THE HITCHHIKER’S GUIDE
TO THE VIRTUAL ELEMENT METHOD

L. BEIRAO DA VEIGA!, F. BREZZI2, L.D. MARINI3, AND A. RUSSO*

ABSTRACT. We present the essential ingredients in the Virtual Element Method for a simple linear elliptic
second-order problem. We emphasize its computer implementation, which will enable interested readers
to readily implement the method.

“Don’t Panic.”
— Douglas Adams, The Hitchhiker’s Guide to the Galaxy

1. INTRODUCTION

The aim of this paper is to present in detail the practical aspects of the implementation of the Virtual
Element Method (VEM) [1,5,6,8,13,17].

On the one hand, VEM can be viewed as an extension of Finite Element Methods to general polygonal
and polyhedral elements [11,21,29-31, 33-39]. On the other hand, many of its aspects are closely
connected with Finite Volume Methods (see for instance [19, 20,28, 32]) and in particular with Mimetic
Finite Differences (MFD) [2-4,7,10, 12, 14-16, 18, 22,23,25-27]. Indeed, for many problems — for
instance in two dimensions and for C° elements — the final system matrices are identical for MFD and
VEM. On particular meshes, this correspondence exists between traditional Finite Elements and Finite
Differences.

The strongest aspects in favor of the VEM are its firm mathematical foundations, simplicity in imple-
mentation, and efficiency and accuracy in computations. In particular, for diffusion or reaction-diffusion
problems in two and three dimensions, the VEM permits the analysis to be performed without using any
numerical quadrature formulas.

We begin by considering the model problem of the Poisson equation in two dimensions:

—Au=f inQ

u=0 onadQ a.D

where Q is a polygonal domain in R2. We choose the simple problem posed in (1.1) so that the es-
sential features in the implementation of the VEM can be easily explained. Unlike FEM that only
allow elements that are either triangles or quadrilaterals, we herein admit the decomposition of €2 into
nonoverlapping elements that can be of very general shape (convex or nonconvex polygons).

In Section 2, we introduce the local virtual element space within each element of the decomposition.
This space contains a certain number of polynomials (sufficient to guarantee accuracy), plus a few other
additional functions (typically the solution of a PDE within the element) that are however never required
to be computed. In Section 3, we show how to construct a suitable local stiffness matrix (ensuring the
necessary consistency and stability) without knowing these additional functions but by using only their
degrees of freedom. A crucial ingredient in this operation is the construction of the operator T1Y (a
projection operator, related to the bilinear form of the problem). We present the details on how to
compute ITY using only the degrees of freedom of the space. Once the operator IV is known, the local
element stiffness matrices for problems such as (1.1) are readily constructed. In Section 4 we present two
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worked examples. We explicitly write the basic ingredients needed to compute the projection operator
I1V in the case of a square and of a pentagon.

In the second part of this paper, we shed light on more complex problems. In Section 5, we intro-
duce the second, and possibly even more fundamental operator I1° — the L2-projection on the space of
polynomials of a certain degree. We show that by just changing the definition and the perspective for
the local spaces Vi (E) (but not the degrees of freedom and the construction and the use of the operator
1Y), the construction of the new operator I1° is realized. The fundamental nature of the operator I1°
stems from the fact that the knowledge of the L2-projection of the additional functions is an extremely
valuable instrument that is needed to solve more complex problems. We illustrate in Section 6 the use
of T1° in the construction of load terms and mass matrix, with the latter arising due to the presence of
a reaction term or for time-dependent problems. In Section 7 we discuss the use of the operator I1° on
every face of a polyhedron, thereby paving the way for an efficient implementation of three-dimensional
VEM. Finally, in Section 8, we provide a few additional remarks on the implementation of VEM for
more general weak forms.

The general level of the presentation is intended for people not necessarily having a strong mathemat-
ical background, but with some experience in implementing the Finite Element Method. A few, more
sophisticated remarks are indicated with a “x” and are not strictly necessary for the practical aspects of
the VEM.

The authors wish to thank Professor Sukumar for his valuable comments and suggestions.

1.1. Notation. If D is a subset of R”, we will denote by xp, hp and |D]| the centroid, the diameter, and
the measure of D, respectively. The L? inner product between two functions u and v defined on D will
be written (1, v)o,p. Let Pi (D) be the space of polynomials of degree less than or equal to k in D. If
D C R?, we define
k+1)(k+2
ny = dim Py (D) = #

while for D C R3, we set
k+ Dk +2)k +3)

Vi :=dimPr (D) = G (1.2)
In two dimensions a boldface Greek letter will indicate a multiindex: « = (o, o) with the usual
notation |e| = a1 + az. If x = (x1,x3), then x® = x‘l’”xgz. We will denote by mg the scaled
monomial of degree equal to || defined by
o
xX—x
M i = ( D) . (1.3)
hp

We denote by M (D) the set of scaled monomials of degree less then or equal to k:
Mp(D) ={my : 0< || <k}.

It is clear that the set My (D) is a basis for P (D). A (non bold) greek letter o will indicate a one-
dimensional index starting from 1 with the natural correspondence

1< (0,00, 2« (1,0), 3<(0,1), 4< (2,0, 5<(1,1), ... (1.4)

We will also write my instead of mg. Note that with this convention m g gy = m1 = 1. From now on,

the statement “degree k” will always mean “degree less than or equal to £ unless explicitly indicated.
In three dimensions, the obvious changes of notation will apply. For &« = (a1, 2, ®3) we have

lo| = a1 + 2 + a3, and if x = (x1, x2, x3) then x* = x]'x3?x3>. Always in three dimensions we

will denote by 1ty the scaled monomial of degree equal to |e| defined again by
o
X — XD
o) = (22) (15)
D

and we denote again by M (D) the set of scaled monomials of degree k. Finally, a (non bold) Greek
letter o will still indicate a one-dimensional index starting from 1, and the natural correspondence this
time goes as

1< (0,0,0), 2< (1,0,0), 3< (0,1,0), 4< (0,0,1), 5< (2,0,0),
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Remark 1.1. On a domain D, and for a given o, consider the function

. £—i~\"
V(%) :=( D) .
hz

Consider now the change of variable x = hx (for some given h # 1) from Dto D, mapping the function
Y into the function  given (as usual) by ¥ (x) = ¥ (x) = Y (x/h). Then it is not difficult to check that

hp :hhﬁ and hence
o
. X — XD
v = (*2)

This explains why we called the elements of My, (D) scaled monomials.

2. THE LOCAL VIRTUAL ELEMENT SPACE Vi (E) IN 2D

We assume that Q@ C R? has been partitioned into a collection P, of non-overlapping polygons E,
not necessarily convex: Q = Ugep, E.

For each polygon E, we will denote by V; (i = 1,..., NV) its vertices counterclockwise ordered,
and by e; the edge connecting V; to V;t1, as shown in Fig. 1; the dependence on E will be always
omitted when no confusion can arise.

Ve

V7

VlO = Vl

FIGURE 1. A random polygonal mesh Py, for the unit square and a typical polygon £

Remark 2.1. We point out that two consecutive edges are allowed to form a straight angle (180 degrees).
For example, a square with an extra point on each edge is simply regarded as an octagon, as shown in
Fig. 2. In other words, hanging nodes are allowed geometrically in the mesh, but in practice they are not
really hanging.

For each polygon E we define a local finite element space V. (E). Roughly speaking, V; (E) contains
all polynomials of degree k (which is essential for convergence) plus other functions whose restriction
on an edge is still a polynomial of degree k. Following [5], a function vy € Vi (FE) is defined by the
following properties:

i) vy is a polynomial of degree k on each edge ¢ of E, i.e., vy €
Pr(e);
ii) vy on JE is globally continuous, i.e., vy 5g € CO°(0E);
iii) Avy, is a polynomial of degree k — 2 in E, i.e., Avy € Pr_»(E).

Remark 2.2. Note that a polynomial of degree k satisfies conditions i), ii), and iii) so that Py (F) is a
subspace of Vi (E).
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V7 Vs

E Vs E Va

Vi Vs V3

FIGURE 2. Hanging nodes are allowed: the central square is treated as an octagon

FIGURE 3. Boundary (e) and internal ([J) degrees of freedom for k = 2 (left) and
k = 3 (right)

In [5] it is shown that we can take the following degrees of freedom in Vi (E):

e the value of vy, at the vertices of £

e on each edge e, the value of vy at the k — 1 internal points of
the (k + 1)-point Gauss-Lobatto quadrature rule on e;

e the moments up to order k — 2 of vy, in E:

7,
— vpmy, o« =1,....n_»
|E| JE *
where the scaled monomials m,, are defined in (1.3) and (1.4)
and ny_, = dimPr_,(E).
As a consequence, the dimension of Vi (E) is

2.1

(k — 1)k
2 b
where we recall that NV is the number of vertices (and edges) of the polygon E. We will refer to the

first and to the second set of degrees of freedom as boundary degrees of freedom, and to the third set as
internal degrees of freedom, see Fig. 3.

dimVi(E) = NV + NV (k —1) +ng_, = NVk +

Remark 2.3. There are no internal degrees of freedom in the case k = 1. In this case, the space V1(E)
corresponds to the well-known polygonal finite element method with harmonic barycentric coordinates
(see [33]). However, as we shall see, the construction of the stiffness matrix for the VEM is different.

Remark 2.4. The choice of the internal Gauss-Lobatto quadrature points on each edge is not manda-
tory; in fact, we could have used the uniformly spaced points or even the (scaled) moments up to degree
k — 2, or more generally, any set of parameters that, together with the vertex values, identify a unique
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polynomial of degree k on each edge. Our option has the obvious advantage that we can compute the
integral of a polynomial of degree 2k — 1 on each edge directly from its k + 1 degrees of freedom on that
edge, and this feature will greatly simplify the exposition and the actual implementation of the method.

Remark 2.5. In the framework of Remark 1.1, assume again that we have a domain D and the change
of variable x = hx (for some given h # 1) that maps the domain D into the domain D. Assume now
that for a given W and a given o we have

A A o
1 R X — X~
T/Aw(f) D) 4i=1.
D| /5 h3

Then it is not difficult to check that, setting again ¥ (x) = W (£) = ¥/ (x/ h) for all x € D, we also have

1 x—xp\% _
ﬁfpw(x)( i ) dx = 1.

We express this property by saying that the degrees of freedom

1 x—xp\%
w»afpww( » ) dx

scale as 1. We notice that all the degrees of freedom in (2.1) scale as 1.

We number the degrees of freedom from 1 to Nf := dim V (E) and we define the operator dof;
from Vi (E) to R as

dofj (vy) := i-th degree of freedomof vy, i =1,..., Nf,
The basis functions ¢; € Vi (E) are defined as usual as the canonical basis functions:
dofi (¢;) = 8ij, i,j =1,..., N, (2.2)
so that we have a Lagrange-type interpolation identity:

Ndof
vp = Y _ dofy(vy) @i forall vy € Vie(E). (2.3)
i=1
The boundary degrees of freedom identify on each edge a unique polynomial of degree k. Hence, we
can define the global finite element space Vj, C HO1 (2) as
Vi :=1{vy € HJ(Q) : vy € Vk(E) forall E € Py}
with the following global degrees of freedom for vy:

e the value of vy, at the internal vertices of the decomposition;

e on each internal edge e, the value of vy, at the k — 1 internal points of
the (k + 1)-point Gauss-Lobatto quadrature rule on e;

e for each polygon E, the moments up to order k — 2 of vy, in E:

1
E/Evhma, a=1,...,n_5.

3. COMPUTATION OF THE LOCAL STIFFNESS MATRIX

2.4)

We want to compute the local stiffness matrix Kg of the Laplace operator in the polygon E, i.e.,
(Ke),; = (V91,99 )o g 1r) = 1o, NI (3.1)

where ¢; € Vi (E) is defined by (2.2). An obvious but very expensive way would be to choose a quadra-
ture formula on E, and then use some approximation for the values of the gradient of the basis functions
@; at the integration nodes in order to compute an approximation of (Kg);;. The VEM approach is
completely different: it does not require neither the use of quadrature formulas nor an approximate ex-
pression of the basis functions. Nevertheless, the final output will be a matrix K}}E whose associated
bilinear form is exact (up to machine precision) whenever one of the two entries is a polynomial of
degree k. This will allow to retain the optimal approximation properties of the space Vi (E) (see [5]).
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The explicit computation of the basis functions ¢; is actually not needed and this is the reason of the
word “Virtual” in VEM.

3.1. The projection operator ITV. We begin by defining a projection operator
My, . : Vi(E) — Pi(E)

which will play a fundamental role in the rest of the paper. For the sake of simplicity, the subscripts £
and/or k will be omitted when no confusion can arise.
The operator ITV is defined for every vj, € Vi (E) by the following orthogonality condition:

(Vpk, v (anh - vh)>0 L, =0 forall pg € Py(E). (3.2)

El

As it can be easily seen, condition (3.2) defines ITYvj, only up to a constant; this is fixed by prescribing
a projection operator onto constants Py : Vi (E) —> Po(E) and requiring

Po(ITVvp, — vp) = 0. (3.3)
Many options are possible for Pg. Here we choose

A
Povy == > vp(Vy) fork = (3.4a)

i=1

1

Povy := —/ v, fork > 2. (3.4b)

|E| JE

The reasons for this choice will be explained later on. We will now show how to actually compute I Vv,
for a given v, € Vi (E) using only the degrees of freedom of vj. Since My (FE) is a basis for P (E), in
equation (3.2) we can let py vary only in My (E):

(Vma, v (anh - vh))O,E =0, a=1,...n, (3.5)

and since ITYvy, is an element of Py (E) we can represent it in the basis My (E):
n
HVUh = Z sﬂmﬂ. 3.6)
B=1

* Remark 3.1. The use of the scaled monomials My (E) is essential in the definition of the degrees of
freedom (2.1). On the contrary, in (3.6) and in the sequel we could use any basis for Py (E). Neverthe-
less, for the sake of simplicity we will always keep using the basis My (E).

Equation (3.5) becomes:
ni
Z sP (Vma,Vm,g)o,E = (Vma,Vvh)o’E, a=1,...n; (3.7
B=1
which is a linear system of nj equations in the n; unknowns sB =P (vp). The indeterminacy of (3.2)
is reflected here in the fact that for « = 1, which corresponds to my = 1, equation (3.7) is the identity
0 = 0. Condition (3.3) adds one linear equation that eliminates this indeterminacy:

Nk
> " 5P Pomg = Povy. (3.8)
B=1
The linear system arising from (3.7) and (3.8) can then be written as follows:
P0m1 P0m2 . P()mnk Sl Povh
0 (Vma, V’7"2)0,15 (Vma, ank)O,E 52 (Vma, V”h)o,E
0 (Vmp,, sz)O’E (Vmp,. ank)O,E sk (Vimp,., Vvh)O’E

or, in compact way,
Gs=b (3.9
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where
P0m1 Pol’l’l2 e Pomnk
0 Vmo,Vms Vmy,Vm
G:=| . ( : Jo.e . ( : o (3.10)
0 (Vimn,,Vma), g (Yt Vi), g
and
P()l)h
sz,Vvh
b= ( ‘ )O,E . (3.11)

(ank, Vvh)o,E

The matrix G in (3.10) is computable because we assume to be able to compute integrals of polynomials
on E. Hence, to compute I1Vv;,, we only need to show that the right-hand side of (3.9) (that is, the
vector b in (3.11)) is computable from of the degrees of freedom of vy,.

By the definitions (3.4a) and (3.4b) for the projector Py, it is clear that in both cases, k = 1 and k > 2,
we can compute Povy, (the first component of the right-hand side (3.11)) from the degrees of freedom of
vy. Concerning the other components of (3.11), we have, integrating by parts:

My,
(Vima. Von)o p = _/EAmocvh +/8E 3 U (3.12)

We examine separately the two terms.

Since Amgy € Pr_»(E), the first term can be computed from the internal degrees of freedom of vy. In
fact, writing Amy as a linear combination of the m B>

ng—2
Amgy = Z do‘?mﬂ,
B=1
e have
W v ni—2 ng—2
—/ Amgvp =— Y dg?/ mpvy = —|E| Y df dofgyv 4 g)(vn).
E p1 E A1

Concerning the second term, we observe that the integrand is a polynomial of degree (k—1)+k = 2k—1
on each edge e so it can be integrated exactly by evaluating it at the Gauss-Lobatto quadrature points
(including the extrema of the edge). This can be done easily because the values of vy, at these points are
precisely the boundary degrees of freedom of vy,.

Remark 3.2. We note that in the calculation of the two terms in (3.12), and thus in the construction of the
above matrices and vectors, we never used the requirement that functions in Vi (E) have the Laplacian
in Pi_>(E). The reason for this assumption is mainly to fix the dimension of the space Vi (E).

3.2. Computation of I1Vg;. For each basis function @i, we define s as the coefficients of I1Vy; in the
basis my:

ni
MV =Y sfmg, i=1,.. N (3.13)
a=1
The coefficients s are solutions of the system (3.9) with ¢; in place of v in the right-hand side:
Pom Pomy . Pomy, s} Pogi
0 (Vma, VmZ)o,E (Vma, Vm”k)O,E S,~2 (Vmo, V‘/’i)o,E
0 (ank,sz)O,E (ank,ank)O’E s?k (ank,Vgoi)O!E

or, in compact form,
£(i) — G_llg(i).
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Denoting by B the n; x N9°f matrix given by

Pog1 . Popyaor
B [pD @ | pV) (sz’?(pl)"”f (sz’vprdOf)O’E . (14)
(Vi VQDI)OEE oo (Vg V‘PN“"f)o,E

the matrix representation IIY of the operator I1Y acting from Vi (E) to Pk (E) in the basis My (E) is
given by (ITY )i = s¥, that is,
\V4 —
ny =G 'B. (3.15)
We will also need the matrix representation, in the canonical basis (2.2), of the same operator 1Y, this
time thought as an operator Vi (E) — Vi (E). Hence, let

Ndof
Mg = > nle;. i=1..N",
Jj=1

with '
JTl-J = dij (vaoi).
From (3.13) and (2.3) we have

ni ni Ndof
MVg; = Z sime = Z s Z dof; (my) ¢j
a=1 a=1 j=1
so that
. s
wl =" s¥ dofj(ma). (3.16)

a=1

In order to express (3.16) in matrix form, we define the N9 x nj matrix D by:

Djy :=dofj(my), i=1,....N° o=1,... ng,

that is,
dofy (my) dofy(my) ... dofy (mp, )
dofa(myq) dofa(my) ... dofr(my, )
= , , _ o (3.17)
dOdeof (ml) dOdeof (I’H2) PP dOde()f (mnk)
Equation (3.16) becomes:
ng
7} =Y (GT'B)aiDjou = DG 'B);.
a=1

Hence, the matrix representation IV of the operator MV : V4 (E) —> Vi(E) in the canonical basis
(2.2), is given by

nY¥ =DG !B =DI). (3.18)
Remark 3.3. We point out that G can be expressed in terms of D and B as
G = BD. (3.19)
In fact:
e fora = 1:
Zf\,:d;fBliDiﬂ = ZlN:ifPo(pi dof;(mpg) = PO(Z{\ST dofi (mg)gi) = Po(mpg) = G1g;
o fora > 2:

dof dof
SN BaiDig = Y/L1 (Ving. Voi)g g dofi (mg) =
dof
(Vma,V(ZlN:l dof; (mﬂ)¢i))0,E = (Vma,leg)O’E = Gop.
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and we can conclude that G = BD. In the implementation of the VEM it might be convenient to compute
directly the matrix G by (3.10) and then use identity (3.19) to check the correctness of the code.

3.3. Construction of the local stiffness matrix. At this point we can write the VEM local stiffness
matrix K% for the polygon E. Using the projector ITY, we write ¢; as

gi = Ve + (1— g

and we plug it into (3.1) obtaining, after expansion,
_ v_. v_. 11V, 1Y .,.
(Ke)yy = (V1% V1% )+ (¥ (1= 1) 09 (1-1%) ), +

(VHV iV (I_ HV) (pj)o,E + (V (I_ HV) i Vl_[V(pj)o,E '

Since the last two terms are zero by the definition of I1Y, we obtain the following expression for Kg::
_ v _. A\ Vy\ . Vy .
(Kg),; = (V1% V%)) g + (V (1-11%) .V (1- 10 )gaj)o’E . (3.20)

The first term ensures consistency and must be computed exactly, while the second term ensures stability
and can be approximated. In [5] it is shown that we can take for the second term the following rough
approximation

(V(i-1%) e v(1-1Y)¢ ) gdof,((l— ) ¢i) dof, ((1-11%) ;). (32D

still retaining the optimal approximation properties of the space Vi (E).

* Remark 3.4. We recall that, as pointed out in Remark 2.5, the degrees of freedom (2.1) and hence the
corresponding basis functions scale as 1. Moreover, it is easy to check that in two dimensions the integral
of Vo; - Vo; on a domain of size ~ h? also scales as 1. This is the reason why in the approximation
(3.21) we do not need any multiplication by suitable powers of h. This will not be the case in other
important situations such as fourth order problems in 2D or second order problems in 3D; see also
Remark 6.2.

We are now ready to write the explicit expression of the local stiffness matrix of the Virtual Element
Method:

Ndof
(Kly)ij = (V%1 VII%;) o + D dof, ((I— HV) <p,~) dof, ((I— HV) <p,-). (3.22)
r=1
From equation (3.13) we have
(VITVg;, VITY Z Zs (Vma, Vmg), g

a=1 =1
g Nk
Y M Dei(MY)g;Gap = [(MY)TGY)];  (3.23)
a=1 =1

where G is the matrix that coincides with G (see (3.10)) except for the first row which is set to zero, and
IY is defined in (3.15). From the computation above we have

dof, ((1-11%) ) = [A- V)],

and finally

N dof

; dof, ((I - HV) goi) dof, ((1 - HV) (p,-) - [(I —nYTa- HV)]U. (3.24)
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We end up with the following matrix expression for the VEM local stiffness matrix:

Ki=@m))'G@my) +a-n")y'a-m"| (3.25)

Remark 3.5. The matrices B,D and G = BD depend only on the shape of the polygon E and not on
its size. Therefore, any transformation that preserves the shape of E will have no effect on the matrices
B, D, G and thus also on the stiffness matrix K%. Note that this same observation does not apply, for
instance, in three dimensions or for higher order problems.

* Remark 3.6. As shown in [5], we can multiply the stabilization term (3.24) by a factor og and still
achieve the optimal convergence results if

0O<ox <0 <0o*
where the two constants 0« and 0* are independent of h.

* Remark 3.7. The VEM stiffness matrix K}l’,; in general is not close to the exact stiffness matrix Kg;

actually (K}};)i j is not meant to be an approximation of (Kg);i; in the standard sense. This notwith-
standing, thanks to the first term in (3.20), the VEM solution retains the optimal accuracy of the space
V.

3.4. The case k = 1. In the case k = 1 we can easily give an “intrinsic” formula for ITVv,. Since the
gradient of a polynomial of degree 1 is a constant vector, equation (3.2) becomes

E|Vp1 -V([TV) = Vpr - / Vun, (3.26)
E
and by taking p; = x1, p1 = x, we easily see that (3.26) is equivalent to
1
g(vp) 1= V(ITVvy,) = —/ V. (3.27)
|El JE
Hence,
Vv, = x- g(vp) + c. (3.28)

where ¢ is a constant function that depends on vj. From this expression we can readily compute the
consistency term of the VEM stiffness matrix (3.22). In fact, by (3.27), equation (3.23) in this case
becomes

(Vi VITY9)) o 5 = |El8(9i) - 8(9))-
Since ¢; is linear on each edge, it is easily seen that

1 1
|E|g(pi) = /E Vo = > (lei—1lmi—1 + lei|ni) = Ed,-L (3.29)

where d; is the vector V;4+1 — V;—1 and the L superscript means a counterclockwise rotation of 90
degrees. Hence,
1 1
(VHV i VHV‘PJ’)O,E — m le- . dJJ‘ = m di . dJ
In order to obtain the stability term of the VEM stiffness matrix (3.22), we need to compute the
degrees of freedom of TTV;, which in the case k = 1 reduce to the values of ITYg; at the vertices of the
polygon E. For this, we need to know the constant ¢ in (3.28). Applying (3.3) we obtain:

Po(ITVvp,) = Po(x) - g(vp) + Poc = Pouy,. (3.30)

We obviously have Poc = c; recalling (3.4a) and denoting by V' and v, respectively, the coordinates of
the vertex center and the mean nodal value of vy, given by

1 N R
VimPo(x) ==y Y Vi and @ i=Pous = =5 > uh()
i=1 i=1

we easily have from (3.30)

¢ = Povj, —Po(x) - g(vp) =1p — V - g(vp),
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giving
AV T —
Oy = (x=V) - g(vp) + V.

Applying this formula to vj, = ¢;, using (3.29), and since p; = 1/N V', we end up with the following
formula:

1 _
Hv(pi =—(x—V)-d~L+

2|E| PNV
Hence,
1 _
V) = dof, (IT%;) = (%) (V) = 5— (V= V) -df + ——
(117),, = dofr (%) = (%) (V) = 5 (Ve = V) -+ (331)
so that 1 1
—-mv) = B A A WP W P S N Tyl
(I I1 )ri dof, ((I I1 )(01) (5zr NV) 2|E|(Vr V)-d;, (3.32)

from which we can easily obtain the stability term (3.24).

3.5. Reviewing the whole procedure. We summarize here the calculation of the local VEM stiffness
matrix K%.
e Compute the matrices B, D, and G = BD given in (3.14), (3.17), and (3.10), respectively.
o Compute the matrices corresponding to the projection operators:
ny=G'8, nv=pm.
e Finally compute the matrix
K} = [@)'G @) +A-n%)'a-mv),
where we recall that G is the matrix that coincides with G except for the first row which is set
to zero.

4. TWO WORKED EXAMPLES

In this section we will present two worked examples in which we compute the matrices B, D and G
for a given polygon in the cases k = 1 and k = 2. We consider the unit square [0, 1] x [0, 1] and the
pentagon E depicted in Fig. 4. In Fig. 5 we show the degrees of freedom for the pentagon when k = 1
and k = 2. As noted in Remark 3.5, we would get the same results for any polygon obtained by rotation
and dilation of our square and our pentagon.

451 A
ARZ Vs
V1 = (0,0)
3.5' i)
Vo, = (3,0)
V4 = (3/2,4)
25¢ Vs = (0,4)
ot V3
* xg = (19/14,38/21)
15} YE
hg =5
1,
|E| = 21/2
0.5¢
0 |
Vl VZ
-0.5

05 0 05 1 15 2 25 3 35

FIGURE 4. The pentagon E
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5—mm 4 5—9—14

AN

8

AN

11

N e—_— N —_—w

FIGURE 5. Local degrees of freedom for k = 1 (left) and k = 2 (right)

4.1. VEM matrices for the unit square. Set d equal to the ratio between the diagonal and the edge of
the square, i.e. d=+/2.

ecasek =1

We show for k = 1 the matrices B, D, and G = BD defined respectively in (3.14), (3.17), and (3.10).

1 1 1 1 1 i 'j :j 12 00
B_Z_L -d d d -d , D=-— 4 4 al GZE 0O 1 0 |.
d -d 4 d 4 4 4 0 0 1

Since on a square harmonic functions are bilinear polynomials, the exact local stiffness matrix K
defined in (3.1) (or in (3.20)) coincides with the stiffness matrix obtained from the classical bilinear
finite elements. Instead, in agreement with Remark 3.7, the approximate VEM-matrix Ké given in
(3.22) is not close to K, as shown here below:

8 -2 -4 -2 9 -3 -3 -3

1| -2 8 -2 -4 h 1 -3 9 -3 -3
Kg=— , Kb =_—

U= -4 2 8 -2 U712 -3 -3 9 -3

2 -4 -2 8 -3 -3 -3 9

ecasek =2

o0 o0 0 0 0 0 0 0 12
4 d d -d 0 44 0 -4d O
pet| 4 -4 d d -4d 0 4 0 0
12| ¢t 1 ¢t 1 0 4 0 4 -12
1 -1+ 1 -1t 0 0 0 0 0
L+ ¢t 1 1 4 0 4 0 -12
-24 -6d -6d 3 3 3
24 6d -6d 3 -3 3 e 0 o0 1 o0 1
24 64 64 3 3 3
012 0 0 0 ©
1| 24 64 64 3 -3 3 1 6 o0 12 o o o
D=—| 24 0 -64 0 0 3 |, G=—
24 24 0 0 0 2 0 0
24 6d 0 3 0 0
0 0 0 0 1 0
24 0 6 0 0 3 6o 0o 0 o0 o o
24 64 0 3 0 0
L2424 0 o0 1t 0 1 -
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4.2. VEM matrices for the pentagon.

ecasek =1

1470 -399 -5632

1 [ 4 4 4 4 47 1 1470 483 -532
4 1470 483 56

6 1470 42 644

1470 -399 644

D=——
1470

, [1050 30 40
= 0 a4t 0
1050 o o 441

ecasek =2

1
= X
88200
0 0 0 0 0 0 0 0 0 0 88200
-11760 5880 11760 5880 -11760 0 23520 23520 0 -47040 0
-8820 -8820 4410 8820 4410 -35280 0 17640 17640 0 0
6384 3864 7728 336 6384 0 15456 8400 0 25536 -74088
6650 -5026 1897 2828 -6349 -1008 -3808 8750 -2142 -1792 0
6384 6384 336 7728 3864 25536 0 8400 15456 0 -74088
- 176400 -47880 -63840 12996 17328 23104
176400 57960 -63840 19044 -20976 23104
176400 57960 6720 19044 2208 256
176400 5040 77280 144 2208 33856
1 176400 -47880 77280 12996 -20976 33856
D=——— | 176400 5040 -63840 144  -1824 23104
176400 | 176400 57960 -28560 19044 -9384 4624
176400 31500 42000 5625 7500 10000
176400 -21420 77280 2601 -9384 33856
176400 -47880 6720 12996  -1824 256
| 176400 0 0 4770  -1452 8480
™ 4410000 0 0 119250 -36300 212000
0 1852200 0 0 0 0
o= 1 0 0 1852200 0 0 0
4410000 0 0 0 200340 -30492 0
0 0 0 -30492 139125 -30492
L 0 0 0 0 -30492 356160

5. THE L2-PROJECTOR

Suppose that we are given the degrees of freedom of a function vy € Vi (E). In the previous sections
we have shown that we can recover the following information about the function vy,:

o the pointwise value of vy, on the edges of the polygon E;
e the L2-projection of vy on the space of polynomials of degree k — 2; 6D
e the projection ITYvy, on the space of polynomials of degree k.

It has been shown in [1, 5, 6] how to compute from (5.1) an approximation b}}ls of the local load term
(bE)i =/ g f@i which ensures that the resulting VEM solution uy, satisfies the optimal error estimates

lu —upllo.g = OR*TY), ||[Vu — Vuyllo.o = OH5).
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However, the information in (5.1) is not sufficient in slightly more complicated situations, like for in-
stance the presence of a time-dependent term or a zero-order term in the equation. In fact, in this case
we would need to compute a good approximation of the local mass matrix

(MEg)ij 1=[ @i ¢j,
E

and the information in (5.1) is not enough, both for accuracy and stability reasons.

In this Section we present an enhanced version of the Virtual Element Method that will allow us to
compute, using only the degrees of freedom, the full L? projection on Py (E) of any function v;, €
Vi (E). This possibility greatly increases the number of situations in which the VEM can be used,
including a simple treatment of the load term, the presence of other terms in the differential equation,
and the extension to three-dimensional problems.

5.1. Definition and properties of the L2-projector. The idea here is to compute the L2-projection
H%’k vy, onto the space of polynomials Py (E) of every function vy, € Vi (E) using (again) only the

degrees of freedom of vj. Also in this case we will simply write TT°, H% or Hg when no confusion can
arise.

To this aim, we recall that for every function v, € Vi (E) (and, actually, for every function in L2(E))
the polynomial I1%vj, is defined by the orthogonality conditions

(pi. 1%, — Vn)og =0, Pk € Pr(E). (5.2)
Proceeding as before, we define the matrix
H,p = (ma,m,g)O’E a,.B=1,....ng (5.3)

and denote by t* = % (v},) the coefficients of I1%vy, in the basis mg:
ni
%, = Z %mg. (5.4)
a=1

Then, mimicking what we did for the operator 1Y, we define the ny-vectors ¢ and ¢ with components,
respectively, % and

¢ = (mg, vh)O,E' (5.5)

Using this notation (namely (5.4), (5.3), and (5.5)) we can re-write (5.2) as
H:=c¢ thatis ¢=H"¢c, (5.6)

and we have just to compute ¢ in (5.5) using only the degrees of freedom of vy. This looks clearly
impossible. In particular, in (2.1), for k = 1 we have no internal degrees of freedom at all for vy, for
k = 2 we have only (m, vh)O,E = (1, Uh)O,E’ and for a general k we have the moments (to be used in
(5.5)) only for the monomials my in Pr_,(E). No way...

The escape from this (apparent) cul-de-sac is given, once more, by the operator ITV. Indeed, we recall
first that we have been able to compute IT Vv, for every v, € Vi (E), using only the degrees of freedom
of v;. Then we point out that, for every v, € Vi(E), both TTVv;, and T1%;, are good approximations
of vy, and coincide with v, whenever vy, is a polynomial in Py (E). Hence, they must be close to each

other. So the idea could be to replace (5.5), for the monomials my of degree k and k — 1, by:
¢® = (ma. TVv4), & (5.7)

which is computable from the degrees of freedom of v;. In so doing, we are apparently introducing
some small mistakes in the computation. Instead, we will show now that this is not the case. We do that
by imagining new spaces Wy (E) that share all the previous good properties of Vi (E), i.e.,

o the elements of Wy (E) are polynomials of degree k on each edge of E;
o Wi (E) contains Py (E);
e in Wy (E) we can use the same degrees of freedom used in Vi (E),
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plus the additional (spectacular) property that

/whmu=/ DVw, me, |a|=k—1,k, w, € Wi(E). (5.8)
E E

If these spaces existed, then all the previous computations would hold unchanged, and for them (5.7)
would coincide with (5.5). Indeed, the proof of existence of these spaces and the analysis of their
properties has been presented in [1].

It is easy to check that whenever two functions vy € Vi (E) and wy, € Wy (E) share the same degrees
of freedom (2.1), they also share the same ITV-projection, namely ITVv, = I1Vwy,. See also Remark
3.2.

* Remark 5.1. The precise definition of the space Wy (E) given in [1] consists in substituting property
iii) in the definition of Vi (E) with the following two:

iii)" Awy, is a polynomial of degree k in E;

iii)” wpme = | TVw,me, |a| =k —1,k.

E E

From the practical point of view, using the degrees of freedom (2.1) in the computer, one never knows
whether they refer to a function vy, € Vi (E) or to a function wy, € Wj (E). Hence, what has to be done,
in practice, for a given set of degrees of freedom dof(vy) = dof(wy,) is the following:

e Compute the matrix H from (5.3). Remember that we consider that we can always compute the
integral of a polynomial over E.

e Compute ITYv;, = ITYwy, as in Section 3.1. Remember that the projection depends only on the
degrees of freedom.

e Compute the right-hand side ¢ using (5.7) when mqy has a degree bigger than k — 2, or (5.5)
otherwise.

e Compute ¢ solving the system (5.6) with H given by (5.3).

e Recalling (2.3) and (3.17) compute

ni ni Ndof
Moy = 31 = 317 3" D
a=1 a=1 i=1

according to whether you need to represent I1%wy, in the monomial basis my (of P (E)) or in
the VEM basis ¢; of Wi (E).

Remark 5.2. As the final result depends only on the degrees of freedom, we might also think that the
above function is, somehow, “the L*(E) projection of the degrees of freedom”.

5.2. Thecasesk = land k = 2. If k = 1 or k = 2, we can easily see that 1V = I1°,
ok =1
1%y, is defined by equation (5.2):

(1, HOUh)O,E = (P1.vn)g g P1 € PUE),
and condition (5.8) in this case is equivalent to

(p1.T0R)g g = (P1ovn)g s P1 € PI(E).
Hence ITY = I1°,
ok =2:
Condition (3.3) and definition (3.4b) imply

(1. 1_[Vvh)o,E = (L. Uh)o,E

which, together with (5.8), shows that

(P2, vah)o,E = (P2.vn)g g P2 € P2(E).
Hence, by (5.2) we conclude that ny=n1po.
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Remark 5.3. At this point it is clear why we made the choice (3.4b) instead of (3.4a) for k > 2.

5.3. Construction of the L2-projection of the basis functions. In the code, you will need to compute
the L2(E)-projection of each basis function ¢; in W (E), and the corresponding matrices IT1$ and IT°
that give the projection in terms of the monomial basis or in terms of the VEM basis, respectively.

e The former is
ni

(Hg)ai = ta((pi) = Z (H_l)c’:ﬂc;3 = (H_lc)ai (5.9
B=1
where H is given in (5.3), and C is the nj x N % matrix

(ma. ¢i)o £ if l<a=<n

C(xi = (mav @i)O,E = (510)

(ma,HVgai)O’E if N>+ 1 <o =<ng

fori =1,...,N%® and @ = 1,...,ng. The definition of C in (5.10) can also be expressed by saying
that the coefficients (mo,, <p,~)0 g have been written using (5.7) when mg has a degree bigger than k —2,
and (5.5) otherwise. Note that this means that

Coi = (HG™'B),; when mg has degree k — 1 and k.

e The latter instead is

ni
0y . 0 -1
(m°),, = 3" Du(nY),, = (DH'C), 6.0
a=1
where D is always defined in (3.17). Note that, in particular, from (5.4) and (5.9) we also have
17’ Nk
Mo = ) 1%(gma = ) (T13),,;ma. (5.12)
a=1 a=1

Remark 5.4. The structure of the matrix C can be easily described as follows:

o if o is between I and ny_,, then Cq; = 0 except fori = kN + « (corresponding to the a-th
internal degree of freedom) for which Cy; = |E|;
o if o is between ni_, + 1 and ny (corresponding to scaled monomials of degree k — 1 and k)
then
Coi = (HITY)yi = (HG™'B)y;.

6. THE LOAD TERM AND THE MASS MATRIX

With this new weapon, we are ready to face the approximation of the load term and of the mass
matrix.

6.1. Approximation of the load term b r. We simply define:
(b%); = /E f M. ©.1)

With this choice, in [1] we have proven that we have the optimal error estimate in H! and L2.

* Remark 6.1. In [1] we have shown that we can still achieve the optimal error estimate even if we do
not employ the full L?-projection onto Py (E). In particular, we have shown that it is enough to take the
following approximation for the right-hand side:

(b}}l;)i :f fOY_ ¢ fork=122
; (6.2)

(b}fE)i ZZ/Ef NnY_,¢; fork >3.

We remark that using (6.2) instead of (6.1) produces a larger approximation error, notwithstanding the
convergence curves retain the same (optimal) slope. We finally observe that a different approximation of
the load term was proposed initially in [5]; such an approximation coincides with that given in (6.2) for
k > 3 but not for k = 1,2. The present choice is better as it guarantees an optimal rate of convergence
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in the L? norm also for k = 2. A different, but in the end equivalent, presentation of (6.1) for k = 2
was proposed in [6].

6.2. Approximation of the local mass matrix Mg. In this section we show how to compute the VEM
approximation M}}E of the local mass matrix

MEg)ij = / i ¢j-
E
Mimicking what we did in Subsection 3.3 for the local stiffness matrix, we use the identity
gi = M09 + (1— M%)

to obtain

(ME)ij =/ Qi ¢j :/ M°g; M°; +/ (- 1% 1- %+

E E E
/ M0 1—T1%)g; + f (1-T%¢; M%;. (6.3)
E E
Since, from (5.2), we obviously have
/ I—T%u % =0 u, v e L*(E),
E
the last two terms in (6.3) are zero and we end up with the identity
MEg)ij = /E M°; M%; + [E(I —%g; (1—-11°%)g;.

As before, the first term ensures consistency and must be computed exactly, while the second one guar-
antees stability and, as shown in [1], can be approximated by

Ndof
/E(I — ¢ 1-T%¢; ~ |E| Y _ dof, ((1-T1°) ¢;) dof, (I—T1°) ¢;).
r=1

where |E| is, as usual, the area of the polygon E. Then, using (5.12), we have

ng ng

[ i = Y 3 (M@, [ mamg = (@HAY, = €'H O,
E a=1 =1 E

and

/E (1= T1%¢; (I — T1%)¢; ~ |E| [0 — )T — T°)];;. 6.4)

The final formula for the local VEM mass matrix is

M = CTH™!C + |E|a—1®)T@ - 1%, (6.5)

where the matrices C, H and IT° were introduced in equations (5.10), (5.3) and (5.11), respectively.

* Remark 6.2. Note that, as already discussed in Remark 3.4, the integral of ¢;; on an element E
scales like the area of E. This justifies the choice (6.4) for the stabilizing term.

* Remark 6.3. We point out that the stabilization term (6.4) for the local mass matrix is only needed
when the equation is reaction-dominated.

* Remark 6.4. Also in this case we can multiply the stabilization term (6.4) by a factor which stays
bounded with h. See Remark 3.6.
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7. VEM IN THREE DIMENSIONS

Here we will summarize the basic features of the Virtual Element Method in three dimensions. Before
doing that, however, we want to stress an important feature of the construction of the L2-projection
operator of Subsection 5.1. Indeed, we saw that: assuming that our shape functions, inside each polygon
E, are in the space Wy (E) (and not Vi (E)), we can start from the local degrees of freedom (2.1) (the
same ones that we would have in V. (E)), and construct, for each shape function wy € Wi (E), its exact
L?(E) projection I1%wy, on the space of polynomials Py (E). Hence, using Wy (E) we can say that for
each k > 1 the degrees of freedom (2.1) of a given shape function wy, allow to compute in an exact way
all the moments up to order k:

/E Wy, Pk Pk € Pr(E). (7.1)

In our three-dimensional method this observation will be applied using spaces Wy ( f) on every face f
of a given polyhedron.

7.1. The model 3D problem and the decomposition. We go back to the model problem (1.1) where
this time €2 is (for simplicity) a convex polyhedron. We suppose that we are given a decomposition Py,
of Q in rather general polyhedra P. Almost every polyhedron will be acceptable, apart from the ones
that come from the (usually shining) mind of a mathematician willing to construct counterexamples.
But to fix the ideas, following [1], we can assume that there exists a constant Cp, > 0 such that: each
polyhedron P € P}, is starshaped with respect to every point of a ball of radius > Cp, h p; for every
face f € OP we have hy > Cp,hp and f is starshaped with respect to every point of a disk of radius
> Cp,hy; for every edge e € df, we have |e| > Cp,hp.

7.2. The local and global degrees of freedom. For every integer k¥ > 0, mimicking the 2D case we
consider the space Vi (P) of functions vy such that
e vy, is a polynomial of degree k on eachedge e of P, i.e. vy, € Pk(e);
e for every face f in 9P the restriction vy s belongs to Wi (f);
® Unjgp S CO(BP),
e Avy, is a polynomial of degree k — 2 in P.
Remark 7.1. Note that even here a polynomial of degree k satisfies the conditions above so that P (P)
is a subspace of Vi (P).
In [1] it is shown that we can take the following degrees of freedom in Vi (P):

i) the value of vy, at the vertices of P;
ii) on each edge e, the value of vy at the kK — 1 internal points of the
(k + 1)-points Gauss-Lobatto quadrature rule on ¢;
iii) for each face f the moments up to order k — 2 of vy, in f:

/vhma, a=1,...,np_
f

where the scaled monomials my € My_»(f) are defined in (7.2)
(1.3);
iv) the moments up to order k — 2 of vy, in P:

/ Vp oy € =1,...,Vp_»
P

where the scaled monomials (g € Mp_»(P) are defined in
(1.5), and vg_5 in (1.2).
As a consequence, the dimension of Vj (P) is given by

dim Vi (P) = N¥ + N (k = 1) + NJ ng_p + v

where N },/ , NI’;, and N IJ: represent, obviously, the number of vertices, edges, and faces of P, respec-
tively.

We will refer to the first three sets of degrees of freedom as boundary degrees of freedom and to the
fourth set as internal degrees of freedom.



THE HITCHHIKER’S GUIDE TO VEM 19

Remark 7.2. As for polygons, there are no internal degrees of freedom in the case k = 1. However
in three dimensions we do not recover exactly the harmonic barycentric coordinates (see [9]), as our
functions are not harmonic, in general, on the faces (see iii)’ in Remark 5.1). This however will allow
us to satisfy, also in 3D, the patch-test exactly.

As we did before, we number the degrees of freedom from 1 to Ng"f := dim V} (P) and we define
the operator dof; from Vi (P) to R as

dofj (vy,) := i-th degree of freedomof vy, i =1,..., g"f.

The basis functions ¢; € Vi (P) are defined as usual as the canonical basis functions:
dOfi((pj)ISij, i,j=1,...,NdOf,

so that we have a Lagrange-type interpolation identity:

N;l)of

vy = Z dof; (vh) ¢; forallv, € Vk(P).
i=1
Now we can define the global finite element space V7, as
Vii={vy, € H}(Q) : vy € Vik(P) forall P € Py}

with the following global degrees of freedom for vy:

i) the value of vy, at the internal vertices of the decomposition;
ii) on each internal edge e, the value of vy at the k — 1 internal points
of the (k + 1)-points Gauss-Lobatto quadrature rule on e;
iii) for each internal face f, the moments up to order k —2 of vy in f"

/vhma, a=1,...,n_2; (7.3)
f

iv) for each polygon P, the moments up to order k — 2 of vy, in P:

/ vp e, o =1,...,Vp 5.
P

7.3. Guidelines for constructing the stiffness matrix. First of all, we point out that, on each internal
face f of the decomposition Py, the degrees of freedom i) — iii) in (7.3) identify, in a unique way, a
function vy, s € Wi (f). Then one can, proceeding as in Section 5.1, construct the projection operator

HJY applied to vy, (and then, if necessary, its L2( f')-projection).

Now, for each polyhedron P € Py, and for each vy, in V. (P) we can proceed as in Subsection 3.1
and construct szh defined by

(Vpk, \% (Hgvh — vh))o P 0 forall p; € Pr(P),
PO(H}V)vh — vh) =0,

where, here too, Py is a projection operator onto constant functions, that we choose (following the 2D
case) as

NV
1 P
Povy, := 7 > vp(Vy) fork =1 (7.4a)
P i=1
1
Povy := —/ vy, fork > 2. (7.4b)
|P|Jp

Note that, integrating by parts as in (3.12), we have again, for every p; € Pr(P),

0Pk
(Vpk, Vvh)O,P = —/P Apk vy + /{;P W V. (75)

Since Apy € Pr_,(P), the first term can again (for £ > 1) be computed using the degrees of freedom
iv) of (7.2). The second term, instead, cannot be computed directly from the degrees of freedom iii) of
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0
(7.2), since on each face f of dP, % is in Pr_1(f), but the choice of using vy, r € Wi (f) allows us
n

to compute the moments of order k — 1 and k as well, as in (7.1).
Once we know how to compute Hgvh for vy, € Vi (P), we can follow step by step the path of the
two-dimensional case.

7.4. Reviewing the whole procedure. We summarize here the main steps of the whole procedure.

For each face f:

e we compute the matrices: G¢ as in (3.10), B as in (3.14), and D¢ as in (3.17). Note that G
can be obtained as By D¢ as done in (3.19). However an independent computation from (3.10)
could be a very valuable check of the code;

e from the matrices Gf, Bs, and Dy, we can compute the matrix H]Y as in (3.18);

e given ITY, we know the moments up to order k — 1 of each basis function ¢;: using the original
degrees of freedom iii) of (7.2) for the moments of order up to k — 2, and those of H]Y(p,- for the
moments of order k — 1.

With this information we can use (7.5) to compute (V(pi, V,ua) o.p Tor all basis functions ¢; € Vi (P)
and for all ug € My (P). Next, following the 2D track:
e We compute the matrices

Pop1 Poua . Po vy

0 (Via, Vi) p oo (V2. Vi )g p
Gp = : : . :
0 (VI‘LVkU’ V/“L2)0,P e (V:“Vk’ V/’ka)O,P
P0§01 cee P()(PN;i)of

(Vuz.Ver)o p - (Viz. Voyw), p
Bp = ) . ) ;

(V,unk,Vgol)o,P (V;Lnk,VgoN;iJor)o,P

with Pg defined in (7.4) and N g"f being the number of degrees of freedom on the polyhedron
P. Here too the matrix representation HZ p of the operator I'II,VJ acting from Vi (P) to Pr(P)
in the basis My (P) is given by

HV

— -1
o The same operator in the ¢; basis has the matrix representation
HIV; = DPGP_IBP

where again

dofy (1) dofi(mz) ... dofy(pw,)
dofa(pe1) dofa(p2) ...  dofa(pyy)
Dp = : : - :
dOfN}];’f(l’Ll) dOfN}];)f(le) P dOngof(l,ka)

Obviously, also in this case we have the useful relationship (3.19),i.e. Gp = BpDp.
e Finally, we compute the VEM local stiffness matrix as

Kb = (Y p)"Gp (Y p) + hp(I—T3) A - 1Y) (1.6)

where we recall that & p represents the diameter of P, and Gp is the matrix that coincides with
G p except for the first row which is set to zero.

Remark 7.3. We point out that also in this case, following Section 5, we can define the “enhanced”
space Wi (P) and compute the L?-projection onto Py (P) to appropriately treat the load term and the
zero order term.
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8. A HINT ON MORE GENERAL CASES

In the present section we give a brief hint on more general types of Virtual Element Methods and
to the basic structure of their implementation. We consider a general symmetric and V -elliptic bilinear
form

AC):VxV —R

where V' is a Hilbert space of (scalar or vector) functions defined on a domain €2. For every given
right-hand side f € V' we can consider the problem of finding u € V such that

A, v) =< fiv> VYvev,

which clearly has a unique solution. Given A, the restriction of the bilinear form A to a generic
element E, we need to build its VEM approximation

AE ()  Vi(BE) x Vi (E) — R

following the strategy shown above. Note that the space V(E) in this section is more general with
respect to that in Section 2 and may represent also vector valued functions. Although the global bilinear
form A (defined on the whole space V) is supposed to be positive definite, its local counterpart AZ could
easily be only positive semidefinite. This happens, for instance, in the case of the Laplace operator, both
for VEM and for classical FEM. We therefore introduce ker(.A%) as the kernel of the local bilinear form
AE

ker(AF) = {v €V : AE(v,v) = O} .

We assume that we have a polynomial space Py (E) that can provide, in E, a sufficiently good approx-
imation of the solution u of our problem. We make the following two assumptions (with the obvious
modifications for the vector valued case):

(C1) It holds

ker(A®) C Pr(E) € Vi(E) C Vig;

(C2) for all v, € Vi (E) and py € Pr(E) the term AE (vy,, px) is explicitly computable on the basis
of the available degrees of freedom.

We introduce a (scaled) polynomial basis
Pi(E) = span{miy, mo, ..., My, }
is such a way that the first ny., functions span the kernel of AE
ker(Af) = span{iity, iy, ..., Fiip,_ ).

Moreover let Py, for = 1,2, .., nyer, be some projection from Vi (E) on the one dimensional space
spanned by 11, that satisfies the following assumption:

(C3) for any @ = 1,2,.., nger, the operator Py acting on Vi (E) is computable on the basis of the
available degrees of freedom for Vi (E).

Example 1 In the case of the Laplace operator (1.1) we have V = H () (possibly with boundary con-
ditions) and A(v, w) = (Vv, Vw)g . The local discrete space Vi (E) is the one introduced in Section
2. Since in this case ker(A) = Py(E), condition (C1) is immediately verified, while condition (C2) fol-
lows as explained in (3.12). The scaled polynomial basis is given by the monomials {m,ms, ..., my, }
introduced in (1.3), the dimension 7y, of the kernel is 1 and P; = Py is defined in (3.4).

Example 2 In the case of plate bending problems, say, A>u = f in Q with u = du/dn = 0 on 9%, the
space V' will be taken as Hg(SZ) and the bilinear form (for simplicity) A(v, w) := (e(Vv), e(Vw))g q-
The simplest (lowest order) local discrete space V,(E) will be made of bi-harmonic functions that are
polynomials of degree 3 on each edge, with normal derivative linear on each edge (see [17]) and the
degrees of freedom will be the values of vy and of its two (scaled) derivatives at each vertex. Clearly
this space contains all polynomials in P,(E). Since in this case ker(A) = P;(E), condition (C1) is
immediately verified, while condition (C2) follows, similarly to (3.12), integrating by parts. The scaled
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polynomial basis is given by the monomials {m1,m5, ..., my, } introduced in (1.3), the dimension 7y,
of the kernel is 3, and the projection operators can be taken as

LN
Prop := W;Uh(Vi),

, 3vh — Xp)1 , 3Uh —Xp)2
e S IR STy L5

We have now all the tools to define the three fundamental matrices B, D, G. Let as usual {g; };.de if indicate
the basis for Vi (E) that is dual to the degrees of freedom. Then, in the spirit of (3.14), the “right-hand
side” matrix B is defined by

Pl(/)l “e P1 @ N dof
B _ PnkerQOI e Pnker(deof
AE (ipr1.01) .. AE (Flpt1. oyar)
L AE(%nk,(pl) e e AE(%nk,(deof)

Note that matrix B is computable due to the assumptions (C2)-(C3).
The “change of basis” matrix D, see (3.17), is given by

d0f1 (%1) d0f1 (%2) e d0f1 (%nk)
_ dofr(my) dofy(mp) ...  dofz(mp,)
dOdeof(ﬁl) dOdeof(ﬁz) e dOdeof(%nk)
Finally, the matrix G is defined by
[ Py ... Piffig,, Pi7n, 41 e P77, ]
G — Pnkerﬁl et Pnker%nker Pnker%nker‘i'l tee Pnker%nk
) O e 0 .AE (’%nker"’_l’ﬁ/iz) . e AE(ﬁnker+l,%nk)

L O [P O AE(%nk,%z) “e. AE(%nk,%nk) ]

Note that, for the same reason described in Remark 3.3, once the matrices B, D are computed, the matrix
G can be calculated simply as G = BD.

We can now define the operator mv, acting from Vi (E) to P (E), that is, the projection with respect
to the bilinear form A and operators {P, }”kcr More precisely, for all v;, € Vi (E) the operator IV is
defined by

Pa(l'[vvh—vh)zo a=1,... Nyer

AE(?ﬁa,(HVvh—vh)) =0 o =nger+1,...,0f.

Following the same arguments of Section 3.1, the matrix representation of the operator ITV in the
{Ma ok | basis of P (E) is

ny := G !B,
while in the {¢; }1—1 basis of Vi (E) is
nY:=DG'B.
To conclude, the local VEM stiffness matrix is computed, as in (3.25), by
Kj = ()" G () + - 0¥)'a- 1Y), 8.1)

where G is the matrix that coincides with G except for the first ny, rows which are set to zero.
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