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ABSTRACT. In a recent paper of Arnold, Brezzi, and Marini [4], the ideas of discontinuous
Galerkin methods were used to obtain and analyze two new families of locking free finite
element methods for the approximation of the Reissner—-Mindlin plate problem. By follow-
ing their basic approach, but making different choices of finite element spaces, we develop
and analyze other families of locking free finite elements that eliminate the need for the
introduction of a reduction operator, which has been a central feature of many locking-free
methods. For k& > 2, all the methods use piecewise polynomials of degree k to approximate
the transverse displacement and (possibly subsets) of piecewise polynomials of degree k — 1
to approximate both the rotation and shear stress vectors. The approximation spaces for
the rotation and the shear stress are always identical. The methods vary in the amount
of interelement continuity required. In terms of smallest number of degrees of freedom,
the simplest method approximates the transverse displacement with continuous, piecewise
quadratics and both the rotation and shear stress with rotated linear Brezzi-Douglas-Marini
elements.

1. INTRODUCTION

In the Reissner-Mindlin model of a clamped plate, one seeks to determine the rotation
vector @ and the transverse displacement w which minimize over H3(2) x H} () the plate
energy

J(H,w)—%/QCa(O):6(9)dx+%)\tZ/Q\Vw—efdx—/ﬂgwdx,

where the coefficients C and A depend on the material properties of the plate, g is the scaled
load, and t is the plate thickness. If one minimizes the energy over subspaces consisting of low
order finite elements, then the resulting approximation suffers from the problem of locking.
This problem is most easily described by noting that as t tends to 0, the solution (6, w)
of the minimization problem approaches (6o, wg), where 8y = V wy. If we discretize the
problem directly by seeking 8, € ©;, and w;, € W), minimizing J(6,w) over @ x W}, then
as t vanishes, (0, w;,) will converge to some (6g,,wo ) where, again, 6y, = V wgp. The
locking problem occurs because, for low order finite element spaces, this last condition is too
restrictive to allow for good approximations of smooth functions. In particular, if continuous
piecewise linear functions are chosen to approximate both variables, then 6y;, = V wqy,
would be continuous and piecewise constant, with zero boundary conditions. Only the choice
0o, = 0 can satisfy all these conditions. For ¢ very small, the quantity 8, — V wj, although
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not necessarily zero, must be very small, and hence ), will be very close to zero, instead of
being close to 8. We can also see the problem from the point of view of approximation: for
small ¢, one cannot find @' and w’ that are close to @ and w, respectively, if one requires
0’ — V w! to be of the order of 2.
A number of approaches have been developed to avoid the locking problem. One successful
idea has been to introduce an additional finite element space I';, and a reduction operator
n: ©, — I'y,, and then seek approximations 8, € ®; and wy, € W), minimizing

/Cs 0)dxr + - /\t_2/|Vw—Ph0|2dx—/gwdx.
Q Q

A key assumption is that V W), is a subset of I'j,, and in particular of the image of Pj. As
t tends to 0, the limiting condition will now be

(11) Ph907h = V’LU07h.

The introduction of the operator P}, adds flexibility: if this operator and the finite element
subspaces are chosen properly, then one can obtain good approximations which still satisfy
the limiting condition (1.1). A number of locking-free individual finite elements and finite
element families (e.g., [5], [10], [15], [18], [19], [16], [20], [17]) have been obtained in this way.

In a recent paper of Arnold, Brezzi, and Marini [4], the techniques of Discontinuous
Galerkin (DG) methods were used to develop two families of locking-free elements. DG solu-
tions are not required to satisfy the standard interelement continuity conditions of conform-
ing finite element methods (that is, continuous elements in the case of the Reissner-Mindlin
plate problem). Hence DG methods allow a greater flexibility, that we shall exploit.

As noted in [4], there are many variations of the DG approach. The starting point for
all the methods considered in [4] is a fully discontinuous approach in which for k£ odd, the
spaces ®; and W) are chosen to be piecewise polynomials of degree < k, and I'j, is chosen
to be piecewise polynomials of degree < k — 1. Various degrees of interelement continuity
can then be added, provided suitable bubble functions are added to ®;. Error estimates
are obtained for two cases: first, when all finite element spaces are fully discontinuous, and,
second, when O, is a continuous finite element space augmented by bubble functions, W),
is a nonconforming space (i.e., moments of order k — 1 are continuous across interelement
boundaries), and I, is discontinuous. The second case coincides when k = 1 with the
Arnold-Falk element [6], in which @, consists of the continuous piecewise linear functions
augmented by cubic bubble functions, W}, consist of the nonconforming piecewise linear
functions, and I', consists of the piecewise constants. A possible advantage of the first,
fully discontinuous case, is that it allows the same degrees of freedom for the rotations and
transverse displacement. This condition is considered by some engineers to simplify the
implementation in the context of the commonly used conforming or nonconforming methods
(and, especially, for the extension to shell problems). It might prove less important when
discontinuous elements are used. Since there is still very limited experience in the practical
use of discontinuous elements for plates (and for their extension to shell problems), we
consider this question as yet unresolved. It might well turn out, for example, that the
greater flexibility of DG methods enables the treatment of some particularly difficult shell
problems, compensating for other difficulties in implementation. Much more research and
experimentation are needed to fully understand the practical interest of all these possible
developments, and we shall not consider this issue further here.
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In this paper, the starting point for all the methods considered is to choose W to be
piecewise polynomials of degree < k (with k > 2), and @, = I'j, to be piecewise polynomials
of degree < k — 1. The motivation comes from the desire to eliminate the reduction operator
P;,, and also is suggested by issues arising from approximation theory, in which it is natural
to have the polynomials in W}, of one higher degree than those in ®;. Within this framework,
various amounts of interelement continuity are possible, and we derive error estimates for
several natural choices. These include fully discontinuous cases, and also the cases when
W), is continuous. In the former situation, W}, consists of all the piecewise polynomials of
degree at most k for some k > 2, and ®;, = I'j, is made of all the piecewise polynomials
of degree < k — 1. The element diagram in the lowest order case, k = 2 is shown on the
left of Figure 1. In the case of when W), is continuous, it coincides with the usual space of
continuous piecewise polynomials of degree at most k, and the smallest of several possible
choices for @, = T'j, is the rotated Brezzi-Douglas-Marini elements of order k —1, BDMZE |,
[13]. With k& = 2 this gives the element choice indicated on the right of Figure 1. However,
other choices of ®; = I';, are possible with the same choice of W). In fact any space which
contains BDMF |, e.g., the rotated Raviart-Thomas elements of order & — 1 [21] (RTE ),
or the space of the discontinuous piecewise polynomials of degree < k — 1 could be used.

P ViV

FIGURE 1. Simplest elements with w discontinuous (left) and continuous (right).

There are some differences between the fully discontinuous methods and the methods with
continuous W, that become apparent in the derivation of error estimates. One difference is
the regularity required on the solution to achieve a certain rate of convergence. This may
have some added importance in the approximation of the Reissner—Mindlin plate problem,
since the rotation vector has a boundary layer and thus higher norms are not bounded
independently of the plate thickness ¢. For example, for the clamped plate, ||0||2 is bounded,
while ||6||s behaves like ¢~'/2 as ¢ tends to 0.

An outline of the paper is as follows: in the next section we introduce the notation for
the spaces to be used, and recall some basic notation and useful formulae to deal with
discontinuous approximations. In Section 3 we introduce the discretized problem and recall
some known results concerning DG approximations. Specific methods are discussed in the
last two sections. In particular, Section 4 deals with the cases in which functions in W), are
continuous, and Section 5 with the totally discontinuous case.

2. NOTATIONS AND PRELIMINARIES

2.1. Functional spaces. We begin by adopting the notation employed in [4]. Let Q C R?
denote the domain occupied by the middle surface of the plate. For simplicity, we assume
that €0 is a convex polygon.

We shall use the usual Sobolev spaces such as H*(T'), with the corresponding seminorm
and norm denoted by |- |s7 and || - ||sr, respectively. When T = Q, we just write | - |,
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and || - ||s. By convention, we use boldface type for the vector-valued analogues: H®(§2) =
[H*(Q)]?. Occasionally we shall use calligraphic type for symmetric-tensor-valued analogues:
H () = [H¥(Q)]2,,,- We use parentheses (-, -) to denote the inner product in any of the
spaces L2(Q), L*(Q), or L2().

We denote by 7, a decomposition of €2 into triangles T" and by &, the set of all the edges
in 7. For piecewise polynomial spaces, we use the notation

(2.1) Li(Th) = {v e HYQ) : vlr € P(T), T € T},

with Pg(T") the set of polynomials of degree at most k£ on 7. (Note that in (2.1), calligraphic
font does not refer to tensor-valued quantities.)

Some of our finite elements will be discontinuous and so not contained in the space H'(2),
but rather in a piecewise Sobolev space

HYT,) ={ve L*(Q) : vy € H(T), T €T, }.

Differential operators can be applied to this space only piecewise. We indicate this by a
subscript h on the operator. Thus, for example, the piecewise gradient operator V, maps
H'(7,) into L*(€2) and the piecewise symmetric gradient (or infinitesimal strain) operator £,
maps H'(7;,) into £2(£2). The space H'(7}) is equipped with the seminorm [v],;, = || W, v]|o
and the corresponding norm [|v[|7,, = [v[7, +[|v]|§. More generally, a subscript such as || - [|sx
will be used to indicate the broken (element by element) H*-norm (for s a nonnegative
integer).

A particular role will be played, for discontinuous approximations, by the set &, of all
the edges of the given decomposition 7. In particular, we shall use the symbol (-, -) to
denote L2-inner product (of functions or vectors) on &,. Hence, for instance, if ¢ and y are
functions defined on &, we have

(W, x) =Y [¥xds.

e€ly, €

2.2. Averages and jumps. Asis usual in the DG approach, we define the jump and average
of a function in H'(7}) as a function on the union of the edges of the triangulation. Let e be
an internal edge of 7}, shared by two elements T and 7, and let n™ and n~ denote the
unit normals to e, pointing outward from 7" and T, respectively. If ¢ belongs to H'(7})
(or possibly the vector- or tensor-valued analogue), we define the average {¢} on e as usual:

+ @

QOJF
fop =222

For a scalar function ¢ € H'(7;,) we define its jump on e as
lel =¢™n" +on7,

which is a vector normal to e. The jump of a vector ¢ € H'(T},) is the symmetric matrix-
valued function given on e by:

lel=¢"On" +¢ oOn",
where p ©n = (p @ n +n ® ¢)/2 is the symmetric part of the tensor product of ¢ and n.
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On a boundary edge, the average {¢} is defined simply as the trace of ¢, while for a
scalar-valued function we define |¢| to be pn (with n the outward unit normal), and for a
vector-valued function we define || = ¢ © n.

It is easy to check that

(22) S [ eenrods={eh bl e HI(®), ve H(T)

TeTy

Similarly,

> /aTSnT ‘nds = ({S},[n]) S €HQ), ne H(T).

TeT,

It is not difficult to see that both the above relations hold in more general situations.
For instance, (2.2) also holds for ¢ € H(div;{2), where H (div; () is the space of vectors
@ € L*(Q) with div e € L3(Q).

2.3. The Reissner—Mindlin equations. Introducing the shear stress v = \t~2(V w — ),
the Reissner-Mindlin plate problem may also be described by the Euler equations for the
minimization of the plate energy. These are:

(2.3) —divCe(@) —y=0 in
(2.4)
(2.5) Vw—-60—-t*~=0 inf,
(2.6) 0 =0, w=0on 0.

Note that (2.5) should actually be Vw — 6 — A71?y = 0, where \ is the shear correction
factor. Here however, to simplify the presentation, we set A = 1. We are now going to

introduce the variational formulation of equations (2.3)—(2.6) (or, actually, of a more general

case, that we shall need later on while applying a duality argument). We set, for 8 and 1 in
H'(Q),

—divy =g in Q,

a(0,m) = (Ce(0),e(n))
and we consider the following problem:
Given g € L*(Q) and G € L*(Q), find 8 € Hy(Q), w € H}(Q) and v € L*(Q) such that

(2.7) a(@,m)+ (v, Vv —n)=(g,v)+ (G,n) V(n,v) e HyQ) x Hy(Q),
(2.8) (Vw—86,7)—t*(y,7) =0 V1€ L*Q).

It is clear that the Reissner-Mindlin equations (2.3)—(2.6) are obtained for G = 0. For
the generalized problem (2.7)—(2.8), we recall the following result (see [5], [6]).

Theorem 1. Let ) be a convex polygonal domain, and assume that the coefficient C is
smooth. Then problem (2.7)—~(2.8) has a unique solution that verifies

(2.9) 181l + l[wllz + [Ivllo + llv[ln < C(llgll-1 + tllgllo + |G llo),

where C' is a constant depending only on ) and on the coefficients in C.
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3. DISCONTINUOUS GALERKIN DISCRETIZATION

3.1. Discontinuous variational formulation of the continuous problem. To derive a
finite element method for the Reissner—-Mindlin system based on discontinuous elements, we
test (2.3) against a test function n € H?(7;,) and (2.4) against a test function v € H'(T),
integrate by parts, and add. Since  and v may be discontinuous across element boundaries,
we obtain terms at the interelement boundaries that we manipulate using (2.2). The net
result is:

(3-1) (Cen(0),en(m)) — {Cen()}, Inl) + (v, Vv —m) — ({7}, [v]) = (g, v),
(n,v) € H*(T;,) x H'(T),

(Vyw—0,7) —t*(v,7) =0, T € H(Tp).
Note that we could as well have written £(0) and V w instead of £,(6) and V}, w, respectively,
due to the continuity properties of the exact solution. The second and fourth terms in (3.1)
involve integrals over the edges and would not be present in conforming methods. They arise
from the integration by parts and are necessary to maintain consistency.

We now proceed as is common for DG methods. (For a different point of view on this
type of derivation see [11]). First, we add terms to symmetrize this formulation so that it
is adjoint-consistent as well. Second, to stabilize the method, we add interior penalty terms
po(0,m) and py (w,v) in which the functions pg and py will depend only on the jumps of
their arguments. Since [@] = 0 and |w] = 0, we find that 8, w, and - satisfy

(Cen(0).en(m) — ({Cen(@)}, Inl) — (161, {C en(m)})) + (7, Vv —n) = ({7}, [v])
(3.2) +pe(0,m) + pw(w,v) = (g,v), (n,v) € H*(T) x H'(Ty),

(Vow —0,7) — (Jw|,{T}) = t*(v,7) =0, 7€ H(T).

3.2. Abstract discretization. To obtain a DG discretization, we have to choose finite
dimensional subspaces ®, C H*(7;), W), C H'(7,), and T, C H*(7,). The method then
takes the form:

Find (0y,wy) € O x Wy, and v, € T}, such that

(Cen(On),en(n)) — ({Cen(On)}, Inl) — (16n]. {Cern(n)}))
(3.3) + (Vi Vo =) = ({7}, [v])
+pe(0n,m) + pw(wn,v) = (9,v), (N,v) € Op x Wy,

(3.4) (Vwwp, — 05, 7) — {Jwn], {T}) = t*(7,, 7) =0, T€Ty.

For any choice of the finite element spaces ©;,, W},, and I',, and any interior penalty functions
po and py depending only on the jumps of their arguments, this gives a consistent finite
element method. Note that in contrast to the methods proposed in [4], we do not introduce
a reduction operator Py,

To complete the specification of the method, we need only choose the finite element spaces
©,, W, and I';, and the interior penalty forms pg and py, . For the finite element spaces, the
starting point for all our methods is to choose W}, to be either £ or £} (with k& > 2), and
0, =T, to be subspaces of Lg_l. As stated earlier, the motivation comes from the desire
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to eliminate the reduction operator Pj and also issues arising from approximation theory,
in which it is natural to have the polynomials in W), of one degree higher than those in ©,.
We make a standard choice for the interior penalty terms pg and py:

@5 we@m =3 = [l s ) = S5 [l loas

ec e€Ey

so that pe(n,m), (pw(v,v), resp.) can be viewed as a measure of the deviation of n (v, resp.)
from being continuous. The parameters x© and " are positive constants to be chosen; they
must be sufficiently large to ensure stability. In the case when W), consists of continuous
elements, the penalty term py, will not be needed.
Throughout the paper, C' will denote a generic constant that depends only on the minimum
angle of the decomposition, on the degree k of the polynomials, and on the values of x® and
W (for discontinuous W7).

3.3. DG norms and basic inequalities. For the error analysis which follows in the sub-
sequent sections, it will be convenient to have additional notation. We first define norms

1
Il = Il + 3 (Euunnua,e el H{Cahm)}uae) e HYT).

ecéy
ol = [vl2 5 + Z lge:  ve HY(T),
6€5h
Il = 105+ > leHl{T}Hﬁ,ea T € H'(Ty).
ecy

A useful result, that we will need in our analysis (see [1], [2]) is the following: let T" be a
triangle, and let e be an edge of T". Then there exists a positive constant C' only depending
on the minimum angle of 7" such that

(3.6) lells.e < C(le i), ¢ € HY(T).

Clearly, (3.6) also holds for vector-valued functions ¢ € H'(7},). Using (3.6) it is not difficult
to check that

Inlg< C <Z hr 2||77||0T + |”7|1T + hzlnl3 T)

TeT,
(3.7) ol < C (Z he?|[vllg.r + |U|§,T>,
TeTh
Irllz< C (Z ||T||3,T+h§“|7-|%,T>'
TeTh
Let

(3.8) an(0,m) = (Cen(0),en(n)) — ({Cen(0)}, [nl) — (161, {Cen(n)}) + po (8, m),



8 DOUGLAS N. ARNOLD, FRANCO BREZZI, RICHARD S. FALK, AND L. DONATELLA MARINI

Clearly we have (see [2]) for 8, € H*(T;,), v € H'(T},), and 7 € H'(T;):
(3.10) an(8,m) < Cl0]lelnlle,
. 1
(3.11) jlrv) < Clrlie () Ellﬂ?fﬂ“%,e)l/2 < Clirllepw (v, 0)"? < Cllr e llvllw-.
ecéy

Proofs of the two following lemmata, giving discrete Korn’s inequality and a coercivity
estimate, can be found in [9] and [4].

Lemma 1.
i, <) Il ||OT+Z nll.), meHY(T).
TeT, Eegh

Lemma 2. There exist positive constants kg and o depending only on the polynomial degree
k and the shape reqularity of the partition Ty, such that: if the constant kK® > ko (where k®
is the penalty parameter appearing in (3.5)), then

(3.12) an(n,m) > a|nlg. n€ O

3.4. Compact formulation of the continuous and discretized problems. With the
above notation, we may rewrite (3.2) as

(3.13) an(8,m) + (v, Vav —m) = j(7,v) + pw(w,v) = (¢,v), (n,v) € H(T,) x H'(Tp),
(3.14) (Vhw —0,7) —j(T,w) —t*(v,7) =0, 7€ HY(T),
and (3.3)-(3.4) as
(3.15)  an(On,m) + (Vi Vv =) = j(Vn,v) + pw(wn, v) = (g,v),  (n,v) € Op X Wy,
(3.16) (Vywn — 04, 7) — j(T,wy) —t*(y,,7) =0, T€Ty.

4. CONTINUOUS w AND DISCONTINUOUS 6O

4.1. General setting of the methods with continuous w. In this section we shall
consider methods in which the space W), C H}(Q) and the spaces ©), = T, ¢ H'(7,)
satisfy

(4.1) VW, CO,=T.

Note that (4.1) forbids the use of a space ®), consisting of continuous functions. However,
it allows choices where the tangential component is continuous (as well as choices where @,
consists of totally discontinuous elements).

Since the space W), is continuous, the general method given by equations (3.15)—(3.16)
simplifies to:

(4.2) an(0n,m) + (v, Vo —m) = (g,v),  (n,v) € O X W,
(4.3) (Vwy, — 0, 7) —t*(v,,7) =0, Tely.

Note that, using (4.1), equation (4.3) can be written as

(4.4) v, =t 2(Vw, —0y).

We start by stating a basic abstract error estimate.
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Theorem 2. Assume that W, C H}(Q) and that assumption (4.1) is satisfied. Let (6, w,~)
be the solution of (2.3)~(2.6), and let (8, wy,~y,,) be the solution of (3.3)~(3.4). Let 8" and
w! be any elements in O, and T, (respectively) and set

(4.5) v =tV w - 6").
Then we have:
(4.6) 10 — 6ulle + tily — vaullo < C (16 — 0'le + tllv — o)

Proof. For the choice of spaces in this section, and in particular by the continuity of W),
equation (3.13) becomes

ah(0>n) + (77VU - TI) = (gav)a V(m 1}) € @h X Wh-

Subtracting (4.2), we obtain the error equation

(47) ah<9—0ha77)+(’7—’7mvv—”7) =0, V("?a U) € O, x W,
Choosing 7 = 0’ — 0, and v = w’ — wy, in (4.7), and using (4.4) and (4.5), this becomes
(4.8) an(0 — 64, 0" —0,) + (v — v, v —v1) = 0.

Hence, adding and subtracting @ and -, and then using (4.8) to cancel the first and third
terms, we have

an(0, —0",0, — 0") + (v, =¥ v, — ") = an(6, — 6,6, — 6")
+an(0 —0",6, —0") + 2 (v, — v, =) (v = v =)
=an(0— 0,0, —0") + (v — v, v, — ).
From this, (3.12), and (3.10), we easily obtain
16 — 6711 + v —~'lls < C(16 — 0118 + 17 —~'[I7)-
The result (4.6) then follows by the triangle inequality. O

We now proceed to the choice of the spaces @y, I'j,, and W), and the interpolants 0" and
w! (which determine /). We shall then apply Theorem 2 to obtain error estimates.

4.2. Choice of W), and w!. For any k integer > 2, we take
(49) W, = cllm

where £} is defined in (2.1). For the interpolant we shall use w! = myw where 7y is the
natural projection onto Wy, i.e., classical choice for the interpolant on Wy, i.e., myz € W), =
L;. is determined by

1

mwz(a;) = z(a;) ¥V vertices a;, /(z —mwz)qgds =0 Vq € Pr_s(e), Ve € &,
(4.10) e
/(z —mwz)gde =0 Vq & Prs(T), VT € Ty,
T

It is well known that this standard interpolant satisfies the error estimate

(4.11) Jw—w!|lsn < CR" 5 w]lpy1, 0<s<k+1.
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4.3. Choice of ®;, = I', and of the interpolants. With W) given by (4.9), our first
choice of ®;, = Iy, will be close to the minimum choice that makes (4.1) hold true. More
precisely we take

(4.12) ©, =T, = BDM} |,

where BDl\/If_1 denotes the rotated Brezzi-Douglas-Marini space of degree k — 1, i.e., the
space of all piecewise polynomial vector fields of degree at most k— 1 subject to interelement
continuity of the tangential components. With this choice, the inclusion (4.1) is clearly
satisfied.

We define 8’ = 7wgh, where g : H'(Q) — ©, is determined locally by the following
degrees of freedom:

(4.13) /ﬁ—wmﬁiq%zO‘Werﬂq

(4.14) /(7’ —7meT) -qdr =0 Vg€ RT3,
T

where RT3 is the usual (unrotated) Raviart-Thomas space of index k—3. In the framework
of [7] and [8], e is seen to be the natural projection into BDM{Y | (and, in particular, well-
defined), although the degrees of freedom in (4.14) are not the ones which were used in the
original reference (cf. [13]). Moreover, it is related to the natural projection operator my,

into W), by the commutativity condition
(4.15) e Vz=Vmyz.

This can be checked by using the definition of the projection operators and integration by
parts, and is a special case of the commutativity properties of projections presented, e.g., in
[7] and [8].
As a consequence of the choices w! = myw and 8’ = we and (4.15), we have
N =t (Vw' —0") =tV ryw — weh) = t *me(Vw — 0) = e,

This puts us into the framework of [18] where the key condition is that 4! := t=2(V w! — 67)
is an interpolant of «.
Using standard techniques, we then have the following interpolation estimates:

(4.16) |0 — 0" ||sr < CRE0N1,  ||¥ — Y lsn S ORF|ly]l;y,  0<s<l, 1<I<E.

4.4. Basic error estimates for 8 and . We can now apply Theorem 2 to obtain the
corresponding order of convergence estimates.

Theorem 3. With the choices (4.9) and (4.12) for Wy, and ©), = T', let (8, w,~y) be the
solution of (2.3)—(2.6), and let (0, wp,~y;,) be the solution of (3.3)—(3.4). Then we have

16 — nlle +tlly —vullo < CR*([IB]lx + ll¥llx-1)-
Proof. This follows immediately from Theorem 2, (3.7), and (4.16). O
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4.5. L? error estimates for @ and w. In this subsection, we establish the following im-
proved estimate for ||@ — 0}]|p and also a basic estimate for [|w — wp]|o-

Theorem 4. Under the assumptions of Theorem 3,
lw = whllo + 116 — Onllo < CH*(||]lx + tll¥]l5-1)-

Proof. We establish this result by a standard duality argument. Let (@, z,¢) € Hy(f) x
H(2) x L*(2) be the solution of:

(417)  alp,m) + (¢, Vo—n)=(0 = 0y,n) + (w—wp,v) ¥(n,v) € Hy(Q) x Hy(Q),

(4.18) (Vz—p,1)—t*(,7)=0 V1€ L*9).

From the regularity result in Theorem 1, we have on convex polygons,

(4.19) el + €l maivy + 1€l < C(1]0 = Onllo + [[w — wallo)-

Using a derivation analogous to that used earlier, we get that (¢, z, {) also satisfies:
an(p:m) + (¢, Vo—m)=(0—04n)+ (w—wyv) Y(nov)eH (T)x H(T).

Choosing 7 = 0 — 0,,, v = w — wy, and using the definitions of v and -, given by (2.5) and
(4.4), we get

(4.20) 16 — 0415 + [lw — will§ = an(p, 0 — 84) + (¢, V(w — wy) — (6 — 6y))
= ap(p,0 — 0,) + (¢, v — 1)

Let 2! = myz and ¢! = wgp. Then

(4.21) lle = #'lle < Chlllla < Ch([|6 = Ohllo + [lw — whlo)-

Defining ¢’ = t72(V 2! — '), we have ¢! = mg(, and applying (4.16) and the regularity
result (4.19), we obtain

(4.22) tI¢ ¢ llo < Ch([16 = Onllo + llw — whllo)-

Now from (4.7) with n = ¢!, v = 2!, we then have (using the symmetry of the bilinear form
ah)

an(p",0 — 0y) = —t*(v =7, ¢').
Adding and subtracting ¢! in (4.20), we thus obtain
16 — 0415 + 1w — wall§ = an(e — @', 0 = 01) +£2(¢ = ¢,y =)
< Clie = ¢'llo 10 = Onlle + t*[1¢ = ¢ llolly —ilo-
Applying (4.21) and (4.22), we get
[w —whllo + (|0 = Oullo < Ch([|6 — Orlle + tlly — vallo)-

The result now follows directly from Theorem 3. 0
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4.6. Error estimates for V w. We next obtain two error estimates for || V(w — wp)||o.

Theorem 5. Under the assumptions of Theorem 3,
(423) [V (w —wh)llo < 10 = Onllo + *[l7 = vallo < O + A1) (1011 + ¢l ]le-1)-
(4.24) [V (w —wi)llo < CH(101]x + tlyllk-1 + [lw]lgs1)-

Proof. The first estimate is easily obtained through the relation V(w —wy,) = t3(y — ~,,) +
(6 — 6),) and the estimates for 8 and - in Theorems 3 and 4.

In view of Theorem 4 and the interpolation estimate (4.11), to establish the second esti-
mate it suffices to show that

(4.25) IV (w —wp)llo < C(IV(w —w)lo + (16 — 64]]o)-
From the error equation (4.7) with 7 = 0 we have
(vy=7,Vv)=0  YveW,.
Consequently, from the definitions (2.5) and (4.4) of v and ~y,, (respectively), we get
(4.26) (V(w—wy) — (0 —6,),Vv)=0 Yo € W,
Adding and subtracting V w, and then using (4.26) with v = w! — wy,, we have
IV (! = wn) = (V! = w), ¥ (! —w)) + (V(w — wn), V(! —w)
= (V(w' —w), V(w" —wy)) + (0 — 0, V(w' —wy)),

SO

IV (w" —wy)llo < || V(w —w")llo + |6 — Ollo,
and (4.25) follows using the triangle inequality. O

Remark. Fven for the lowest order case k = 2, estimate (4.24) involves ||w]|3. Since from
(2.4) and (2.5), it easily follow that w satisfies Aw = div0 — t>g, on a smooth domain,
standard a priori estimates for Poisson’s equation and (1) give

lwlls < Cllell2 + £¥llgll) < Clllgll- +tlgllo +*[lgll1)-

Hence, in this case, one obtains a uniform bound for 0 < t < 1. On a convexr polygon
however, one can only expect H?>—reqularity for w. In this case, an alternative estimate is
provided by (4.23).

Remark. We have shown that || V(w —wy,)||o achieves the same order, k, of approzimation
as |0 — 0|0 and one order higher than |0 — 0y |le. Although w' converges to w with order
k + 1, we have not been able to establish that higher order for the convergence of wy,.

4.7. Other possible choices. Still taking W), = L; as in (4.9), we have other possible
choices for ®; = I'j,. Indeed, we can take any finite element space which contains BDMkR_l,
and continue to use for @ the natural projection onto BDMJ | (not onto the larger space
©;,). This leaves unchanged the approximation results (4.11) and (4.16) and then the error
estimates for the method.

Some reasonable such choices for @, = I'), are ©;, =T, = RTfL1 or ®, =TI = Eg_l
where RT} | denotes the rotated Raviart-Thomas spaces of degree k — 1, and L) , the
space of discontinuous piecewise polynomials of degree k — 1. In the first choice, the space
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BDM; | is extended by adding local shape functions on each element. In the second, the
space is extended by relaxing the interelement continuity.

The analysis can also extend to other choices of spaces W, and ©, = T’ for which
V W, C ®y and which admit projections satisfying

Vrwz=meV 2.

One such possibility is to take W}, to be the space obtained by augmenting £}, by the bubble
functions of degree k + 1, and choosing ®}, to be the Brezzi-Douglas-Fortin-Marini space of
degree k — 1 [12], [14]. It is not clear that using these larger spaces offers any advantages
over the choice of W), = £} and ©;, = T}, = BDl\/I,If_17 since they involve more degrees of
freedom without producing higher convergence rates, and we will not pursue them here.

5. DISCONTINUOUS w AND DISCONTINUOUS 6

5.1. Choice of the spaces and of the interpolants. In this section we shall examine the
choice of totally discontinuous elements, that is,

(5.1) Wy=L), ©,=T,=L) ,,  k>2

Our analysis will start from the totally discontinuous weak formulation of the continuous
problem (3.13)-(3.14) and the corresponding formulation of the discrete problem (3.15)—
(3.16).

In order to obtain -, in an explicit form from equation (3.16), it is convenient to introduce
the lifting operator J : H'(T},) — T, defined (as in [3]) by

(5.2) /J(HUH)-de:—j(T,U), T el

0
From (3.11) and the equivalence of the norms || - ||o and || - |Jr on Ty, it easily follows that
(5.3) IT(IoDIIF < Cpw(v,v) v e W

Since the condition V, W), C T'}, is satisfied, we then have from (3.16):

(54) t27h:Vhwh—0h+J(|]wh[|).

Although the space W), imposes no interelement continuity, we shall use w! = mw where

mw is still the natural interpolant into the continuous finite element space £, defined in
(4.10). Similarly, since BDMZ | C £9 ,, we can choose 8’ = mo@ where mg is still the
natural interpolant into BDMj | as defined in (4.13)(4.14). We then continue to have

(5.5) v =t2(Vw! — 0" = mey.

In short, although we are using larger spaces W},, ©;,, and I';,, than in the previous section,
we use the same interpolants. As a result, the interpolation estimates (4.11), (4.16) continue

to hold.
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5.2. Error estimates.

Theorem 6. Let (0,w,~) be the solution of the continuous problem (3.13)—(3.14), and let
(0h, wn,7,,) be the solution of the discrete problem (3.15)—(3.16) with the choice of spaces
(5.1). Then we have

(56) 16 = Blle + tlly —vullo + lpw (w — wn, w —wa)]Y? < CH* (|85 + | ¥llx-1),

(5.7) lw — wnllw < CREH (1011 + Iy llk-1 + lwllx).
Proof. From (3.13) and (3.15), we immediately have the first error equation
(5-8) an(0 =61, m)+ (¥ =3, Vo v=m) =3 (¥ =74, v) =pw(wn,v) =0, V(n, v) € OpxW),
while subtracting (5.4) from (2.5), we have the second error equation
(5.9) (v = v1) = Valw —wp) — (8 = 1) — J(Jwn]).
Setting now

05=0,—0", ws=w,—w', ~v;=5,—7"
and using (5.4)—(5.5) we immediately obtain
(5.10) t*ys = Vi, ws — 05 + J(Jw]).
Choosing 1 = 05 and v = w; in (5.8) we have

an(0 = 01, 05) + (v — vy, Viws — 05) — j(v = vn, ws) — pw (wn, ws) = 0.
Using (5.10), and the continuity of w! (in the penalty term and in J), we then have
(511) ah(e - eha 05) +t2<7 ~Yh 76) - (7 ~Yh J(l]w5|])) _.](7 ~Yh w5> _pW<w57 U)(;) =0.
Owing to the definition (5.2) of J, and to the fact that +, € T'j,, we have (v, J(Jws|])) +
J (7, ws) = 0. Using this in (5.11) we deduce
(512) ah(0_0h7 05) +t2(7_717 75) _t2(767 76) - (77 J(”w5|]>> _j(77 ’UJ(;) _pW<w57 UJ(S) =0.
On the other hand, using (3.12) and adding and subtracting 6, we have
(5.13) a|\|05\|\§) < ah(95, 05) = ah(Oh -0, 95) -+ ah(O — 91, 95)
Combining (5.12) and (5.13), we obtain
05118 + 2175117 + pw (ws, ws) < an( — 6", 05) + 12 (y — 7, 5)
_(’77 J(Hwéﬂ)) - ](77 U)(g).

It will be convenient, also for future use, to isolate the most difficult term to bound in the
above equation. We set

(5.14) N = (v, I([ws]) + 3 (v, ws)-

Using the continuity (3.10) of a;, and the arithmetic-geometric mean inequality, one easily
obtains

(5.15) 105015 + t*11v55 + pw (ws, ws) < C(16 = O + |1y — " [I§ + IN])-

In order to bound the term N, we use again the definition (5.2) of J, and note that, for
every T € I';, we have

(5.16) N = (v, J(Jws))) + (v, ws) = (v = 7, I (Jws])) + 5 (v — 7, ws).
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Choosing 7 = ! in (5.16), we easily have from (5.3) and (3.11)

N < by =~ lloll T (s Dllo + 1y ="l [pw (ws, ws)]Y* < C v =" e [pw (ws, ws)] 2.

Inserting this estimate in (5.15), and again using the arithmetic geometric mean inequality,
we get

(5.17) 1058 + 21175115 + pw (ws, ws) < C(10 — 0" + (1 + )|y — ~'IIF).

and the estimate (5.6) follows from the triangle inequality and the interpolation bounds
(4.16).
Finally, to get estimate (5.7), we use first (5.10) and (5.3) to obtain

(518) | Vawsllo = [[t*vs — T (Jws]) + Osllo < C{*lvsllr + 10slle + [pw (ws, ws)]'/?}.
Then (5.7) follows by (5.17) and the triangle inequality. O

5.3. Estimates of N using the Helmholtz decomposition. The estimates (5.6)—(5.7)
obtained in the previous section have one undesirable feature, i.e., the norm ||7||x—1 appearing
on the right hand side of the estimates does not contain a factor of ¢, as was the case for
the estimates obtained for continuous approximations of w. Since this norm behaves like
t~(=3/2) a5 t — 0, the extra factor of ¢t helps control the size of this term and for k = 2
insures that it remains bounded. In this subsection, we will show that error estimates with
better regularity properties can be obtained if we assume the Helmholtz decomposition for
~ is sufficiently smooth.

Looking at the derivation of error estimates in the previous section, we see that the problem
comes from the estimation of the term N appearing in (5.14). We now show how use of
the Helmholtz decomposition can lead to an improved estimate of this term. Since in the
subsequent section we will introduce an appropriate dual problem to obtain L? estimates,
and need to estimate a similar term, we work now in a more general framework and define,
for any element x € H*(Q), the quantity

N = N () = (x T (Tws]) + i ws).
We assume that x has a smooth Helmholtz decomposition satisfying
(5.19) X = V s+ curlg, s€ HY Q)N H(Q), q€ H*(Q)/R.
We shall assume that
(5200 (IslE + lall})"” < Clixllzsr,  (IslF + llalF-)" < Clixl aze-2ainy,

where H*7?(div) is the space of vectors in H" 2(Q) having the divergence in H*~2(Q). Note
that since As = divx, (5.20) holds if we have H* regularity for the Dirichlet problem for
Poisson’s equation, and so for €2 a convex polygon it holds at least for £ = 2.

As in (5.16), the basic instrument for estimating N will be the property (based on the
definition (5.2) of the operator J):

(5.21) N = (x, J([ws])) + j(x, ws) = (x — 7, J([ws])) +j(x = T,ws), T €T
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This time, however, we choose a different 7. Namely, we let s € £1 N H}(Q) and ¢! € £ /R
be interpolants of s and ¢, respectively, satisfying

(5.22) |s —s'llo+hls—s"|y < CHlsl;, j=1,...,k
(5.23) lg—d'llo+hlg—d's < CHWlgl;, j=1,....k

We then define x! € T'j, as

(5.24) x' = Vs +curlg.

It follows immediately that

(5.25) Ix = x"llo < CH* (|l + lal) < C R Ixl| g,

Inserting 7 = x! in (5.21), and using (5.10) to eliminate J(Jws]), we have

(5.26) N =t (x = x"75) + (x —x".05) — (x =X Viws) +j(x — x", ws).
The first term in (5.26) is easily bounded using (5.25):

(5.27) 10 =" vs)l < #lx = xllo [vsllo < C 215 lloh" x| g1

The second term in (5.26), using the expression (5.24) for x!, becomes

(5.28) (x — x",0;) = (V(s— s") +curl(qg — ¢"), 05).

All the terms appearing in (5.28) can be treated in the same way. For example, if ¢ is in
H?(Q) and @ is one of the two components of 65, we have

(5.29) (09 /0x.0) = — 3 ( /T 90 /dz da — /8 v, ds>.

The first term in the right-hand side of (5.29) is easily bounded by |[¢||o €]l For the
second term, recalling that ¢ is continuous and that 6 is one of the two components of 5,
we have

|3 [ vomads| < S0l (el 210600

TeT), ecéy

Using (3.6) we can collect the total estimate for (5.29) in the form

1/2
(@002, < (3 137+ vEr) " 16slle.

TeT,

Applying the same argument to all the terms and then using the approximation properties
(5.22) and (5.23), we obtain

(5.30) (V(s = s") +curl(q — ¢"),05)] < Ch*(|s|e—1 + lali—1)[0s]le-
The third and fourth terms in (5.26), always using the expression (5.24) for x!, become
(5.31) —(V(s = ")+ curl(qg — ¢"), Viyws) + j(V(s = ") + curl(q — ¢'), ws).
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Let us consider first the terms appearing in (5.31) and containing s — s’. Using (5.18) and
(3.11) we have
(5.32) |(V(s—s"), Viws)| +[5(V (s — s"), ws)|
< C(I1V (s =)ol W wsllo + 1| V(s = ) lIr [pw (ws, ws)] /)
< CV (s = sHIe{Ivslle + 165lle + [pw (ws, ws)]2}.

To estimate the terms involving curl(q — ¢!), we integrate by parts to obtain:
(curl(g — ¢'), Viws) = Y _ / curl(g — ¢') - nwsds = ({curl(q — ¢')}, Jws|).
TeT, or

It follows immediately from the definition (3.9) of j that
(5.33) —(curl(q — ¢"), Vi ws) + j(curl(q — ¢"), ws) = 0.

Collecting the estimates (5.27), (5.30), (5.32), and (5.33) of all the terms appearing in (5.26),
and using the interpolation estimates, we obtain:

(5:34)  INOII < O Exaes + Il -2 i) (Vs llo + 105l + [pw (ws, ws)] /).

Inserting the above estimate for x = - into (5.15), we have then established the following
theorem.

Theorem 7. Let (6, w,~) be the solution of the continuous problem (3.13)—(3.14), and let
(0n, wn,7,,) be the solution of the discretized problem (3.15)—(3.16) with the choice of spaces
(5.1). Assume further that we have the Helmholtz decomposition (5.19) for ~v. Then we have

(5.35) 110 — Onlle +tllv — Yullo + pw (w — wp, w — wy )]/
< CRE 1611k + tYr=1 + 1Yl -2 (aie))s

(5.36) lw —willw < CREH0Mk + tlvlle—1 + 71 me-2gai) + lw]le)-

Remark. We point out that in our assumptions (and in particular for a conver domain §2)
the Helmholtz decomposition (5.19) for v will always hold for k = 2. Hence, in particular,
estimates (5.34), (5.35), and (5.36) will hold for k = 2.

5.4. L? error estimates. In this final section, we use a duality argument to derive an
optimal L? estimate for @ — 6}, and an improved estimate for ||w — wy|lo. We show that both
of these are of order h* provided the solution is sufficiently smooth.

To do so, we again use the dual problem of the previous section, i.e., in which (¢, z, {)
is the solution of (4.17) and (4.18) and hence satisfies the regularity estimate (4.19). As we
did for the direct problem, we define the interpolants 2/, ¢’ and ¢! by

A =qwz e Ll
(5.37) ol =mop,

¢ =tV - pl) = meC.
From the regularity result (4.19), and the previous approximation properties (4.16), we easily
obtain

(5.38) the =<Moo+l — @' lle < Ch(|0 — Bullo + ||w — who)-
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With a derivation analogous to that used previously, we see that (¢, z,{) also satisfies,
for all (n,v) € H'(T,) x HY(T},),

(5.39) an(@,m) + (¢, Vv —=n) = j(,v) = (6 — On,m) + (w — wp, v).
Taking n = 0 — 6, v = w — wy, in (5.39), and using (5.9) we have
18 = 0415 + llw — will§ = an(® — O, @) + (Vi(w — wn) — (6 — 1), ¢) — j(C,wn)
= ap(0 = On, ) + (v — ¥4 ¢) = Na
where, in analogy with (5.14), we have set

Nd = Nd(C) = (C? J(Hwh”)) +](C>wh)

With the choice (5.37), from the error equation (5.8) for the direct problem with n = ¢!, v =
2!, we deduce:

(5.40)

an(0 — 0n, ") = —(v — v, V2L — ") + (v — 1, 2") + pw (wp, 27)
= _tz(’Y — Yhs CI)-

Adding and subtracting ¢! in (5.40), and then using (5.41) and the interpolation estimates
(5.38), we obtain:
(5.42)

16 — 6,115 + [[w — wil|§ = an(@ — On, 0 — @") + an(@ — 04, ") + *(v — ¥4, &) — Ny
=ap(0—6p,0— @)+ (v =y ¢ — ¢ - Ny
< Ch(]|0 =64l + [lw — wallo) (|0 — Orlle + tllv — Yallo) — Na.

At this point, we can use the estimates of the previous subsection. As already pointed out,
estimate (5.34) will surely hold for k¥ = 2. Using this and the regularity results (4.21) we
have:

(5.41)

NGl <C (¢ + 1€l Eram){tlvsllo + 10slle + [pw (ws, ws)]/*}
< Ch (/16 = Onllo + lw —willo) {tllVsllo + 10slle + lpw (ws, ws)]/?}.
Hence, (5.42) becomes:
160 = Bnllo + [lw — wallo
< Ch{llo = 8ulle + thly —vullo + tllvsllo + 16slle + [pw (ws, ws)]'/?}.
Applying our previous estimates, we immediately obtain the following result.

Theorem 8. Let (0, w,~y) be the solution of the continuous problem (3.13)—(3.14), and let
(0h, wn, ;) be the solution of the discretized problem (3.15)—(3.16) with the choice of spaces
(5.1). Then we have

10 = Onllo + [[w — willo < CR* (IO + l[¥llk-1).
If moreover v has a smooth Helmholtz decomposition of the type (5.19), then we have
16 = Onllo + llw — wallo < CH* (101l + tlYIln—1 + 17| -2 (aiv))-
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Remark. We remark that for the lowest order case (k = 2) all our error estimates, namely
Theorems 3, 4, 5, and subsequent Remark, and Theorems 7 and 8, use norms of the exact

solution (0,w,~) that are uniformly bounded with respect to t, according to the reqularity
results (2.9).
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