DISCONTINUOUS GALERKIN METHODS FOR
ADVECTION-DIFFUSION-REACTION PROBLEMS
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Abstract. We apply the weighted-residual approach recently introduced in [7] to derive dis-
continuous Galerkin formulations for advection-diffusion-reaction problems. We devise the basic
ingredients to ensure stability and optimal error estimates in suitable norms, and propose two new
methods.
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1. Introduction. In recent years Discontinuous Galerkin methods have become
increasingly popular, and they have been used and analyzed for various kinds of ap-
plications: see, e.g., [2] for second order elliptic problems, [4]-[3] for Reissner-Mindlin
plates and, for advection-diffusion problems, [11], [12], [17], [32], [5], [15],[18] and [9].

Most DG-methods for advection-diffusion or hyperbolic problems are constructed
by specifying the numerical fluxes at the inter-elements and, as far as we know, the ad-
vection field is always assumed to be either constant or divergence free. In the present
paper we follow a different path. From the one hand, we derive DG-formulations by
applying the so called ”weighted-residual” approach of [7]. In this approach a DG-
method is written first in strong form, as a system of equations including the original
PDE equation inside each element plus the necessary continuity conditions at inter-
faces. The variational form is then obtained by combining all these equations. In this
way, the DG-method establishes a linear relationship between the residual inside each
element and the jumps across inter-element boundaries. Such a linear relation permits
to recover DG-methods proposed earlier in literature, and at the same time provides
a framework for devising new DG-methods with the desired stability and consistency
properties. As we shall show, this is possible, since stability and consistency can be
ensured through a proper selection of the weights in the linear relationship, which in
turn determines the DG-method.

On the other hand, and this is, in our opinion, the novelty of the present paper,
we deal with a variable advection field which is not divergence-free. This, together
with the presence of a variable reaction, makes the analysis more complicated than
usually, surely more complicated than one could expect at first sight.

To ease the presentation we apply the ”weighted-residual” approach to derive
two DG-methods proposed in literature: the method introduced in [17], and that pro-
posed in [18] and further analyzed in [9]. The former uses the non-symmetric NIPG
method for the diffusion terms and upwind for the convective part of the flux. In the
latter the diffusion terms are treated with three different DG-methods, and the whole
physical flux is upwinded. This makes the approach well suited for strongly advection
dominated problems (actually, the most interesting cases), but less adequate in the
diffusion dominated or intermediate regimes. We also introduce two new methods.
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One of them, that we refer to as minimal choice, contains the minimum number of
terms needed to get stability and optimal order of convergence in all regimes. The
other one is a more refined method, that contains as a particular case the method [15]
and the minimal choice.

Our formulation allows also to recover easily, for each of the methods analyzed, the
corresponding SUPG-stabilized version. Many others methods could have been con-
sidered, but this would have made the paper practically unreadable. Moreover, our
alm was not to compare the behavior of different schemes, but mostly to explore the
possibilities and the ductility of the weighted residual approach for designing and
analyzing DG-methods.

It is worth noticing that this approach seems to be particularly suited for under-
standing in a natural way which are the stabilization mechanisms, hidden in each DG
method, responsible of the behavior of the DG approximation in the different regimes
of the problem. It also provides a way to perform stability and a-priori error analysis
in a unified framework. Furthermore, we think that it could be useful also for appli-
cations to a-posteriori error analysis, a field which is well developed for conforming
approximations but much less studied for Discontinuous Galerkin approximations or
even Stabilized methods. This surely deserves some further and future research.

Throughout the paper we shall use standard notations for norms and seminorms
in Sobolev spaces. To keep homogeneity of dimensions, we recall that on a domain 2
of diameter L we define:

k
HU”%Q = ZL2S|U|§,Q v E Hk(Q) k>0, (1.1)
s=0
k
[vllkoon = Lvlscce  vEWRS(Q) k=>0. (1.2)
s=0

The outline of the paper is as follows. In Section 2 we present the problem with
all the assumptions necessary to the analysis, and we apply the ”weighted residual”
approach. In Section 3 we show examples of choices of the ”weights”, leading to four
methods: the methods of [17] and [18], and two new methods. In Section 4 we deal
with the approximation, and prove stability in a suitable DG-norm. We also prove
stability in a norm of SUPG-type, thus providing control on the streamline derivative.
Section 5 is devoted to a-priori error analysis, and optimal convergence is proved in
both norms. Finally, in Section 6 we present an extensive set of numerical experiments
to compare the methods and to validate our theoretical results.

2. Setting of the Problem. To ease the presentation we shall restrict ourselves
to the two dimensional case, although the results here presented also hold in three
dimensions. Let Q be a bounded, convex, polygonal domain in R?, and let 8 =
(B1,32)T be the velocity vector field defined on Q with 3; € Wbh(Q), i = 1,2,
v € L*°(Q) the reaction coefficient, and € a positive, constant, diffusivity coefficient.
We define the inflow and outflow parts of I' = 92 in the usual fashion:

I' ={zel: B(x) n(x) <0} = inflow,
I'' ={zel: B(z) n(x) >0} = outflow,
where n(z) denotes the unit outward normal vector to I" at z € I'. Let I'p and I'y

be the parts of the boundary I where Dirichlet and Neumann boundary conditions
are assigned, so that ' =Tp UT'y, I'p NT'y = (). Thus,

I'pT=TpnNT*, TxyT=TynIt.
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Let f € L%(Q), gp € H*?(Tp), gv € HY?(Ty). Consider the advection-
diffusion-reaction problem

dive(u)+yu = f inQ,
u =gp onlp, (2.1)
(ﬁuxp;v —eVu)-n =gy only,

where o (u) is the (physical) flux, given by
o(u) = —eVu+ Bu,

and Xrs, is the characteristic function of I'y;. The meaning of the boundary conditions

on I'y is that the total flux is imposed on I'y, while on I‘J"{, only the diffusive flux is
specified (see [18]).

Since the first equation in (2.1) is equivalent to —eAu+ 3 Vu+ (divB+v)u = f,
we introduce the “effective” reaction function g(z) and we make the assumption

o(z) :=~(z) + %divﬁ(m) >p00>0 forallzeQ. (2.2)

For the subsequent stability and error analysis we shall make the following assump-
tions on the coefficients: the advective field has neither closed curves nor stationary
points, i.e.,

B has no closed curves and |B(z)] #0 for all x € Q. (2.3)

This implies, as we shall see later on (see Remark 2.1 below and Appendix A), that

Ine WkL(Q)  such that B-Vn>2b = 2Hﬁ|OT’OQQ in Q. (H1)

Furthermore, we assume that:
3 ¢z > 0 such that |B(z)| > ¢5|B]1,00,0 Vo € Q, (H2)
and, given a shape-regular family 7; of decompositions of ) into triangles T

¢, > 0 such that VI' € 75, = ||

0,00, < cg(mTin o) + bo). (H3)

REMARK 2.1. Assumption (2.3), together with the regularity 3 € W1>(Q),
ensures the well-posedness of the continuous problem in the pure hyperbolic limit (e =
0). (See [14] and also [27] for details). Condition (H1) is based on a result first
established in [14, Lemma 2.3] under more regqularity assumptions on 3. Namely, for
B € CkU), k > 1 satisfying (2.3), U being some neighborhood of 2, the authors show
the existence of n € C*(U) wverifying B -Vn > by > 0 in Q. However, by revising the
proof in [14], it can be seen that the result holds true also if B € WH>°(Q), provided
it satisfies (2.3)(see Appendiz A for details).

Assumption (H2) excludes undesirable situations of a small but highly oscillatory
advection field, and provides useful relations among norms. Indeed, from (1.2) we
deduce

181,00, 1Blo,00,0 _ 18]1,00,0
IFIL00% g0 .= 00,82 - ,09,
%] T > 0o I > 7 )

1Bl1,00,0 _ 1 [Blocc,2 Do
< 9 9 < — 3 3 e —
|ﬁ|1,oo,ﬂ - L - cs3 L (%}

(2.4)
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Hypothesis (H3) is always verified in the advection dominated regime (it says nothing
more than ¢ € L>(Q)). Instead, when the advection field is negligible, it forbids
the problem to shift from reaction-dominated to diffusion-dominated within a single
element. Note that, since we are interested in the case where the diffusion coefficient
€ is very small, what we refer to as “diffusion-dominated” problem (that is, when both
reaction and advection are also very small) has little practical interest.

Let again 7, be a shape-regular family of decompositions of 2 into triangles T,
such that each (open) boundary edge belongs either to I'p, or to I'y; or to I'y, (in other
words, we avoid edges that belong to two different types of boundary). We denote
by hr the diameter of T, and we set h = maxrez, hr. Since we look for a solution
of (2.1) a-priori discontinuous, we need to recall the definition of typical tools such
as averages and jumps on the edges for scalar and for vector-valued functions. Let
Ty and T be two neighboring elements, let n! and n? be their outward normal unit
vectors, and let ¢ and 7% be the restriction of ¢ and 7 to Tj, (i = 1,2), respectively.
Following [2] we set:

1 o
{<P}:§(801+<P2)a [¢] =¢'n' +¢°n* onecéy, (2.5)

2

1
{7-}25(7-14-1-2), [tf]=7"-n'4+7%-n* onec&, (2.6)

where & is the set of interior edges e. For e € 8;?, the set of boundary edges, we set

[el=¢n, {pt=9¢, A{r}t=1 (2.7)

For future purposes we also introduce a weighted average, for both scalar and vector-
valued functions, as follows. With each internal edge e, shared by elements 77 and
Ty, we associate two real nonnegative numbers a' and o?, with ! 4+ o? = 1, and we

define

{1}a = alr! + a?r?

on internal edges. (2.8)
As shown for instance in [8] for a pure hyperbolic problem, a proper choice of o' and
a? will introduce a stabilizing effect of upwind type into the scheme. We note that
the arithmetic average is obtained for a! = a? = 1/2, while the classical upwind flux
is obtained when o = (sign(3-n%)+1)/2 for i = 1,2 (where, as usual, sign(z) = z/|z|
for « # 0 and sign(0) = 0). Indeed, the following relation holds:

[a]

{Tha = {1} + 5[], (2.9)

so that, if for instance Ty is the upwind triangle, i.e. 8- n' > 0, then a = (1,0) and
n! 1 n? )

{T}upw:{T}—F?[[T]]:T {T}dw:{T}—F?[[T]]:T . (2.10)

Taking o' = 1/2+tsign(B-n*) (i = 1,2) will allow, choosing ¢ with 0 < o <t < 1/2

on each edge, to tune up the quantity of upwind.
We shall make extensive use of the following identity [2, formula (3.3)]:

2 /aTT'W: 2 /{T}'[[90H+ >[Il (2.11)

TET, ecéy e€gp €
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of the trace inequality ([1], [2]):
lwlg.e < CElel wldr + lellwlfr),  ecOT, we HY(T), (2.12)

with C} a constant only depending on the minimum angle of T, and |e| = length of
the edge e, and finally of the DG-Poincaré inequality [6]:

1/2
loloa < Lep(joltn+ 3 1 |||[[ olR.) (2.13)

e¢'n

With the previous definitions, problem (2.1) is equivalent to

dive (u) + yu =f ineachT €7,

[o(u)] =0 oneacheecf,

[u] =0 oneacheecé&;, (2.14)
U =gp oneacheelp,

(5“XF;V —eVu)-n =gy oneacheely.

Following the approach of [7], we shall introduce a variational formulation of (2.14)
in which each of the equations above has the same relevance, and is therefore treated
in the same fashion. To do so, we introduce the space

V(Tp) = {v € L*(Q) such that v € H(T) VT € Ty, s> 3/2},

and we assume that we have five operators By, Bi, B2, BP, BY from V(7,) to
L3(Q), L%(&7), L*(&;), L*(Tp), L*(Tn), respectively. Then we consider the problem

Find v € V(7},) such that Vv € V(7},)

/Q(dthO'() yu— f B(ﬂH—Z/[[ K Blv—i-Z/[[o- )]Bav

ee&y (ISR (2'15)

—i—Z/u—gD BPvy + Z/ﬁuxrf—EVu) n—gy)BYv =0,

ecl'p ecl'n

where div,, denotes the divergence element by element.

Different choices of the B’s operators will give rise to different formulations. Since
the solution of the original problem (2.1) is always a solution of (2.15), if we ensure
uniqueness of the solution of (2.15), such a solution will coincide with the solution of
the original problem. Sufficient conditions on the operators B to guarantee uniqueness
of the solution of (2.15) are given in [7, Theorem 1]. In the next section we shall
present some choices of the operators verifying the hypotheses of the cited theorem.

3. Variational formulations. We will present four examples of different choices
for the operators in (2.15). Two of them reproduce known formulations, while the
other two will give rise to new methods.

Example 1 We set

+
Bovjr = v, YT' € Ty, Blv‘e—ce| |[[ ]]—l—%[[ﬁv]], Ve € &y,
BQU‘GZ—{U}, VGEgZ, (31)
€ _ _
—|[[v]]-n—ﬁ-nv, Ve e I'p, Bévv‘ez—v, Ve € I'y.

le

D
By vje = ce
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In (3.1) n* is the normal to e such that 3-n* > 0, and ¢, is a positive constant such
that (see [2])

Ce>no >0 Vee&y,. (3.2)

We shall see that the definition of the operators on I'" can be made arbitrary, without
compromising the stability or consistency properties of the resulting methods. We can
choose, for instance,

€
Ble:ceﬂv on ecl}, BYv=-v on T}.
e

With these choices, and setting

Se:CeH

problem (2.15) reads:

0= Z/dwa )+yu—f U-i-Z/ %[[ﬁv]])

TeT), ecEp
- ) {o} + u— (Se[v] = Bv)-n
GEZEO‘/e eEZF / gD (33)
+ Se [ (w—gp)v— ((Buxp- —eViyu) -n—gn)v.

Using the 1dentity (2.11) we have
/divho'(u)v / AEDY / Yo+ > /{o’ )} Tvl.
« @ ce€y e€Ey

Substituting in (3.3), taking into account the continuity of @, and using (2.10) we
obtain the following formulation:

Find v € V(7},) such that Vv € V(7},)

[emw=o@ i+ 3 5. [lul- 101+ Y [(Bubu- 0]

_egr:N /{EVhU} ]]+€7FNﬁ nuv . (3.4)
T;/fv+e; v~ ;/5 ngDv_eezF;N/ng

We observe that for the diffusive part this method gives the so-called incomplete
interior penalty (ITPG) proposed and analyzed in [30], while the advective part is
upwinded through the operator B;.

Example 2 We set
Bovr = v, VT € Ty,

3 nJr o
Byvje = ceg[[v]] +{eVyv} + 7[[&)]], Ve € &y,
(3.5)
Byv)e = —{v}, Ve € &, BYv, = —v Ve € Ty,

Bf)v‘e = ceiv + (eViyv — ,B’UXFB> ‘n, Ve € I'p.

lel
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These choices reproduce the method introduced in [17] for the case v = 0 and different
boundary conditions. Indeed, in [17] the flux was not assigned at the inflow, and the
boundary conditions were, with our notation,

u=gp onTp=T\T§, (-eVu) n=gy onTf, Ty=0.
In (3.5) the diffusive part corresponds to the NIPG method of [26], and the advective

part is upwinded through B;. Substituting (3.5) in (2.15), and using (2.10) and the
continuity of 3 leads to the problem:

Find we V(7,) suchthat VoveV(7)

[ =otw Vi) + 3 5. [lul - [o1+ Y [(Budup- [0]

Q@ e¢Tn e ecep e

- [UeViad - Te] - [u] - {=Vaoh) + 37 [ B nue (36)
e¢'y " ° ec+ V€

= TGZT}L /T fo+ GGZFD /egD(SeU + (Vv — ﬁvxpg) ‘n) — EGZFN /eng.

Example 3 We set

Bovyr = v, VT € Tj,
Bl’U|e = Ce %[[’U]] — e{fvv}upw; Ve € g}c;,

Bavje = —{v}aw, Ve € &, Bévv‘e = —v, Ve € 'y,
BPvje = ce %v — (0eVuv + ﬁUXFB) ‘n, Ve e 'y,

where 6 is a parameter that allows to include various formulations for treating the
diffusive part: symmetric for § = 1, skew-symmetric for § = —1, and neutral for
6 = 0. This choice of the operators corresponds to the method introduced in [18] and
analyzed in [9]. By substituting in (2.15), integrating by parts and rearranging terms
we obtain the following scheme:

Find v € V(7},) such that Vv € V(7},)
/(fyuv—a(u) -Vpv) + Z Se /[[U]] fv]+ Z {Butupw - [v]

Q@ e¢ly 7€ ecep Ve
B eezgﬁ L({Eth}upw Aol AV eEZF+ e gy (3.7)
- Z (eViyu-nv+ 0ueVyv - n)

ecl’p V€
= Z /fv—|— Z /gD(Se[[v]]—HEth—ﬁvxFB)-n— Z gNv.

TeT, T eclp ”¢ e€ly 7€

In (3.7) the whole flux o(u) is upwinded through the operator By, but the upwind
effect for the advective part is exactly the same as in methods (3.4) and (3.6).
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Example 4 Let {-}, be the weighted average defined in (2.8)-(2.9). We set
Bovyp = v, VT € Ty,
Bivj = ce%[[v]] +0({o(v)}a — {Bv}), Ve € &,
Bovje = —{v}ia, Ve €&, BYv.=-vVe€ely,
B v = ce%v — (0eVpv —i—ﬁvxFB) ‘n, Ye € I'p.
Substituting in (2.15) yields

Find v € V(73) such that Vv e V(7y)
[ =@ Vi+ 3 5. [lul-101-0 S [1u1-(80)

e¢Tn ¢ ecgp Ve
+ {o)}ta - [v] +0[u] {o(v)}ta) + B - nuv
e%‘;ﬁ € eezl"+/6 (38)
- Z (eViyu-nv+0ueVyv - n)
ecl’p v €
= Z /fv+ Z gD(Se[[v]]—t%th—ﬁvXFB)~n— Z gNV.
7€’ T ecl'p ecly V€

In (3.8) 6 is again a parameter that allows to include different treatments of the
diffusive part: symmetric for § = 1 SIPG(«)([29],[16]), non-symmetric for § = —1
and neutral for § = 0. However, as we shall see in Remark 4.2, the case § = —1
gives rise to a formulation which is stable in a norm too weak, with a consequent
loss of accuracy in the error estimates. Thus, it will not be further considered. The
upwind is achieved in (3.8) through both operators B; and Bs. Moreover, the use of
the weighted average (2.8) should allow to tune the amount of upwind on each edge.
As a consequence, the formulation enjoys the nice feature of adapting easily from the
advection dominated to the diffusion dominated regime.

All the above formulations share the common form:

Find u € V(7,) such that :
{ ap(u,v) = L(v) Yv e V(T).

REMARK 3.1. In all cases, for obtaining the corresponding SUPG-stabilized DG
formulations, one only needs to change the definition of the operator By into Bov =
v4cpB-Vop on each T € Ty, ¢p being a constant varying elementwise and depending
on hr and the coefficients of the problem B,e,7v (see [22], [19] and [18]).

4. Approximation. With any integer £ > 1 we associate the finite element
space of discontinuous piecewise polynomial functions

Vi ={vel?(Q): yreP*T) VT €T},

where, as usual, P*(T) is the space of polynomials of degree at most k on 7. Replacing
V(71,) by ViF, we get the discrete problems, all sharing the form

{ Find uy € th such that :

ah(uh,vh) = L(vh) Yoy, € th. (41)
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Consistency. Consistency holds by construction in all the cases, so that

ap(u — up,vp) =0 Yoy, € ViF. (4.2)

Stability. We shall prove stability in the norm

llolli® = ol + o]l (4.3)
with

9
o)l = elolf p + elloll} = elol? )+ > m"[[v]]"%,m
e¢'n

ol = @+ bo) /20l o + S 118 n[*2[v]I2,,
eclyp

where | - |1, denotes the broken H!—seminorm, by = |B]0.00/L is defined in (H1),
and P is the piecewise constant function defined as

o(@)r =091, Or= glelgrl o(x), VT €T (4.4)
Analogously, it will be useful to write the bilinear forms as
an(u,v) = al (u,v) + a;(u,v). (4.5)

For simplicity, we start by considering the method (3.4), which corresponds to the
”minimal choice” for the operators. Then we have:

GZ(U,U):/QEVW-WH S [ (Selul - {=Vaud) - [0]. (4.6)

e¢gl'y ¥ ¢

a;’(u,v) = /Q(’yuv —uf- Vi) + Z {Butupw - [v] + /F+ B - nuv. (4.7)

ee&y €

We note that, using (2.12) and arguing as in [2] we can easily see that there exists a
(geometric) constant Cy, depending only on the degree of the polynomials and on the
minimum angle of the decomposition such that

>

EQFN

{Eth}[[v]]‘ < Cuelulinllvl;  VueVE YoeV(T). (4.8

This implies that there exists a constant Cy > 0 such that
aj(u,v) < Calullallvlla  u€ Vi, v e V(T), (4.9)
and, for ng in (3.2) verifying
no > C2 /4 (4.10)
there exists a positive constant «g such that:

aj(v,0) > agllvll; v eV (4.11)
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We also note that, in general, one would rather require, say,
no > max{C7,1} (4.12)

in order to have a quantifiable constant like g = 1/2. In any case, the diffusive
part alone would easily verify stability in all the methods. However, the technique of
taking v = u, which is possibly the easiest way of proving stability, will not be sufficient
when the reactive-advective part is also present, as it does not provide control on the
L2 —norm when advection dominates. Indeed, in all the cases we would only have:

a;f(v,0) > [ ol5 0 + D 1B -0l ?[0]l5.  veV
eely

We will then prove stability in the norm (4.3) through an inf-sup condition. For that,
following [22], we introduce the ”weighting function” x = exp(—n), with n defined in
(H1). The assumptions on 7 imply the existence of three positive constants x7, x5, x5
such that

Xi<x<xza VXl <xs (4.13)
Our ”weighting function” will be slightly different. Indeed we shall take
p=x+k (4.14)
where k is a constant such that
Xi+k>6CpLx; Xi+r> (x5 +K)/2, (4.15)

and Cp is the Poincaré constant appearing in (2.13).

The next Lemma is a generalization to the case of variable 3 of that given in
[20] for pure hyperbolic problems. See also [22] for the equivalent result for SUPG-
stabilized method, and [28] for the conforming Residual-Free Bubbles method. We
point out however that here, thanks to the choice (4.14), we were able to remove the
condition "¢ sufficiently small”.

LEMMA 4.1. Let ap(-,-) be defined in (4.5)-(4.7), with

no > max{9C; /4, 1}. (4.16)
Then, for every k satisfying (4.15), the corresponding ¢ defined in (4.14) verifies:

itk

X
aft (vn, pvp) > llvnllz (4.17)
re > X 2 4.18
a; (O, pvn) 2 5 lvnllle, (4.18)
NGV
llpvnlll < ———(x1 + &)lllvnll- (4.19)

6

Proof. To simplify the notation we shall write

* * ok
O[1:X1+/4/, a2:X2+KJv a3 = X3
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so that
a1 <p<ag, Ve <as,
Z) o] > GCPLOég, ZZ) 201 > Qo.

Conditions (4.8), and (4.20) give

11

(4.20)
(4.21)

ag(vh,govh) =/5|thh| w+ Z / [on] —{eVron}) - [v]e ‘/QEthh-chvh

e¢'n

> & (ar(|onl? s +nollonl?) = a2 Colvnlvn lonll; = aslvn s alvnlos)-

This, using (4.21; ii)) and (4.16), then o > 1 and (2.13), and finally ( 4.21;

easily

«
af (v, pon) > s(—luvhﬁ w+mollonl?) = aslonlialonlo.)

aq
> e (lonld s+ llonl2) = aa Cp Llloall} > ZHlunll

i), gives

that is (4.17). As regards the reactive-convective part, we observe that, after integra-

tion by parts, using (2.11) and the continuity of 3 and ¢ we get:
1
- [ B-Vutevn =~ [ B-ori -3 [ B-9uuh)e
1
=5 [B-Veni+s [@mei-5 ¥[8

865}
Next, the continuity of 3 and ¢ easily imply that
> [{Bon}-[ovn] = Z (B¢} - [vi]-

ecEp V¢ ee£° ¢

From this and (2.10) we have then

S [1Boduelend =2 Y [8)-1i1+ Y [E 2w

ecgp V¢ ee£° ¢ eeEp v ¢
By noting that (H1) and (4.20) imply
—B-Vo=(8-Vn)x = 2box > 2box7,

from (4.22)-(4.23), using (4.20), (2.2) and (4.4), we obtain:
(o pon) = / b+ (@Bl — 5 [ (8- Vi
2

ecEp €

*| (= X
> xi(@ + bo) 2onld g + 2 Z 118 - a2 [on ][5 > S |||vh|||rc7
ecé

n 1
somvhnﬁ——/ ﬁ-nsov}i+—/ B npu?
2 2 Jr 2 Jot

(4.22)

(4.23)
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that is (4.18). On the other hand (4.19) is again an easy consequence of (2.13) and
(4.20)-(4.21). O

REMARK 4.1. We point out that condition (4.16) has been taken in order to
simplify the computation and to provide an easily quantifiable constant in (4.17) (very
much in the spirit of (4.12) compared with the less demanding (4.10)). Looking at the
proof, however, we see that we could stick to (4.10) (changing the conditions on k in
(4.15) in order to have ag/ay as close to 1 as necessary). Hence, in some sense, the
difficulty of finding "how big should ng be in practice” has not been worsened by the
above trick.

REMARK 4.2. Concerning the other three methods (3.6), (3.7), and (3.8), they
exhibit essentially the same terms, with the only exception for the method (3.8), where
the advective part contains

> [ 0+ 1){Bon}ta — 6{Bun}) [pvn] =: T,
ecgp Ve

instead of the left term in (4.23). Using the definition (2.9) of the weighted average
we obtain, instead of (4.23):

h=3 Y [wertil+een Y [

ecgp ¥ ec&p v ¢

where B-[a] = (2a —1)B8-nt > 0 since at, the weight associated with the upwind
triangle, is > 1/2. Hence, (4.18) holds also for method (3.8) (possibly with a different
constant), if 0 > —1. As already said, choosing 8 = —1 in (3.8) produces undesirable
cancellations which lead to have stability in a norm too weak to ensure control on the
advective part. Namely, we have

an(vn, o) 2 C (1@ + o) *unll§ o + llvnllz + Y _ 118 - 0 *[va ][5 .)-
ecll

Suboptimal error estimates (O(h*)) in this norm can be obtained, but the method is
unstable in strongly advective regimes. Indeed, 8 = —1 gives rise to a method without
any kind of upwind.

The following super-approximation results can be found in [23] and [31]. For
convenience we briefly sketch the proof.

LEMMA 4.2. Let ¢ € WF12(Q) be the function defined in (4.14). For vy, € Vi,
let pvy, be the L2—projection of wuy, in ViE. Then:

— k+1,00,Q
loon — il < L= R gy (120
— k+1,00,0
fovn — @l < Ot L0ty (1.25)
— k+1,00,0
(3 lovn — gunl3 )2 < oDttty (4.26)

ecé

where L is the diameter of €.
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Proof. We shall deduce (4.24). Observe first that, since kvy, = Ky,
QUL — QUL = XUh — XVh-

Using classical interpolation results, the definition of the norm (1.2), the inverse in-
equality ([10, Theorem 17.2, pp.135]), and h < L we have:

k

lvn = @onllo,r < Chr™* Ixvnlisr,r < Che** Y~ Xlit1—j0,rlonlr
j=0

A o
< Clxletre0 Y IR
=0 (4.27)
K i

IX[ k41,00,
< O Cinp=—p == onllo,r ; =

<C(k+ 1)hT"X"’“++’°’Q||Uh||o,T.

Hence, summing over all elements T' € 73, we reach (4.24). Exactly in the same way
we prove (4.25), while (4.26) is a consequence of (4.24)-(4.25) via the trace inequality
(2.12). O

LEMMA 4.3. In the hypotheses of Lemma 4.1, there exist two positive constants
Xi, Xt such that, for any value of k, the corresponding ¢ verifies:

afy(vn, ovn — 9on) < Xillowlld Vo € Vi, (4.28)
rc o * h
a5 (vns on = @) < x5(3) 2 llonllZe von € Vi (4.29)

Proof. Using estimates (4.25)-(4.26) from Lemma 4.2, and then (2.13) we see that

levn — wonllla < C lvnllo.o < CCPIXIk+1,00.0llvn|a-

IxX1k+1,00,0 c1/2
L
Hence, from (4.9) we have

af (v, @0 — @on) < Callvallallevn — evalla < CaCCPIXIk+1,00.2llvnlllZ:

that is (4.28) with x} = CaCCp|x|k+1,00,0. Before dealing with the reactive-convective
part we observe that, if P)3 is the L?-projection of 3 onto constants, by definition
of puy, it holds

/ P]?,B . thh(gpvh - m) =0.

Q

By integrating by parts and using (2.11) and (2.10) we have then:

ap’ (v, VR — pup) = / [v + divBJun(evn — @un) + / (8 — PLB) - Vavn(pUn — o)
Q Q

-3 [o @ -end+ X [ SR follEm - o]

e¢+ ec&p?®
=1+II+1IT+1V.
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From (2.2), (H3), and (2.4) we have:

__ 1 . __
I = / ovp (o, — pup) + 5/ divB vy, (v, — pup)
Q Q

_ _ __ bo o
< col(@+ bo)*vnfo.0l (@ + bo)*(@vn — wvr)]o.e + E"Uﬁ lo.2levn — vnlo.o-

On the other hand, the definition (4.4) of g, and estimate (4.24) from Lemma 4.2 give

[@+b0)" (90 —un)l5.0 = Y (@r + o)l (¥ — wun)l5r

TeTh
h _ h _
< Ol 41,000 (Z)2 > (@r+b)lvnld - =C ||X||i+1,oo,g(z)2||(@ +00)"?vnlg g
TeT,
so that
h 1/2, 12
I < Clxlk+1,00,07 1@ + o) " “vnlp 0 (4.30)

L
Classical approximation results, (4.24), (2.4) and the inverse inequality give
000l hb
1< CHiBl sl XL 0 < Clilisn o polonlio (431

Finally, from (4.26) we deduce

h'/2 1/2 1/2
111+ 1v < 21812 qllonloal 3 18- 52 [0n]13,) Y I

eely
h
<C () bolvnldo+ D 18- 0l *[va ]l ) IXlkt1,000.  (4.32)
L
ecéy,

Collecting (4.30)-(4.31)-(4.32) we get then

__ h
a5 (0n, @0 = o) < C Ixlkt1,00.0(7)llonll?

that is (4.29) with x§ = C|x|k+1,00,0- O

The next theorem provides the first stability result for the variational formulations
presented in Section 3.

THEOREM 4.4. In the hypotheses of Lemma 4.1, there exists a positive constant
as = ag(B,9), and hg = ho(B) > 0 such that, for h < hg:

sup @nlun, V) > aglllupll Yuy, € ViE.

wevs TTonll

Proof. For uj, € Vi, let vy, = pup, € V¥ be the L?2—projection of puy, as defined
previously. We shall prove that

llonll < exflluall, (4.33)

an(un,vn) > cafllunl*. (4.34)
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Adding and subtracting puy,, from (4.17) we have first:

aft (un, Pun) = af (un, Pun — Qun) + aff (un, pup)
Xi+kK
6

Using estimate (4.28) we have then easily that for x} + « bigger than 12 x3 we find

> aj(un, pun — pup) + llun -

aj, (un, pun) 2 xillun |-
In a similar way, from (4.29) and (4.18) one has, for h < hg
a; (un, ptn) = C |lun]l7e,
with C depending only on x7, xi. On the other hand, using (4.19) and Lemma 4.2,
we have easily
lleunlll < exlllunll,
that is (4.33), with ¢; depending on x} and |x|k+1,0. O

Stability in a stronger norm

In a strongly advection dominated regime it is desirable to have a control also on the
streamline derivative, that is, it is necessary to have in (4.3) a term of SUPG-type.
We set:

ollbe = ol + lollE, vl = >

TeT,

hr

————|PF(B- V)3 1, (4.35)
1Blo,00,7

where P,f is again the L2—projection on th-

REMARK 4.3. The presence of the projection in (4.35) is due to the fact that we
assumed 3 to be a variable function, and hence B - Vypuy, ¢ th. Clearly, whenever
B-Vuy, € V¥, that is, if B is either constant ([19],[15],[9]) or piecewise linear ([17]),

the projection can be removed.

Stability in the norm (4.35) can be achieved again through an inf-sup condition.
LEMMA 4.5. There exists a constant Cs > 0, independent of h,e, 3, such that:
an(Uun, vn)

sup ) S O (funls — Nlunll)  Van € Vi (4.36)
e TTonll

Proof. For u, € V¥, let PF(B - Vyup) € Vi be the L2—projection on V¥ of
B - Vpup, for which the following estimates hold:

VT € Ty, : |PF(B - Vup)ir < Cinohr | PE(B - Vur)|o,r, (4.37)

and, for any edge e, shared by two elements T and T,
ILFE (B Viun) 113 < Clel ™M Py (B - Vun)[g 7+ 07
Py (B - Viun)Hie < Clel ™ [P5 (8 - Vun)§ v ur-

Inequality (4.37) is the usual inverse inequality, while (4.38) is deduced through the
trace inequality (2.12), and (4.37). We then set v, = Y rcr cr(PF(B - Viun)) T,
where

(4.38)

W if advection dominates in 7T,
CT = 0,00,T
0 otherwise.
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We shall prove that

llonll < Cilunls,

an(un,vn) 2 Colunls — llunlllunls)-
We prove first (4.39), having in mind that, if advection dominates, then
e < hr|Bllo,c0,/2, |y + divBloco,r < |Bllo,e0,r/hr VT € Th.

From (4.37) and (4.41) we deduce

h 2
elonin =Y e(mm—) IPFB Viaun)lis < Clunl?
’ 18ll0,00,7 ’
TET, o

Similarly, from (4.38) and (4.41) we have

9
Y Sellonllze= > Cegll[[CTP;’f(B Vi) 115 < Clunls,
6%1—‘1\7 6%1—‘1\7

and

Y180 2[ondls. = Y 118 -0l ?[erPF(B - Viun) I . < Clunls.

ecty, e€ép

Since ¢ = (y + div3) — 2div/3, in view of (4.41) and (2.4) we deduce

i L Bllo,oo, T
lolo,00,7 < |7 + divB|o,00,7 + 5||(11VI3||07007T < 1Bll0,00 "

hr 2L
Hence, from (H2) and since hy < h < L we deduce

h 1
T o<1+

<14+ X
erfolocor <1+ S, 5

Consequently,

— k
[2"2onl0 < D loloee | PE(B - Vun)5r < Clual3.

TeT),
Finally, always from (H2),
2 hr ? k 2 2
o= (m) IPAB - Vhun) B < il

TeT),

and then, since by = ||B]|0,00,02/L, |Bll0,00,02 < |Bl1,00,0, and h < L,
bolonlEo < — Junl?
olvaloe < —lunls-
s

This and (4.45) can be written as

|2 +50)"?onli 0 < Clunl,

181,000

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
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and (4.39) is proved. We turn now to prove (4.40), referring again to formulation
(3.4). For the diffusive part we have, via Cauchy-Schwarz inequality and (4.42):

/ eVhunVivn < eV up|ynelonlin < CeY?up|inlunls.
Q

For the integrals on the edges, Cauchy-Schwarz inequality and (4.43) give:
5 \1/2
> Se/[[uh]][[vh]] < C( > Se||uh||o,e) lunls < Clun|;lunls.
egl—‘N € €¢FN
In an analogous way, Cauchy-Schwarz inequality, trace inequality (2.12), inverse in-
equality, and (4.43) give:
> [{eVhun} - [vn] < CePlunlynlunls,
EQFN €
so that

ap (un, wn) < Cllun|llunls. (4.48)

For the reactive and advective terms, integration by parts, formula (2.11) and the
definition of the upwind average (2.10) give

1 .
ap’(un,vp) = /Q oupvp + /Q(ﬁ - Vhun)vn + 5/ divBupvy

Q

+ Z /,3~2n+[[Uh]][[vh]] — Z B - [un]{vn}

ecgp vV ® e¢+ 7€
By definition of projection we have:
[ (8- Vawnyon = [ PEB-Trun) v, = s (4.49)
Q Q

and by Cauchy-Schwarz inequality, (H2), and (4.47):

/ ounvn < ¢ol|(@ + bo)unllo.ll @+ bo)*uonllo.0 < ClI(@ + bo) *unllo,alunls-
Q
(4.50)
Using (2.4), (4.46), and (H2) we obtain:
. 0 h
[ aivunon < APl o o (12
0 L slBl1.00.0
B2 (4.51)
< 0—(Z)l/QHUh||o,sz||Uh||s < Clllunlllunlls-
]
Finally, from Cauchy-Schwarz inequality and (4.44) we easily obtain:
B n*
> / 5 Lunllon] < C(Y_ 118l [un]ls.)* lunls. (4.52)

eely e€&p
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Collecting (4.49), (4.50), (4.51), and (4.52) we obtain:
ay (un,vn) = Junls = Clllunl[[lunls.
From (4.48) and the above estimate we have then:
an(un,vn) > Junl — Cllunlllunls,
which, together with (4.39) gives (4.36). O
THEOREM 4.6. There exists a constant Cs = Cs(3,) > 0 and ho = ho(B) > 0,
such that for h < hg:

sup an(tn, vn) Csllunllpe  Yun € V.

e Tonll

Proof. The result follows from Theorem 4.4 and Lemma 4.5. 0

We finally conclude by proving a result which provides stability in a norm of
SUPG-type, but without the projection. However, this requires stronger regularity
assumptions on B3, dictated by the polynomial degree. More precisely, when using
th, we can prove stability in the norm:

hr

18ll0,00,7

only if 3 € W*>°(Q). In other words, our initial assumption 3 € W1 (Q) guarantees
stability in the norm (4.53) only for piecewise linear approximations.

THEOREM 4.7. Let B € Wk>°(Q), being k > 1 the polynomial degree of V}¥.
Assume that,

lunlls = llunll® + Junla, with Jual = 18+ Vunllg.r,  (4.53)

TeTh

I s > 0 such that |B(x)] > ca|Blk,00,0 Vo e Q. (H2a)

Then, there exists a constant Css = Cs5(8,Q) > 0, and hg = ho(B) > 0 such that, for
h < hy,

sup 2n(h:0) Cosllunllss  Yun € V. (4.54)

e ol

Proof. The proof is accomplished by proceeding similarly as for Theorem 4.6 and
we omit the details. Indeed, the only step that needs to be modified is (4.49), as all
the others hold with the norm || - || s replaced by || - ||3, by simply using the stability
of the L2-projection. By adding and subtracting > rer, cr(B - Vup)r we find

/ (8- Viun)on = Junl + / er(B - Viun) [PE(B - Viun) — B - Viun]
Q Q

> |unllp = lunlls( Y er|PE(B - Vun) = B Vup|§ )"/,
TeT,

To estimate the second term, note that the regularity of 3 allows to use the super-
approximation property (4.27) (with 8 now playing the role of ¢, and Vu,, playing
the role of vy). This plus inverse inequality and (H2a) gives:

IPEB Vun) 8- Vanlosr < Chrt18 - Ve < ORIy

lunllo,r

k00,02
< C%”U}IHO,T <

o Bloce.r
CﬁL
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Since h < L we have then

hr | 1Blo,00,7 ¢
> er|PE(B-Vun) = B-Vur[§r < C Y () =5 lunlgr < —bolunld o
L cs L c
TeT, TeT, B €]
Thus,

/Q (B Vaun)on > [[unl? — C Junlsllun].

Then, the result (4.54) follows. O

5. A priori error estimates. We next show a-priori error estimates in the
norms (4.3) and (4.35) for the methods presented. Let P be the L?—projection in
th, for which the following local approximation property hold

"’LL - P}fu||""7T < Ohk+1ir|u|k+1,Ta r= Oa 17 25 T e 7;1 ) (51)

Ju— P;’fu”npj < Chk+1_T|u|k+1,p,T, 1<p<o0, r=0,1, TeT,. (5.2)
Moreover, from (5.1)-(2.12) we deduce that
lu— Prulo.. < CREFY P lufpsrr Ve € & (5.3)

THEOREM 5.1. Let u be the solution of (2.1), and let up be the solution of
the discrete problems (4.1). There exists a constant Cy = Co(S2), depending on the
domain Q, the shape reqularity of Ty, and the polynomial degree (but independent of
h and the coefficients of the problem), such that:

1/2 1/2
Il = wnll < Co(@)R* (/2 + 152 o b2 + lellg/2 o 1) (5.4)

Proof. We define
n:U—P;fU, 5:uh—P,’fu.
From Theorem 4.4 and Galerkin orthogonality (4.2) we have

an(d,vn) _ an(n,vn)
as|loflf < = : (5.5)
llonll llonll
The diffusive part is standard, and can be easily estimated through the trace inequality

(2.12), (5.1), and (5.3):

agt(n,vn) < ChF ' 2|uliir allvalla- (5.6)

Regarding the advective part, since P,gﬁ - Vypup € Vh’“, by definition of projection

/Plgﬁ'vhvhn:()-
Q

From this, the Cauchy-Schwarz inequality, (5.2), the inverse inequality, (2.4), and
(5.1) we have:

/ —(B-Vpup)n = / (PPB - B) - Viyorn < ChIB|1,00.0lvnl1,nln]0.0
Q Q

Q b
= Ow%””h”o,ﬂnﬁno,n < Oé||Uh||0,szhk+1|u|k+1,ﬂ (5.7)

1/2
,00,8)
< CRF 182l llonl] = € (""—‘”) Wl ool

L
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Using (5.3) we obtain:
Z/{ﬁﬁ} Lonl< 18162 0 > H{nHo.el1B - nl"[vn]lo.

1/2
< ClIBNYZ P 2 |ulksr,ellonll, (5.8)

and arguing similarly, we have

B-n*
> [ B 101 [onl< CUBIE b2 el allonll (5.9)

Finally, by writing v = ¢ — div3/2, using (H3), (2.4), and (5.1) we obtain:

b1/2

1/2 — 1/2

[ o <1112 alnlock 1@+ 50) 2unloa + % lnloaby *Tunlo
Q s (5.10)

1/2 [18llo,00,2
< OH M lelsen + =L =2) lulksnallonll

Collecting then (5.6)—(5.10) and using h/L < 1 we obtain
an(n.vn) < CRF (/2 4+ [1BI5/% o /2 + llelly 2 o 1) lulic allonll
Hence, substituting this estimate into (5.5) gives
1811 < C@R® (172 + 1852 o 1/ + llels % 0 b) lulisr.0:

The result (5.4) then follows by triangle inequality. O

THEOREM 5.2. Let u be the solution of (2.1), and let up be the solution of the
discrete problems (4.1). There exists a constant C1 = C1(Q)), depending on 2, the
shape regularity of Tj, and the polynomial degree (but independent of v, B, €, and h ),
such that:

lle = wnllipe < CrOR® (/2 + 18165 0 /2 + lellg/Z 0 b) Tulksra:

Proof. The proof follows the same steps of Theorem 5.1, using the stability result
of Theorem 4.6. Hence we omit the details. O

REMARK 5.1. The same error estimates hold in the norm ||| - ||ss under the
assumption 3 € Wk (Q).

REMARK 5.2. Theorems (5.1) and (5.2) provide robust a-priori error estimates,
which are optimal in all regimes. More precisely, we have

O(hF+1/2) if advection dominates,
luw—wunll » lu—wunllpe = O(RF) if diffusion dominates,
O(h*+1) if reaction dominates.

COROLLARY 5.3. As a direct consequence of our error analysis we have the
following result:

pkt1/2 if advection dominates,
lu —unllo.0 < Colulkt1,0 ¢ A* if diffusion dominates, (5.11)
RF+1 if reaction dominates,
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where Cy depends on the domain 2, the shape regularity of 7y, the polynomial degree
and on the coefficients of the problem ~y, B3, and € (but is independent of h ).

REMARK 5.3. Estimate (5.11) is suboptimal in the diffusion dominated regime,
since it was simply obtained through (2.13) and (5.4). In the advection dominated
regime, although suboptimal of 1/2, is the best that one can expect for a regular trian-
gulation without any further assumption on the construction-orientation of the mesh
(see [24] for a counterexample in the pure hyperbolic case). Improved estimates in
the case of B constant have been rigourously shown in [25] (for the pure hyperbolic
case) under certain restrictions on the mesh, and more recently in [13], under milder
assumptions on the grid. The techniques used in these papers rely strongly on the
hypothesis that B3 is constant, and do not seem to be easily extendable to the case of
variable 3. However, as we shall see in the next section, in many test cases optimal
order of convergence in L? is attained for quite general mesh partitions.

6. Numerical Experiments. In this section we compare on various test prob-
lems the methods analyzed in the previous sections. All the experiments where per-

formed on the unit square = (0,1)2, using piecewise linear approximations on
triangular grids, structured and unstructured. In all the graphics, method (3.4) is
represented by — - — * - — -—; method (3.6) with — — O — —; method (3.7) with

--o--- and method (3.8) with —x—. All the computations were done in Matalb7, on
a Powerbook 1.5 with 2Gb of Ram memory.

Example 1: Case of Smooth Solution

We take B = [1,1]7, v = 0 and we vary the diffusion coefficient ¢ = 1,1073,107°.
The forcing term f is chosen so that the analytical solution of (2.1), with Dirichlet
boundary conditions, is given by u(z,y) = sin(2rz)sin(27y). Fig. 6.1 and Fig. 6.2
represent the convergence diagrams in the norm ||| - ||pe (and ||| - |||, resp.). Clearly,

e=1

10 10 'R

F1G. 6.1. Ezample 1. Convergence Diagrams in the ||| - || pg-norm. Unstructured grids.

the convergence rates are the same for all the methods, in agreement with the theory
of Section 5: first order accuracy when diffusion dominates and order 3/2 in the
convection dominated regime. In Fig. 6.3 are depicted the convergence diagrams in
the L2-norm, on structured grids. Similar results, although not reported here, were
obtained on unstructured grids. Observe that, due to smoothness of the solution,
second order of convergence is attained in all regimes for all the methods but method
(3.7), which is only first order accurate when diffusion dominates. This is due to the
fact that in the method (3.7) upwind is done on the whole flux. In method (3.8) the
whole flux is also upwinded, but the use of the weighted average (2.9) allows to tune
the amount of upwind as a function of the data.

Example 2: Rotating Flow
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F1G. 6.2. Example 1. Convergence Diagrams in the || - ||-norm. Unstructured grids.

e=1 e=10"3 e=10"9

FiG. 6.3. Ezample 1. Convergence Diagrams in the L2-norm. Structured grids.

This example is taken from [18]. The data are v = 0, B = [y — 1/2,1/2 — z]T, and
no external forces act on the system. The solution u is prescribed along the slit
1/2 x [0,1/2], as follows:

u(1/2,y) = sin?(27y) y€10,1/2] .

In Fig. 6.4, for e = 1077, we have represented the approximate solution obtained with
the four methods on a structured triangular grid of 512 elements. As it can be seen, all
the methods perform similarly, and no significant differences can be appreciated. An
important feature of all the methods is the absence of crosswind diffusion which occurs
with stabilized conforming methods. To better assess this feature of the methods, we
have plotted in Fig. 6.5 the profile of the approximate solutions at y = 1/2.

FIG. 6.4. Ezample 2. Approzimate solutions for € = 109 on structured grids. From left to
right: methods (8.4), (3.6), (3.7), and (3.8).

Example 3. Internal Layers

The next example is devoted to asses the performance of the methods in the presence
of interior layers. We set v =0, 8 = [1/2,/3/2]", and Dirichlet boundary conditions
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Fic. 6.5. Example 2. Profile of the approzimate solutions at y = 1/2; € = 1le — 07 . From left
to right: methods (3.4), (3.6), (3.7), and (3.8).

as follows:
1 on{y=0 0<z<1},
u=< 1 on{r=0,y<1/5},
0  elsewhere.
The diffusion coefficient is varied from e = 1073 to the limit case ¢ = 0 (pure-

hyperbolic case). In Fig. 6.6 are represented the approximate solutions obtained on
structured grids of 512 triangles with all methods for ¢ = 1073. They all behave
poorly in the intermediate regimes, as they produce wiggles close to the boundary.
These oscillations disappear in the advection-dominated regime (see Fig. 6.7), and
the internal layer is sharply captured, with very small overshooting/undershooting.
This can be better observed in Fig. 6.8, where we have represented the profiles of the
solutions at £ = 0. Similar result were observed for the profiles at y = 0.5.

F1G. 6.6. Ezample 3. Approzimate solutions for e = 103 on unstructured grids. From left to
right: methods (8.4), (3.6), (3.7), and (3.8).

FiG. 6.7. Ezample 3. Approzimate solutions for e = 10~° on unstructured grids. From left to
right: methods (8.4), (3.6), (3.7), and (3.8).

Example 4. Boundary Layers
In this last example we apply the methods to a boundary layer problem taken from
[17]. The data are v = 0, B = [1,1]7, and we again vary the diffusion coefficient ¢.
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Fic. 6.8. Example 3. Profile of the approximate solutions at x = 0; ¢ = le — 09. From left to
right: methods (8.4), (3.6), (3.7), and (3.8).

The forcing term f is chosen so that the exact solution is given by:
e~ 1/e _ o~ (1-2)(1-y)/e

1 —e1/e

U(:E,y):JI—Fy(l—ZE)—F 5 (xvy)GQ

This problem can be regarded as a multidimensional variant of the one-dimensional
problem considered by Melenk et al. in [21]. Unlike the classical test case [32], u
does not reduce, in the hyperbolic limit case, to a linear function in the interior of
the domain, as shown in Fig. 6.9 (left), for ¢ = 1072, In the same figure (right)

Fic. 6.9. Ezample 4. Ezact solution (left), approzimate solution with method (8.7) (right);
e=10"°

only the solution obtained with the method (3.7) is represented, as all the methods
do not exhibit visible differences in the strongly advective regime. Notice that, since
boundary conditions are imposed in a weak way, the boundary layer is not captured
by the DG-approximations, although the solution is free of spurious oscillations. In

FIG. 6.10. Ezample 4. Approzimate solutions for e = 1073, From left to right: methods (3.4),
(3.6), (3.7), and (3.8).

Fig. 6.10 we compare the methods for £ = 1073 and structured grids with 24x24x2
triangles. Again, no substantial differences can be observed, except for small oscil-
lations in the method (3.7) (third plot in the figure), probably due to the upwind
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treatment of the diffusive part of the flux. For this test case we chose not to plot
convergence diagrams in the norms (4.3) or (4.35) since, due to the weak approxima-
tion of the boundary conditions, the main contribution to the error comes from the
error in the boundary layer, which is O(1), as it can be seen in Figures 6.9 and 6.10.
Fig. 6.11 represents the convergence diagrams
in the L'-norm for ¢ = 1073, Note that as we
would expect in this regime, and since we are
measuring global errors, first order of conver-
gence is achieved. Although there are no great
differences between the methods, it seems that
in this case method (3.4) gives the most accu-
rate approximation. This can also be checked
from Figure 6.10. Finally, Figure 6.12 shows the
convergence diagrams on unstructured grids, for
e =107? in the L?-norm (left), the ||| - || s—norm
in the interior of the domain, (i.e., without the
contribution of the boundary elements) (center),

Fic. 6.11. Bzample 4. Convergence and in the norm ||| - ||s defined in (4.35) (right).
diagrams in. the L' -norm, ¢ = 1072, Note that all the methods give optimal order of

convergence in L? in the advection dominated

regime(see Remark 5.3).

A~ A A

FIG. 6.12. Ezample 4. Convergence diagrams in the norms L? (left), interior ||| - |4 (center),
and ||| - ls (right); e = 10~°. Unstructured grids.

7. Conclusions. By using the weighted-residual approach of [7] we set a unified
framework for deriving and analyzing various methods for advection-diffusion-reaction
problems. The analysis carried out applies to the case of variable convection and
reaction fields, and shows that optimal estimates in DG—norms are achieved. All
the methods considered in this paper seem to have the same stability and accuracy
properties, in all regimes. This is also confirmed numerically, though the method
(3.8) seems to be more flexible in the intermediate regimes, thanks to the possibility
of tuning the amount of upwind.

Appendix A. We briefly sketch how the function n € W*+1°(Q) in (H1) can
be constructed. Arguing as in [14] we can guarantee that for 3 satisfying (2.3),

ifBe[Whe(@Q))? = IfeWwh>(Q) st. B-Vi>2b>0 in Q. (A1)

We next show how from this function 7, the more regular n in (H1) can be con-
structed. Let {U}}, be a finite open covering of  such that each U} enjoys the
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following property: there exists some £; > 0 (to be chosen later) such that

if @y e Uf = 1B(z) = BW)llo, < €1, (A2)
and Yy el B(z) - Vil(y) > bo. (A.3)

Inequality (A.3) is actually a consequence of (A.2) and (A.1). Indeed:

B(x) - Vily) = B(y) - Vii(y) + [B(z) — B)] - Vii(y) > 2bo — e1]|Vill0,00-

Hence, by taking 1 = bo/||V7|o,00 One can guarantee (A.3). Let U, C U} be such
that (A.2) holds with such choice of £1 (so that (A.3) is valid for all x and y € U, ),
and such that {U_,}, is still an open covering of Q. Next, on each U_, we mollify 7
by convolution with some ps mollifier; 73, = 7 ps in U - Then, by taking a partition
of unity {¢n}o associated to the covering {U ,}o we can construct 7 as in (H1) by
gluing the mollified n?,, that is n = > n, - ¢or. Thus, the existence of n sufficiently
smooth satisfying (H1) is guaranteed .
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