis function ¢;, are given. For the convenience
of the reader we report here the various steps. Write

Nk

MY ¢i=) stmy. i=1.... Nt (17)
a=1
and define
Pog; := / ¢ids.
E
Then, defining
Pomy Pomy ... Pom,,
G 0 (Vmy, 'sz)o,E . (Vmy, V.mnk)O,E , as)
6 (ank, 'sz)o,E (ank, .ank)O,E
Pogi
b = (Vimy, .V(,bi)O,E ’ (19
(anks'vqﬁi)O,E
for each i, the coefficients s¥, @ = 1, ..., n; are solution of the n; x ny linear system:
Gs; = b;.
Denoting by B the n; x Ngor matrix given by
Pogh ‘e Podns
Bim[bibs ... by, = (Vmy, 'V(PI)O,E - (Vmy, V‘¢Nd0f)0,E ’ 20)

(Vmy, Véi)ok .. (Vim,, Vén,)o.E
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*
the matrix representation l'[kV of the operator I7, kv acting from V,(E) to Px(E) in the

*
basis M, (E) is given by (l'[kv)m = s¥, that s,

ﬁ,Y =G 'B. 1)

We will also need the matrix representation, in the basis (15), of the same operator
11 ,Y , this time thought as an operator V,(E) —> V},(E). Hence, let

Ndof

Hkvqﬁzzzﬂ{(ﬁ], i=1,...Ngof,
=1

with
n} = dofy (1T ¢).
From (17) and (16) we have

ng ng Ndof

M= simg =y 7Y dofi(me) ¢

a=1 a=1 j=1

so that

N

= Zs;' dof;(my). (22)
a=1
In order to express (22) in matrix form, we define the Nyor X n; matrix D by:
D,'a = dof,-(ma), izl,...,Ndof, Olzl,...,l’lk,

that is,

dof; (ml) dof; (WZQ) ... dof (m,,k)
dsz(ml) dsz(le) ... dof, (m,,k)

(23)
dOdeof(ml) dOdeof(mz) e dodeof(mnk)
Equation (22) becomes:

7 =) (G"'B)uiDj = (DG™'B);.

a=1
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Hence, the matrix representation l'[kV of the operator HkV : Vi(E) — Vi (E) in the
basis (15), is given by
*
ny =DbG 'B=DI,. (24)

Remark 1 We point out that, as shown in [8], the matrix G can be expressed in
terms of the matrices D and B as

G = BD. (25)

Always following [8], we can show that also the L? projection onto P(E) of a
function p;, € V,,(E) depends only on its degrees of freedom. If we write

Ndof

Mg =Y tm,
=1

and define
(my,m)oe (mi,ma)oe ... (M1, my)oE
H— (ma, ’i”l)O,E (ma, I?iz)o,E . (ma, n:lnk)O,E ’ 26)
(mnks;nl)O,E (mnk,;nz)o,E (myy., My )o £
(m1, ¢i)o.e
¢ — (mg, fpi)O,E ’ on
(1 5 '¢i)0,E
then, for each i, the coefficients 1, @ = 1, ..., n; are solution of the ny x ny linear
system:
Ht =¢;, (28)
which descends directly from the definition of the L?-projection.
We denote by C the n; x Ngof matrix given by
(mi, @0 (M1, $2)0E - (M1, PNy)o.E
Cimferes ... eny] = (m2s<'151)0,E ("’127?2)0,E (mzvd){vdof)O,E 29)

(mnks ¢l)0,E (Wlnk, ¢2)0,E “ee (mnks ¢Ndof)0,E
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The first ng—, lines of the matrix C can be computed directly from the degrees of
freedom, and the resulting matrix is

00 ... 0010...0

00 ... 0001 0
first ny—; lines of C = |E|

00..0000...1

where the rightmost block is the identity matrix of size ny—, Xny—p. The last ny—nx—
lines of the matrix C correspond to m, being a monomial of degree k — 1 or k and
we need to resort to the fundamental property

[ oo = [ 117 gim ax.
E E
Hence in this case we have

-1
Coi = (HG 'B)ui, m—2 <o < ny.

*
It follows that the matrix representation l'[,(: of the operator 1 acting from V}(E)

*
to Pi(E) in the basis My(E) is given by (I1})4; = #*, that i,

M =H'C. (30)

Arguing as before, the matrix representation, in the basis (15), of the same operator
I1?, this time thought as an operator V,,(E) —> V,(E), is

M) = DH™'C = DII). (31

*
In a similar fashion we can also compute the matrix representations IT§_, and IIj_,
of the L? projection onto the space of polynomials of degree k — 1. To this end, we
consider:

o the ng—; X ng—; matrix H' obtained by taking the first n;—; rows and the first n;—;
columns of the matrix H defined in (26);

o the mg_q X Nyof matrix C’ obtained by taking the first n;— lines of the matrix C
defined in (29);

o the Nyof X ng—; matrix D’ obtained by taking the first nz—; columns of the matrix
D defined in (23).

Then we have:

* *
ny_,=MH)"'C’ and Mm)_, =D'M}_,.
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To summarize, given a “virtual” function p, € Vj(E), we can compute the
polynomials I'[kvph, 11 ,?ph and I7, ,?_ \Pn in terms of its degrees of freedom.

6 VEM Approximation of the Primal Formulation

As shown in [6], the projectors I1 kv and IT_, allow us to solve the Laplace equation
with a reaction term. Indeed, according to [1], if problem (3) reduces to

—Ap+yp=f in{2

u=g ondf2

then we have
a(p.q) := /9 Vp-Vqdx, b(p.q):=0, c(p.q):= /9 ypqdx.
The local VEM approximation for a(-, -) is
ay (Phs qn) = /EVHkVph - VITY g dx + Sp((I— 1Y )py, (I = T1Y )qn)

where the stability term Sg (-, -) is the symmetric and positive definite bilinear form
which is the identity on the basis function, i.e. Sg(¢i, ¢;)) = §;. The local VEM
approximation for c(:, -) is

cE(pnrqn) = / y I \pi IT_ g1 dx
E

and similarly the load term (f, g;,) is approximated locally by (f, IT)_,qn)o k-

If the diffusion « is not constant or a first-order term is present, then we cannot
simply approximate Vp;, with VII, kvph; as shown in [12], we would loose the
optimal convergence rates. Instead, we should approximate

Vpn  with ), Vp,.
Note that for k = 1 the two approximations of Vpj, coincide; in fact,

1
v p, = ] /EVphdx = I1)Vpy.

We will see now how to compute 7, ,?_1 Vpy, in terms of the degrees of freedom. To
this end, we observe that in order to obtain I7 ,?_1 Vpp, we need to compute

/ Vph Fg—1 dx
E
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where ry—; is any vector whose components are polynomials of degree k — 1.
Integrating by parts, we have

/Vph-rk_ldx = —/phdivrk_l dx+/ Phli—1 -nds
E E oE

and since divri—; € Py—»(E), both integrals are directly computable from the
degrees of freedom of p,. In order to find the matrix representations of the operator

*
1YV, we define the nj—; X Nyor matrix l'[gfl by
M=l o
i, = Z (T, e (32)

a=1

The polynomial I1 /?_1¢i,x is defined by

/Hl?—lqbi,xmﬂdx:/qbi,xmﬂdx, ,3 =1,...,m—
E E

which becomes the linear system

Nk—1

*
Z(l’[gfl)m/mamﬁdx:/d),-,xmﬁdx, B=1,...,m.
E E

a=1

The term | £ $i.x mg dx can be computed integrating by parts:

/¢1xmﬂdx:_/¢tmﬁxdx+/ ¢imﬂnx- (33)
E E JoE

If we define the matrices E* and E” by

/q&,xmﬁdx Ey /d),ymﬁdx ,3—1 (34)
then we have:
10, = A E* A'e
L., = ) Hk 1=
where H is the submatrix of H defined in (26) obtained taking the first n;—; rows
and columns of H.

We can now compute the local VEM stiffness matrices for the variable coefficient
case.
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6.1 Diffusion Term
We have:

(K% = af (. ) = /E K IO,V IO, Vb de
+ & Sp((I = 1Y)y, (I — 1Y )¢

where k is a constant approximation of « (for instance, the mean value). We compute
separately the consistency term and the stability term.

* consistency term:
(Ko = /KHI?—1V¢/‘ T Ve dx
E
- / A0 ] + [T, LT ) e

and

-l *

/E e T gl il dx = ) (TR%) (T / Kk m mg dx,
a,f=1
Ng—1 * 0 * 0

/EK [Hl?—lfpj,y][nl?—l(bi,y]dx = Z (Hki1)aj(nki1)ﬁi/EKma mg dx.

a,f=1

If we define the n;—; x m—; matrix H* by
(H)op = //cma mgdx, 1<a,pB<m,
E
then we have
KE = (12) WA, + (1) e,
which can be written as
iy,

* (35)
0 H* ||,
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o stability term:

(K& = & Se(U — 117 )¢y, (I — ITY )¢

Naof
=& Y (8 — (Y )) Seler. be) (5 — (Y )ie)
k=1
Naof
=K (8¢ (Hkv)jé)(&z (HZ)M)
=1
i.e.
Ke=k(—1Y)T(—1y). (36)

If the diffusion « happens to be a 2 x 2 symmetric matrix, i.e.

. [Kxx ny} 7
Kxy Kyy
then we can proceed similarly by defining the n;—; x n—; matrices H*, H*» and
H“» as follows:

(Hxxx)aﬂ = /EKxxmaI’H5 dx, (H’ny)aﬂ ::/;nymamﬁdx,

and the local virtual diffusion consistency matrix K¢ can be written as

H’Cxx H’ny * 0x

- ., -
Ke = [(m)" (m)"]
H*y H< l'[k"_1

In this case, the stability matrix K‘; can still be taken of the form (36), where this
time the constant scalar k can be defined as the arithmetic mean of the mean values
of k., and k,,. Note that here we are not considering the problem of optimizing the
stability matrix with respect to the anisotropy of the diffusion matrix «, but we are
only interested in the convergence as i goes to zero.

6.2 Transport Term

The local VEM approximation for the transport term is

BE (i) = — /E 10 pn (6110, Vay) dx
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and the corresponding local matrix is
(€)= b0y 80 = [ 162112, V) .
Define the n;_; x n;_; matrices H?* and H? by

(be)aﬂ = /bx my mg dx, (Hb"')aﬂ = /by My mg dx.
E E
By (32) we have

b- [T V] = bi[IT_ V] + by [[T)_ Vi,
ng—1

= b, Z(Hk Vpimp + by Z(Hk Vpi mp
B=1 B=1

so that
- / M) ¢ (b-IT)_ V) dx =
E

/E|:Z(Hk 1)a1ma] |:b Z(Hk Vgimp + by Z(Hk Vi m5:|dx =

p=1

Nk—1 Ng—1
-/ {b D () () mpma by 3 (11 m<n£i1>ﬂimﬂma§dx=

a,f=1 a,f=1
Ni—1 Nk—1
S ILHBFIL AN [ bamgma dx= Y- (I )uy (022,050 [ by, dx =
a,f=1 a,f=1 E
Ni—1 Ng—1 *
- Z (Hk 1 a] 1)/31 (Hb )aﬁ - Z (Hk 1aj (Hgil)ﬂi (Hb'\y)aﬂ =
a.f=1 a,f=1

* *
B [(H2f1)THb"H12—1 + (Hgil)THbyng—l]ij -

= () e+ a2
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Hence the elementary VEM matrix for the transport term is

Kb — _<(r[,‘:fl)TH”*‘ + (n,‘iil)TH"y)n,‘g_l.

6.3 Reaction Term

The local VEM approximation for the reaction term is

¢y (pn.qn) == /EV[HI?—lph] [T gn] dx

and in matrix form

(K)j 1= cE(y, ) = /E y [T 5] (110, ] dx.

Define the matrix
(Hy)aﬂ = / Y mqmpg dx
E
and we have immediately

N—1 Rg—1

(K); = /EV [Z(Hg—l)ﬂéi ma] [Z(Hg—l)ﬂi mﬂ] dx =
e=1 p=1

Ng—1
a,f=1 E

ie.

K = (_)"H'I;._,.

7 Algorithm for the Primal Formulation

> ()i [ ymams s = [T/

55

(37)

i

(38)

For the convenience of the reader, we summarize the results of the previous Section

in form of an algorithm ready to be implemented.
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7.1 Projectors

1. Compute the ny; X Ngor matrix B given by

Pog .. Podno
(Vmy, Véi)og ... (Vma, Vén,)oE

(ank’ V¢l)0,E e (ank’ V¢Ndof)0,E

where the terms of type (Vimy,, V¢;)o £ can be determined as shown in Lemma 1.
2. Compute the Ngo X 1, matrix D defined by:

D, = dofi(my), i=1,...,Nagot, @« = 1,...,n.

3. Set
G = BD. (39)

Note that the n; xn; matrix G can be computed independently (see (18)), and (39)
can be used as a check of the correctness of the code.
4. Set

* V 1 *
Iy =G 'B and M} =DIH).
5. Compute the n; x n; matrix H defined by:
Hys = /mam,g dx a,B=1,...,n.
E
6. Compute the n; X Ngof matrix C defined by
Cm-:/maq&,-dx, azl,...,nk,izl,...,Ndof.
E

The matrix C has the following structure:

00..0010...0
00..0001...0

o first ;4 linesof C = [E|| =~ | where the last
00...0000...1

block is the identity matrix of size ny—» X ng—s;
 last ny — ny_» lines of C:

*
Coi=(H HZ)M, Ng— < o < Ny
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7. Set

* *
M) =H'C and M =DM}

8. Compute the Nyor X ny—1 matrices E* and E” (see (33) and (34)) by

/¢1xmﬂdx Ey /d’l}mﬂdx

9. Set

* A — * A —
n, =A'e, 0% =H &
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where H is the submatrix of H obtained by taking the first 7;—; rows and columns

of H.

7.2 Coefficient Matrices

Compute the ny—; X ng—; matrices

(Hx)aﬂ = / K mg mg dx,
E
(be)aﬂ = /be my mg dx, (Hb'v)aﬂ = /Eb} my mg dx,
(H)op = / y mgmg dx.
E
7.3 Local Stiffness Matrices
Finally, set
F0x \T [0y \T © 0 m'-
K* = [(Hgfl) (2y) ] * f)_l +e(-mY)Ta—my)
0 H || IO,

K = _((Hgfl)THb" + (Hgil)THb}.) m_,

= (Mg_) "W I,

(40)

(41)

(42)
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8 Virtual Element Spaces for the Mixed Formulation

Before defining the virtual space V,(E), we need to study certain spaces of
polynomials which will play a major role in the definition of the degrees of freedom.

We start by defining an easily computable basis {m;} for [P;(E)]*. Let I be an
index running from 1 to 2 n; = dim[Px(E)]?. Set:

my = [";’] ifl1<I<m

0
my = ifn,+1<1<2n.
mp—p;

We introduce the (vector) polynomial spaces
GY (E) := VPis1(E)
and
g,f‘(E) := L*-orthogonal complement of ng (E) in [P (E)]?
or, more generally,
G2 (E) := any complement of GY (E) in [P (E)]%.
An easy computation shows that
dimGY(E) =n) :=m + (k+1) and dimGE(E) =n® :=m — (k+ 1).

We construct now a basis for ng (E) and g,fB (E). It is easy to check that a basis for
ng(E) is given by

Vi ._ _ v
8 =Vmgy, a=1,...,n.

Let now the nkV X 2n; matrix TV be such that

2ny

vk v v
g, :ZTa,ml, a=1,....,n.
=1

A way to obtain a basis in g,fB (E) is to complete the matrix TV with a n,fB X 2ny,

\Y
matrix T® to form a non-singular (nkv + n,fB = 2ny) X 2n square matrix T = [T®:|'
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A basis for g,fB (E) is then given by

2ny

Dk .__ D _ @
gy '_ZTVImI’ y—l,...,nk.
I=1

An obvious way of constructing the matrix T is to define the rows of T® as a basis
for the kernel of T". This can be easily done symbolically in MATLAB:

TO = null(IN)’; T = [TN; TO]; go = Txm;

where TN = TY and TO = T®. In the appendix we present the basis so obtained up
tok =5.

8.1 The Space Vy(E)

We are ready now to define the local VEM space V,(E) which consists of functions
vy, such that:

e v, € H(div; E) N H(rot; E);

* v, -n,is apolynomial of degree k on each edge e;
e divv, € Pr(E);

e rotv, € Pi—1(E).

In [11] we have shown the following results:

1. the dimension of V,(E) on a polygon E is

Nyot := dim V,(E) = N, x (k + 1) + dim G, (E) + dim GP(E)
=N, x (k+ 1)—}—nkv_1 +n,€(B:Ne Xtk+1)+2m—k—2

2. [P(BE))* C Vi(E);
3. for the space V;(E) we can take the following degrees of freedom:

* Edge dofs [N, x (kK + 1)]

Since on each edge v, - n, is a polynomial of degree k and no continuity is
enforced at the vertices, we need to identify a polynomial of degree k on each
edge without using the values at the vertices.

This can be done in several ways, the most natural being taking the value
of v, - n, at k + 1 internal distinct {x{} points of the edge e, obtained by
subdividing e in k + 2 equal parts:

dof/(vy) == (v -m)(xp), £=1,....k+ 1.
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This choice automatically ensures the continuity of v, - n, across two
adjacent elements.
¢ Internal V dofs [nkv_1 =n; —1]
Let @ be an index running from 1 to dim G\ | (E) = n}_,. We define:

1 B _
dofy (vy) = E| / viege e, gt e gl (E).
E

« Internal @ dofs [n® = n; — (k + 1)]
Let y be an index running from 1 to dim g,fB (E) = n,fB. We define:

1
dof® (vy) := | / vi-gPtde,  g24 e GR(E).
E

Let i be an index running through all dofs. We define ¢, € V,,(E) by
dofi(¢,) =385, j=1,....Naot

in such a way that we have again a Lagrange-type identity:

Ndof

v, = Z dof;(vy) ¢;.

i=1

8.2 The Space Qy(E)

As promised, the space Q;(E) is simply the space P;(E) and as basis functions we
take the set of scaled monomials M, (E) defined in (2).

9 VEM Approximation of the Mixed Formulation

As show in [11], the VEM approximation of problem (9) is
Find (uy, pr) € Vi, x Qp, such that

Z {af(uh, ‘Uh) — (ph, div vh)(),E — (ﬂ . H,?vh,ph)(),E} =0 for all v, € V},
E

Y (divan, gi)os + (vpi gidoe = (f, a)oe for all g, € Qy
E



VEM Implementation for Elliptic Problems 61

where
a (p, vi) 1= (v My, Tv4)o s + Se(( — T)up, (I — I17)vy).

The symmetric and positive bilinear form Sg(:, ), needed for the stability of the
method, is defined by requiring

Se(¢;. ¢/) = v|E|dy,

with v = mean value of v on E, or v = v(x, y.). The corresponding local stiffness
matrices are obtained by restricting all integrals to E and by setting u;, = ¢;, v, =

¢i’ph = Mgy, gp = Mmg.
9.1 Computation of the L*-projection in V;(E)

Let ¢, be a basis function for V(E). We need to compute I10$; € [Pi(E)]>. We
shall write IT¢, in terms of the basis {gk} = {ga”‘,g?’k} of [P(E)]?:

2ny

e, —Zs“ V"+Zsy Ok — Zs (43)

Multiplying by {gg’k , g;?’k} and integrating, we get a linear system in the unknowns
{s¥, s/} = s! (note that [ IT)$, -p,dx = [, §; - p; dx):

/Vk dx—l—Z / @ ¥k gy =/E¢i~gZ"
/Vk

kdx+Z /e;k g®* dx =/¢i_g§Bk
E

Il M*‘q Il M*‘q

Set
Gy = /glf - g5 dx,
E

and define the 2n; X Ngor matrices

*
MY :=s' and By := / o, -gkdx. (44)
E
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We have

2nk * * *
ZG” MY, =B; ie. GHO!=B sothat I)=G 'B.
J=1

We split B as
\/
B= [Be} .
B
We start from BZ!‘ = [ ¢ -gg‘k dx. Since

Vi
85 = Vmpyi,

we have

Bﬂ=/¢,wwﬂmz—/QW@mHuu+/¢,Mm“ms
E E JE

-\4 \'4

=:BY +BY.

The term Bg can be readily computed because ¢; - n is a known polynomial on
the boundary of E. Concerning the term BlV , we first observe that we can directly
compute div ¢; € Pr(E). In fact, write div ¢, as

ng
dive, = E d? mg,
o=1

multiply by m, and integrate over E:

ng
ZW/%WM:/M@WM
o=1 E E

Define the n; x n; matrix H (as already done in (26)) by
H,; .= / mgm; dx,
E
and the n; X Ngof matrices V and W as

Voio =d?, Wy = /divq&imrdx (45)
E

1
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so that
HV=W and V=H"'W.
Now,
W= [divgmear=— [ Vmart [ gmemas
E E IE
=: Wil + [W2]q;.
Observing that
Vm, = gY’_kl_l,
we have

(Wil.: = —|E| dof® () = —|E| ificorrespondstot — 1
T = —19) =

(46)

0 otherwise.

Concerning the term W», we observe that it can be immediately computed since
@, - ng is a known polynomial on the boundary. Consider now BY:

ng
BY s = —[Ediv¢im5+1dx = —Zdﬁ/EmamﬁH dx.

o=1

Define the nkv X 1 matrix
# .
H S /mgm5+1dx.
E

Obviously, most of the entries of the matrix H* are also entries of the matrix H
already computed. Then

— [ aiv iy ax = VI, = —(HH W
E
so that
BY = —H*H™'(W; + W,).
Concerning the term B®, we simply observe that

Bg _ /‘P; -ggB‘k _ B dOftg@(¢,‘) _ |E| if § corresponds to i
E 0  otherwise.
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We will also need I1 ,?q) ; in terms of the basis {¢,} itself. To this end, we define ”}l

as

Ndof
¢, =Y nl¢, orml:=dofi(ITp,)

J=1

and the Nyor X Nyor matrix l'[,(: as

(TRY;i = /.
From (43) we have
2ng 2ng Ndof Ndof [ 2mx
M, =) sigi= si| D dofigng; | = [Z sjdof;(g})
I=1 I=1 j=1 j=1 Li=1

and comparing with (47) we obtain
2nk

] = ) sidof;(g)).
=1

If we define the Ngof X 2n; matrix
Dj; := dofj(g})
we have:
m’ =DM ie. M’=DG'B.

We observe that

Ndof

G, = /Eg’; ghdx, and gt = ZdOfi(gl})¢i

i=1
so that

Naof Naot

G, = Zdofi(gﬁ)/Eg’; -, dx = Z D;B; hence G = BD.
i=1 i=1

We have the following useful identities:

*

MD=1 since MD=G 'BD=G 'G=1

(47)

(48)
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and
MD=D since TN’D = DIYD = DI = D.
Another way of arguing is that since /T is a projection, then (l'[,(:)2 = l'[,(:. Hence
(nY)?> = DG 'BDG 'B = D[G 'BD|G 'B=1I! = DG 'B

hence G™'BD must be the identity matrix as stated in (48).

Remark 2 1t can be shown that the lower part of the matrix l'[,? corresponding to
the internal dofs (last nkv_l + n,fB rows) is the identity matrix. This property can be
exploited in the definition of the stability matrix (50) described below (see [11]).

10 Local Matrices

We are now ready to compute the VEM local matrices for the mixed formulation.

10.1 Term a; (up, vy)

The corresponding local matrix is given by
aj/ (i b)) = v I106;, TT0¢)0.x + Se(( = )@, (I — T),)
= (KQ)ij + (K$)y-
Using (43), the consistency matrix Kg is given by
o 2
[Kgl; = ZZS?S}/Evg’} g dx.
I=1J=1

Defining the 2n; X 2n; matrix G”

G}, = / vg’,‘-gﬁdx,
E

and using (44) we obtain:

2ng 2ng

Key = 3 S M0 {Y),G)

I=1J=1
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i.e.
S 0T av g0
K = [II}]" G"II,,. (49)
If v(x) = 1, i.e. we have the Laplace operator, then G* = G and
K =[G 'B|"G[G'B]=B"G'B.

The stability matrix Kg can be taken as

K =0 IE|(1- )" (I - TI) (50)

where V is a constant approximation of v.

10.2 Term —(pun,div vp)o,E

By (45) we see that the corresponding local matrix is —W which has already been
computed.
The local matrix K corresponding to § = (0,0) and y = 0 is then given by:

K — [Ke +Ks -W?
w o0

10.3 Term —(B - Hkovhaph)O,E

The corresponding local matrix is

2ny

T == [ 100 ax = = 31010 [ gl e

I=1

Defining the matrix

Up, = /[ﬂ ik de
E
we have

T — —(IY)'U.
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10.4  Term (ypun,qn)o.E

The corresponding local matrix is H” defined in (38).
10.5 Complete Stiffness Matrix
The local stiffness matrix K for the complete problem is then given by:

K- |Ke+Ke-W'+T7)
w HY

11 Algorithm for the Mixed Formulation

We summarize here the steps needed to compute the VEM local matrix for the mixed
approximation. We indicate in square brackets the size of each matrix.

11.1 L* Projection

1. Compute
G[J = /gl,‘ g/}dx [an X an]
E
2. Compute the [n; X Ngof] matrix Wy
—|E| if i correspondsto v — 1
Wil = —IE|dofé_, () = | "] P
0 otherwise
3. Compute
W, (boundary term) [1x X Ngof]
4. Set

W=W,;+W, [7x X Ngot]
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10.

11.

12.

13.

14.

L. Beirfio da Veiga et al.

. Compute
Hy,: = /Emamf dx [ % ng]
Compute
H#U = /Emg mg1 dx [nkv X ng)
Set
BY = -HH'W [} x No]
Compute
BZ (boundary term) [nY X Nyot]
Set

\Y \Y \ v
B' = Bl + B2 [nk X Ndof]
® - R®
Compute the [n;” x Ngof] matrix B

B®);; = |E|dof®(¢,) = |E| 85 = |E| if i corresponds to §
§ i .
0  otherwise

Set
BY

B = |:B$:| [21; X Nyof]
Set

s 1

M) =G 'B  [2m x Naof]
Compute

Dj[ = dij(gl;) [Ndof X an]

Set

*
H](: = Dl'[,‘: [ZNdOf X 2Nd0f]
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15. Check that

11.2 Coefficient Matrices

1. Compute
G, = / veh-ghde  [2m x 2m]
E
2. Define
U[U = /[ﬂ gl,‘] mlf, dx [an X nk]
E
3. Set
*
TA = M)V, 2m x ]
4. Define

H)op = / y mgmg dx [ X ]
E

11.3 Local Matrix
Set
Ke = (MG I and K% =o|E|(1—TY)T (- Y.

The full local matrix is then

K- |Ke+ Kg -W' 4+ T7)
w HY
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Appendix

We list here the basis gy * and g®+* obtained with MATLAB for k up to 5. We point
out that in order to have the right scaling, the variable x and y must be replaced by

<x - Xc) and (x - C) respectively.

hg hg
et g+

k=1 [ 1 12 0 ] [ -Y X]
[ 0, 1]
[ 2%X, 0]
[ Y, x]
[ 0, 2%y]

k=2 [ 3xx™2, 0] [ - (xxy) /2, x*2]
[ 24X*Y, x*21] [ -2xy72, x*y]
[ v*2, 2%X*y]
[ 0, 3xy™2]

k=3 [ 4+x™3, 0] [ - (x"2xy) /3, x*3]
[ 3xx"2xy, x*3] [ -x*y™2, x*2xy]
[ 2%x+y"2, 2xx2%y] [ -3xy™3, xxy"2]
[ v*3, 3xxxy 2]
[ 0, 4%xy"3]

k=4 [ 5xx™4, 0] [ - (x"3%y) /4, x*4]
[ 4%x"3xy, x*4] [ -(2xx™2xy™2)/3, x*3xy]
[ 3%xx™2%y"2, 24x"3xy] [ - (3xx+y™3) /2, x"2xy"2]
[ 2#%x+y™3, 3xx"2xy"2] [ -4xy™4, xxy"3]
[ vt4, 44x+y 3]
[ 0, 5xy™4]

k=5 [ 6%xx"5, 0] [ - (x™axy) /5, x*5]
[ 5xx™4xy, x*5] [ - (x"3x%y72) /2, x*4xy]
[ 4%x™3%y"2, 24x 4 xy] [ -x"2xy"3, x"3xy”21]
[ 3%x™2xy™3, 3%x"3xy”2] [ -24xxy™4, x*24y"3]
[ 24xxy "4, 4*xx"2xy"3] [ -5xy”"5, xxy™4]
[ v’5, 5xxxy 4]
[ 0, 6%xy”"5]
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