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Abstract. In this paper we analyze a discontinuous finite element method recently intro-
duced by Bassi and Rebay for the approximation of elliptic problems. Stability and error

estimates in various norms are proven.
1 Introduction

Discontinuous finite element methods are nowadays rather widely used, as a variant
(or subclass) of finite volumes, in the numerical treatment of hyperbolic equations, in
particular related to conservation laws: see, for instance, [11,12,17] and the references
therein. Their use in the treatment of elliptic equations, in particular related to
diffusion problems, is, at the same time, much older and much more recent. Indeed,
the use of penalty methods to adapt C°—elements to the discretization of fourth order
problems goes back to the early seventies (see [14,15]). For second order problems,
the use of discontinuous elements with penalty can be traced back to a few years
later, (see [2,3],) but was afterwards rather abandoned. In recent times, as the use of
discontinuous elements became fashionable for hyperbolic problems, there has been
an attempt to use them as well in problems where small (but not negligible) diffusive
terms are present together with major convective terms. The idea being, clearly, to
use their good features for treating the convective terms, and “make them work”
(one way or another) for treating the diffusive part as well. Among these attempts,
we mention the Local Discontinuous Galerkin (LDG) method analyzed in [13] for
time-dependent convection-diffusion systems, and the method proposed by Bassi and
Rebay [4-7] for Navier-Stokes equations with high Reynolds number. The aim of this

paper is to provide a solid mathematical background for the approach proposed by



Bassi and Rebay, and to trace properly its limits and its capabilities. In particular, we
consider as a model problem the Laplace operator in a polygonal domain, in order to
cast out the ability of the method to deal with diffusive terms. We rewrite the original
formulation of [4-7] in a new and more elegant way, better suited for a mathematical
investigation. We show that the original formulation can be rank-deficient when
applied to stationary problems, and this, somehow, does not encourage its use in time
dependent problems either. On the other hand, the variant proposed in [7] can be
proven to be stable and optimal order accurate, at least with a minor modification
in the choice of a parameter. Indeed, it is not yet clear whether for the value of the
parameter proposed in [7] (simply equal to 1) the scheme is stable or not. What we
prove here is that stability (together with all the other nice and desirable properties)
is ensured if this value is strictly bigger than 3.

An outline of the paper is the following. In Section 2 we present the problem
and the original formulation of [4-6]: using a more convenient notation we provide a
new presentation which is better suited for theoretical investigation. Since, as already
pointed out, the original formulation may present a potential instability, in Section 3
we discuss the stabilized version of [7]. Stability proofs and error estimates are then
reported in Section 4. Finally, in Section 5 a different stabilization based on a penalty

approach is introduced and investigated.
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2 Description of the Method

Let Q be a two-dimensional convex polygonal domain, with boundary I' = 92 parti-

tioned as I' = Ty UTp, with 'y NT'p = . We consider the following boundary value

problem:
—Au=f in €2,
u=gp onlp, (1)
ou
% = Jdn on FN)

\

where f, g, and gy satisfy the usual regularity assumptions needed to write (1) in
variational form (see, e.g., [18]). Introducing the auxiliary vector variable 8 = Vu,

problem (1) can be rewritten as

(

0—-Vu=0 in ,
—divl = f in €,

u=gp onlp,

\ 0-n=gy only,

where n is the outward normal unit vector to 0€2. Let {7}, be a regular family of
triangulations of €, in the sense of [10]; we shall indicate by FE the triangles of .7},
and set h = maxpge g, diam (£). We denote by &), the set of all edges of .7, by &} the
set of the internal edges, by & the set of edges on I'p, and by & the set of edges
on I'y. The length of the edge e € &, will be denoted by h..

The finite element spaces for the approximation of u and 6 will be denoted by V},
and W), respectively. The precise definition of V), and W), will be given later; here
we only assume that functions in Vj, and W), are (possibly) discontinuous along the

edges, and no boundary values are enforced. We also require that
Vi(Vi) C Wi, (3)

where V}, is the element by element gradient.



In [4-7] the following discrete variational formulation of (2) is considered:

)
find (up, 0y) € Vi, x W, such that

Z l/E(Oh—Vuh)-Th—/aE(ug—uh)Twn} =0 for all 7, € W, (4)

EeTy,

Z l/ 0, - Vv, — 02-nvh} :/f’l)h forallthVh,
E oOF Q

L EeT,

where uf) and ) are defined as follows. Let E be an element, and let e be an edge
of E; let E** be the other element having e as an edge, and let u$**, and 05 denote

the values of uy, and 0y, respectively, in E°**. Then,

t
up, + usx )
o u) = Th on internal edges e € &7

e u) = g, on Dirichlet boundary edges e € &P;
e u) = uy;, on Neumann boundary edges e € &;

0 _ Oh + OZXt

o 0, 5 on internal edges e € &;

e 0 = 0, on Dirichlet boundary edges e € &P;
) 02 -m = gy on Neumann boundary edges e € &.

Notice that the first equation in (4) corresponds to the condition 8 = Vu, and the
second one to the condition —div@ = f.

Let us now introduce the jump of a function v, € Vj, on an edge e as

(

vinT+v,m~  on internal edges,
[vr] = § van on Dirichlet boundary edges, (5)
0 on Neumann boundary edges,

\
where n is the outward normal to the edge and the notation (-)™ and (-)~ indicates

the value of the generic quantity (-) on the two elements sharing the same edge.



After some manipulations, equations (4) can be given the following (more elegant)

form

Z/ (0, — Vuy,) - Th+2/uh Th—Z/ngh (6a)

EE? eE((’ E((’D
Z / Oh Vl)h — Z /00 Uh / gnUh +/ fUh (6b)
EeZ, ec&y ec&N V¢

The system of equations (6) can be recognized as a saddle-point type problem. Ac-
tually, introducing the bilinear forms a(-, -) on W), x W}, and b(-, -) on V;, x W,

as

a(On,Th) = / 0 Th, (7)
b (un, Th) Z/Vuh Th+2/uh Ty, (8)

EE? 66(0}1

problem (6) becomes

a(On, ) + b (un, Th) Z/QDTh
ecsP 7 (9)

—b (vp, 03) = /vah + /QNUh

ecgN “ ¢

It is then clear that an Inf-Sup condition should be satisfied in order to ensure existence
and uniqueness of the solution of (9). See, e.g., [8]. We shall discuss this point in the
next section.

Now, we can derive a single variational equation by solving equation (6) for 6.
To this end, we first define the space V as

v=1]] #'®), (10)

Ec,

and the affine operator R, : V — W, in the following way. Given w € V, we define

R, (w) € W), as the solution of the variational problem

/RQD Z/ Th+2/gDTh-n for all 7, € W3, (11)

eE€sy, e,f’D €



From (6) and (3) we have then
RgD (uh) = Oh - Vuh. (12)

We also define the linear operator R = Ry : V= W, by

/R( TR = — Z/ -9 forall 7, € Wy, (13)
Q

eEsy,
and we notice that the following relationship holds:
/RgD(w)-Th = / R(w) - + Z /gDTh (14)
Q@ @ ec&P

Using (13) (with 75, = 6, and w = vy,), and (12) in equation (6), the scheme becomes:

Z/ [Vup + Ry (un)] - [Von + R(vy)] = Z/engh+/fvh, (15)

Ec, E((’N
or equivalently, using (14),

Z/ [Vuy + R(up)] - [V, + R(vp,)] = Z /engh+/fvh

Eeg, ec&EN

—Z/gD [V, + R(vy)] - . (16)

ee&P

3 The P;-P, approximation

We are interested in the study of system (9) for discontinuous piecewise polynomials

of degree k > 1, for both v, € V}, and 7, € W),. Hence, we define, for k > 1,

Vh = {Uh € L2(Q) such that Uh|E € ]P)k(E) for all &/ € t%z} 9 (]‘7)

W, = {rh e [L3(Q)]” such that 74z € [Py(E)]* for all E € yh} (18)

As already mentioned, an Inf-Sup condition relating the spaces V}, and W), is needed in
order to guarantee the nonsingularity of the matrix associated with (9). Unfortunately,
the Inf-Sup condition does not hold for this choice of spaces, as shown in [9] through

a counter-example. Since an a priori control over the u; variable cannot be provided,



it seems quite natural to add to the second equation of (9) a suitable stabilizing term.
We shall describe here the modification proposed in [7]. Mimicking the definition
of R, , for each Dirichlet boundary edge e of the triangulation we define the affine

operator Te V- W), by

/ "“e,gD(w) “Th = —/w'rh -n+ /gDTh -n for all 7, € W, (19)
Q e e

If e is an internal edge, 7.4 (w) is defined by

/Q're,gD(w) TR = — /[[w]] -7y forall T, € W), (20)

(note that in this case r. 4 does not depend on g,), and for Neumann boundary edges
Teg,, 18 defined to be zero. Finally, as before we set 7, = 1. It can be easily seen
that the following relationship between R, and 7., holds: for any triangle £ € 7,

we have

Z Teg, =Ry ~—on E. (21)

eCOE
If e is an internal edge, it is clear from definition (20) that the support of 7., is

contained in the union of the two triangles sharing the edge e. The modification
proposed by Bassi and Rebay consists in replacing in (15), for each E € 9},

the term /ERgD(uh)-R(vh) by Z /QT'e,gD(Uh)'Te(Uh)- (22)

eCOFE

This procedure can be interpreted in the following way. As we shall see more precisely
in the next Section, the quantity 7.(vj,) allows to control the jump of v, on e (see
Lemma 2); hence, a natural stabilization of (9) consists in adding to the left-hand side
of the second equation the term

D DY RRUARACH! (23)

eEsy,

where s > 0 is a parameter (to be chosen later on), thus obtaining the new scheme
Z / [Vu, + Ry (un)] - [Vor, + R(vy)]
EcT, E
+sZ/re7gD(uh).r€(vh) = Z /ngh+/ fon. (24)
Q e Q

e€sy eeé’}f\’



Indeed, as we also point out at the end of Section 4, this stabilization works for every
positive s. In the next Section, we shall show that if s is large enough (s > 3), we
can also supress the term [, Ry (us) - R(vp) in (24), obtaining the following scheme,

equivalent to the formulation of Bassi and Rebay [7] (when s = 1):
Z [Vuh : Vvh + Vuh . R(Uh) + R9D (Uh) . Vl)h]
EcT, E
sy / gy () 7o) = 3 / Inh + / Fon (25)
eEdy & eeéa}fv e L
The advantage of this scheme with respect to (24) is that the stiffness matrix of (25)
is much more sparse than that of (24). Indeed, if we take a v, having support inside

one element £ (far from the boundary), we see that the elements involved in (24) are

always 10, while the elements involved in (25) are always 4, as depicted in Figure 1.

First stabilization (24) Bassi-Rebay stabilization (25)

Figure 1: Sparsity of the stiffness matrix

For the sake of simplicity, in this paper we shall limit ourselves to study in detail
the case of Dirichlet homogeneous boundary conditions. Hence, from now on we will

assume I'y = 0, T'p = 99, and g, = 0, so that the continuous problem reads

—Au=f inQ,

u=0 on 0.



Accordingly, we define the bilinear form ay(-, ) after (25) as
h(uh, Uh Z / Vuh Vl)h + Vuh R(Uh) —f- R(uh) Vvh}

EcT,
—l—sZ/re up) - Te(vy), (27)

eESy,

and the discrete variational formulation becomes
find u, € V}, such that
(28)
ah(uh,vh) = (f, Uh), for all vp € Vh.

Error estimates will be obtained in the following mesh-dependent norm:

ol = > ol s+ Y Ire()loe, veV, (29)

Ec, eEs),
and, as usual, |- |, g, ||, s denote the norm and seminorm, respectively, in the
Sobolev space H™(S). Notice that || - || is only a semi-norm in V', while it is a norm

in V, + HL(Q).
Remark. Using definitions (13)-(14) in (25) the bilinear form can be rewritten

equivalently as

uh,vh Z / Vuh V’Uh— Z/uh V’Uh Z/Uh Vuh

Ec, eE€sy, eE€sy,

—l—SZ/regD up) - Te(vy). (30)

eEsy,
One can then recognize similarities with other formulations studied, for instance, in

2,15, 19], the only difference being in the last term of (30).

4 FError Estimates

We shall prove in this section coercivity and continuity on V} of the bilinear form
ap(+,+) with respect to the norm || - || defined in (29). Moreover, under the regularity
assumption u € H*1(Q) N H}(Q), with & > 1, we shall prove the following error

estimates:



o flu—unll < Ch*uly o

o |u— “hHo,Q < Chk+1’u’k+1,£27

where u is the solution of (26), and wy is the solution of (28). Here and in the
sequel, C' will denote a generic constant depending only on the minimum angle of the

triangulation.

Proposition 1 There exists a constant M > 0, independent of h, such that
(i) an(up,vp) < M||lup| vnll, for all up, v, € V.

Moreover, if s > 3, there exists a constant o > 0, independent of h, such that
(11) an(vp,vn) > allon||?, for all v, € V.

Proof. We first observe that an easy consequence of (21) is

[R5 <3 D Ire(wn)l e (31)

eCOFE

Then, (i) follows immediately from the definition of ay(up,v,) and inequality (31).
In order to prove (ii), notice that, since the support of each 7. is the union of the

triangles sharing the edge e, we can write

D Irewiloa =D D Irewn)ls e (32)

eEsy, Ec9), eCOE

1
Using (32), inequality 2ab < ea® + —b?, and (31) we deduce
£

o) = 3 i b2 [ R T ss 3 I
E

Ee?h L eCOFE

[ 1
> 3 [a- ol LireE 5 3 nnwnzﬂ]
EeT, L eCOE
2 3 2
> S fa-anket (5-2) T Inlis]
Ee?h L eCOFE

3 3
Then, (ii) holds with & = min (1 —£,8— —), which is positive whenever — < e < 1.
€ s

The following properties will be used in the sequel.

10



Lemma 1 Let ¢ € H'(Q), with Ap € L*(Q), and let vy, € V. Then

Z/ﬁEvh— Z/vh (V). (33)

Ee, ecéy

Proof. The regularity of ¢ implies that V¢ - n is continuous across the interelement

boundaries, that is, n* - Vo™ +n~ - V= = 0. Thus, recalling (5), we have

Z/&E Z/ nt - Vet +v,n™ - Ve~ +Z/vhn Vi

Ec, e€s) ec&P
Vet + Ve~ \% \Y%
:Z/{Zﬂf VeIV u] Z/vh" Vo
666&/1 € eegD €
= [l w9 .
eefo@h €

Lemma 2 There exist two positive constants Cy and Cy, independent of h, such that

(i) Woallo. < Cahe[re(vn)log

(ii) |re(vn)loq < Cohe | [oally.
for each v, € V}, and for each e € &},.

Proof. Let e be an edge of E. Given ¢, € Pi(e), let P.(pn) € Pr(E) be the
extension of ¢, on E, which is constant along the lines orthogonal to the edge e. It

follows immediately that

[P.(en)llo,2 < Che*lionl,e- (34)

For a vector ¢, € [P(e)]’, P.(yp,) is defined component-wise. Taking in (19) w = vy,

and 7, € W), defined by 75 = Pe([vn]), and 7, = 0 elsewhere, we have

Il < [ iro) - Pl < Il IRy 69

Then, inequality (i) follows by using (34) in (35) and summing over all £ € .7,. In

order to prove (ii), we take 7, = 7(vp) in (20). Thus, we find

re(on)lga < Mvalloe 1(re(vn)’lo.e < Che 2 Honlle I7e(vn)lo0. (36)

where the last inequality follows by a simple scaling argument, see [16]. [ |

11



Lemma 3 Let ¢ € [[pey H*(E) and v, € Vi Then

> [l 00" <C T X Intolon (Iehs + o). (37)

ecéy E€), eCOE

Proof. The trace inequality (see [1,2]) gives

IVels, < C (716l s+ helols ) (38)

where the constant C' depends only on the minimum angle bound. Using (38) and

Lemma 2 (i) we obtain

JE1- 96 < 1lly 196k, < Clretonllo (loh s + helelag) . 39

e

and the thesis follows since

Z/vh (Ve)° ZZ/vh |

ecéy EE T eCOE

We are now able to prove our convergence theorem.

Theorem 1 Let u and uy, be the solutions of (26) and (28), respectively. Then, the
following estimate holds:

lu = unll < CA* |l g (40)

Proof. Let XN/h be the usual conforming finite element space
Vi, = {vn € HY(Q) such that vy 5 € Po(E)}, with k > 1, (41)
and let u; € V, be the Py-interpolant of u. The definition of || - || yields

2 2
lu — url|* = Z ju—urly p < C h* |u|k+1,ﬂ‘ (42)

EeT,

From Proposition 1 we have

allur — unll® < an(ur — un, ur — up)

= ap(ur — u,ur — up) + ap(u — up, ur — up)

IN

Mlup — ul| flur — unll + an(u — up, uy — up). (43)

12



It is now easy to see that

ap(u — up, uy — up) = 0. (44)

Indeed, using definition (30) for a(-,-) and integration by parts we obtain

ap(u — up,up — up) = ap(u, uy —up) — ap(up, uy — up)

/Vu V(uy —up) — Z/Vu [ur — un] Z/f (uy —up) (45)

EcY, ecé)y EcY,
(9u
:Z{/(—Au—f>(u1_Uh)+/ o I—Uh] Z/Vu [ur — ug],
Ec9, E o9F n eESsy,

and (44) follows from Lemma 1 . Then, (40) is a consequence of (42), (43), and the

triangle inequality:. [ |
We shall now prove an L?—estimate.

Theorem 2 Let u and uy, be the solutions of (26) and (28), respectively. Then, the

following estimate holds:

Ju — uh”o,sz < Chkﬂ’“’kﬂ,ﬂ' (46)

Proof. As standard in duality arguments, we consider the following auxiliary prob-

lem
—Aw=u—u;, in )
(47)
w =0 on 0f)
for which the regularity estimate
HwH2,Q <Clu-— Uh”o,ﬂ (48)

holds. We denote by wy, € \7h the solution of the conforming finite element problem
/ V@h . V%Fh = /(u — uh) 5h for all 5h c ‘7}1, (49)
Q Q
and we recall that (see e.g. [10])

Jw — 7:EhHLQ < Ch‘w’zﬂ' (50)

13



From equation (47), integrating by parts and keeping the interelement terms, since

[/ V- V(u—up) — /(vEg:(u—uh)}

O iy — u)} . (51)

OE 3n

uy, is discontinuous, we obtain

Ju uhHOQ—Z/ ~Aw(u - uy) =

Eec%, Ec9,

V(w—wp) V(u—up)+ | V- V(u—uy)+
> | J

EeT,,

Since uy, is the solution of (28), and u that of (26), using definition (30) we have

Z/Vu—uh -Vwy, = — Z/uh (Va,)°. (52)

EecT, e€éy,
Therefore, (51) reduces to

Ju —unlgg = {/Vw @) (u—uh)+/a a—w(uh—u)}

EcT, E an (53)

—Z/ th) i

eEsy,

By Lemma 1 and Lemma 3 we have

_Z/uh (V) +Z/ up, —u] - (Vw)° Z/uh V(w —ap)]° <

eEs) e€éy, eEs)
C Z Z [re( Uh)”o,ﬂ <\w — Wnly g+ helw — wh‘Q,E) : (54)
Ee€9, eCOE

Thus, substituting (54) in (53), and using (50) we deduce
[ = unloq < Chllu = unl [l 0. (55)

Finally, applying estimates (48) and (40) we conclude the proof. |

Remark. A quick glance at the proofs of Proposition 1 and Theorems 1 and 2
immediately shows that the same results, namely error estimates (40) and (46), can

be obtained for the scheme (24) for every s > 0.

5 A penalty method

In this section we present and analyze a variant of the scheme introduced by Bassi

and Rebay. This variant presents some computational advantages, as it reduces the

14



number of integrals to be computed when building the elementary matrices. On the
other hand, with this variant the scheme becomes a penalty method, and very large
coefficients might be introduced in the matrix, mainly when high-order polynomials

are used. Let us consider the problem:

find u, € V), such that
(56)
ap(up,vp) = (f,vp), forall v, €V,

with ap(+, ) now defined by:

uh,vh Z/Vuh Vl)h—}-z /re uh) re(vh). (57)

EeT, e€sy
In (57) s(he) is a positive function which tends to +o0o when h, tends to zero. For

reasons which will become clear in the proof, we choose
s(he) = —¢ (58)
k being the order of the polynomials used in the approximation. We define the norm

ol = an(v,v) Z |U|1E + Z e)|re(v ”0  UE V (59)

Ee, e€sy
and, always with the same regularity assumptions of the previous section, we shall

prove the following error estimates:
o llu—unlln < Ch*ulyy g,
o fu—unloq < O Huly, g

where u is the solution of (26), and u; that of (56). Let us notice that the continuity
and the coercivity of ay(, ), with respect to the norm || - ||, are now straightforward

(with M = a = 1). The following modification of Lemma 3 will also be useful :

Lemma 4 Let be ¢ € [[gc, H*(E) and vy, € Vi, Then

1/2
Z/[[ n] - (V) <C!th\Hh<Z > s(h 1H<PHQE> : (60)

ecéy, E€J;, eCOE

15



Proof. From Lemma 3 we easily obtain
>[Il (Ve <€ 3 Y Innloalely psth) ) (61
e€&y v € EcJ}, eCOE

The thesis follows immediately by applying Cauchy-Schwarz inequality and (32). m

We can now prove the convergence theorem.

Theorem 3 Let u and uy, be the solutions of (26) and (28), respectively. Then, the
following estimate holds:

v —wunlln < Ch¥Julyyy o (62)

Proof. Proceeding as in Theorem 1, let again u; € \N/h be the Py—interpolant of u.
The definition of || - ||, yields
2 2
lu = urllf = Z lu— “I|1,E < Ch* |u|k:+1,ﬂ‘ (63)
EeT,

From definition (59) it easily follows that

lur —unlly < an(ur — un, ur — )
= ap(ur — u,ur — up) + ap(v — up, uy — up)

< flwr = ulln flur — wnlln + an(u = un, ur — ). (64)
Using (57) and (56), integrating by parts, and applying Lemma 1 we have that

an(u — up, ur — up) = ap(u, ur — up) — ap(un, ur — up)

= Uw V(ur — up) /f ul—uh]

Ee;,

= 5 [ [mum =+ [ G-

Ee;,

=) / up — up) - (V)P (65)

eESy,

From Lemma 4 we have

Z/ ur — uy] - (Vu)°

eeﬁh

1/2
< Cllur — unlln (Z > s(h 1HUH2E> ,  (66)

E€J, eCOE

16



and inserting inequality (66) in (65) and (64), we obtain

1/2
s —unlli < lur—unlln llur = ulln+C flur —un s (Z > slhe) M ul E> - (67)

EcT;, eCOE

The result follows then from (63), (67), and triangle inequality, by choosing s(h.) as
n (58). [ |

A duality argument allows us to prove the following L?—estimate.

Theorem 4 Let u and uy, be the solutions of (26) and (28), respectively. Then, the

following estimate holds:

Ju — Uh”o,ﬂ < Chk+1|u|k+1,ﬂ‘ (68)

Proof. Proceeding exactly as in the proof of Theorem 2, let w € H*(2) N H3 () be
the solution of the auxiliary problem —Aw = u — uy, in , and let w;, € 1~/h be the
finite element approximation of w. Then, from equation (47), integrating by parts

and keeping the interelement terms, since uy is discontinuous, we obtain

lu—wllg =3 - /Awu—uh vavu—uh) /BEZ:(U—U;L)]

EcT,, EeT,
UVw @) (u—uh)+[vah-V(u—uh)+ 8Eg:(uh—u)]. (69)

Ee;,

Since r.(wy) = 0 in Q, and u and wy, are the solutions of (26) and (56), respectively,

we have

Z/Vu—uh ) - Vuwy, = 0. (70)

Ee9,

Hence, (69) reduces to

o= wlia= 3 | [ Vw-a) vu-w+ [ Sw-w|. @

EcT, om On

Using Lemma 1, the continuity of u and u;, and Lemma 4, we obtain

Z/dE (up — u) Z/uh Vw Z/Uh—UI Vw)

EE? eG(@h eG(@h

1/2
< Cllun = urlln (Z > s(he) Huwls E) < Cllun = urllnh*fwlyg, (72)

E€J;, eCOE

17



where the last inequality follows from (58). Then, substituting (72) in (71), and

using (50) we obtain

lu—unll o < C (= wnlhllyg + llun = wrlla B Juwlyg) - (73)
The result follows then from (73), (48), and (62). |
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